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Summary

The purpose of this thesis is to construct the P(®), Euclidean quantum field theory,
extending our discussion from [37]. We first construct the finite volume measure of
the P(®)y model on 2'(Sg), where Sg is a 2-sphere of the radius R € N4. To this
end, we rely on the Nelson hypercontractivity estimate. Then, we utilize the parabolic
stochastic quantization and the energy method with the help of the pull-back map
Ty ¢ 2'(Sk) — #'(R?), induced by the stereographic projection jg, to obtain the
infinite volume measure on .#/(R?). To this end, we verify the global existence in
time of solutions for the corresponding stochastic partial differential equations with
fixed cutoffs, a topic that was only briefly addressed in [37].

The rest of the thesis is devoted to verifying the Osterwalder-Schrader axioms: reg-
ularity, reflection positivity and invariance under translations, rotations, and reflec-
tions. Such a combination of axioms, which is crucial for obtaining a non-trivial local
relativistic QF'T on Minkowski space-time, was not obtained in earlier constructions
based on the stochastic quantization, such as [5,6,55].



Podsumowanie

Celem tej pracy jest skonstruowanie euklidesowej kwantowej teorii pola P(®)a, rozsz-
erzajac nasza dyskusje z [37]. Najpierw konstruujemy miare na 2'(Sg) dla modelu
P(®)y w skoniczonej objetosci, gdzie Si jest 2-sfera o promieniu R € Ni. W tym
celu opieramy sie na oszacowaniu Nelsona dotyczacym pétgrup hiperkontraktywnych.
Nastepnie wykorzystujemy paraboliczne kwantowanie stochastyczne i metode ener-
getyczng aby za pomoca pull-backu j3; : 2'(Sg) — .%”/(R?), zadanego przez rzut
stereograficzny jr, uzyska¢ miare w nieskoriczonej objetosci, mianowicie na ./ (R?).
W tym celu sprawdzamy istnienie globalnych w czasie rozwigzan dla odpowiednich
stochastycznych réwnan rézniczkowych czastkowych z ustalonymi obcieciami, ktory
to temat zostal jedynie krotko poruszony w [37].

Pozostata czesé pracy poswiecona jest weryfikacji aksjomatow Osterwaldera-Schradera:
regularnosci, dodatniosci wzgledem odbicia oraz niezmienniczodci wzgledem przesunied,
obrotéw i odbié. Takiej kombinacji aksjomatow, kluczowej dla uzyskania nietrywialnej
lokalnej relatywistycznej kwantowej teorii pola na czasoprzestrzeni Minkowskiego, nie
uzyskano we wczesniejszych konstrukcjach opartych na kwantowaniu stochastycznym,
takich jak [5,6,55].



Introduction and the main result

Over the past 60 years several attempts have been made to reconcile the principles of
quantum mechanics with special relativity. The resulting theories are known as quan-
tum field theories (QFT’s). In order to make QFT’s mathematically precise, using
axiomatic setting, several approaches were proposed. The first satisfactory approach
was the Wightman formalism on Minkowski spacetime, which assigns to each subset
of space-time an operator-valued distribution as a quantum observable [95]. Later, the
Haag-Kastler setting was invented, which assigns C'*-algebras of observables to open
bounded regions of space-time [62]. Another significant endeavour is the Osterwalder-
Schrader framework, which provides conditions under which Wightman quantum field
theory can be constructed from a Euclidean QFT [76]. It is also the setting of this
work.

To set the scene, we discuss in heuristic terms the Euclidean field theory using the
probabilistic approach of [66]. Let (M, g) be a d—dimensional Riemannian manifold
with the metric tensor g, which might enjoy some symmetries, 3 be another Rie-
mannian manifold equipped with a volume measure o, and let ®(M) denote the set
consisting of all the mappings ¢ : M — 3. We aim to define a measure p on (M) rep-
resenting the desired classical field measure such that it respects the symmetries of the
underlying manifold M. To this end, consider the functional £ : ®(M) x M — Ry,
which is called the Lagrangian density and formally assigns to each point m € M and
each ¢ € (M) a real number, i.e., [£(¢)](m) = L(¢, m). Integrating the Lagrangian
density functional over the manifold M, one defines the action A : ®(M) — R by
A(¢) == [, [£(#)](m) vol(dm), where vol(dm) is the Riemannian volume measure of
M determined using the metric g. Using the action A, one defines the measure

p(dg) = % exp (~A(6)) ¥(d9), (10.1)

on ®(M), where v is a reference measure on ®(M) informally given by v(d¢) :=
Qmenr 0(de(m)). The partition function Z := fq)(M) wu(deo) = f@(M) e A0 p(de)
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denotes the total mass of the measure . Note that most of the time such a measure
is not well-defined and calculating Z for a given theory might not always be feasible.
But if the measure (1.0.1) can be controlled, its moments give the Schwinger functions
of the QFT in question. To define the moments, we need a multiplication in ». As
we are interested in scalar fields, we set X = R in the following.

Parabolic stochastic quantization for a Euclidean scalar field was introduced by Parisi
and Wu [77]. It is an approach to control mathematically the measure (1.0.1) using
methods from the theory of stochastic partial differential equations (SPDE). In our
context of fields defined on a Riemannian manifold M it works as follows: we start
with the field ¢(m), m € M, introduced above. Then, we define its counterpart,
&(t,m), (t,m) € [0,7] x M, by introducing a fictitious time variable ¢ € [0, 7] such
that #(0,m) = ¢(m). The random field ¢(¢, m) is coupled to an irregular Gaussian
space-time white noise £(¢, m) whose typical realizations are distributions of negative
regularity [25, Thm. 2.7]. Next, we shall demand that the time evolution of ®(¢,m)
obeys a stochastic differential equation of Langevin type'

OPUm) O () m) + (1 m), (1.0.2)

where %‘ denotes the functional derivative of the action. Even if the action A de-

scribes the free field, the solution ® inherits the distributional character of the white
noise. If, subsequently, interaction is switched on, the functional derivative above
becomes non-linear. Thus, evaluation on the distribution @ is ill-defined, which is
a manifestation of the ultraviolet (UV) problem. It requires a modification of the
equation, which is called renormalization. The simplest case, which suffices for poly-
nomial interactions in d = 2, is the Wick ordering of the action. Higher dimensions
and more complicated interactions require more advanced methods such as the the-
ory of regularity structures [58], paracontrolled calculus [54], and renormalization
group techniques [36,65]. In these particular frameworks it is possible to classify the
equations (1.0.2) into sub-critical, critical and super-critical, depending on their UV
behaviour. This corresponds to the physicist’s terminology of super-renormalizable,
(just-)renormalizable and non-renormalizable actions, dictated by their behaviour un-
der the Wilsonian block-averaging [53]. In the renormalizable cases these actions move
away from the massless free field action (i.e., the Gaussian fixed point) and give rise

!There is a choice involved at this stage. Instead of the Langevin dynamics, one can choose the
Fokker-Planck dynamics, the elliptic stochastic quantization, canonical stochastic quantization or the
variational method [34, 56].



to an interacting effective action at macroscopic scales. This mechanism is particu-
larly robust in the super-renormalizable case, in which the coupling constants have
strictly negative dimensions (in the units of length). In the non-renormalizable case,
the action moves towards the Gaussian fixed point which leads to trivialization.

If @ evolves according to equation (1.0.2), its law evolves according to the correspond-
ing Fokker-Planck equation and is expected to approach the measure (1.0.1) in the
limit ¢ — oo. For similar reasons, this measure should be the law of a stationary so-
lution of (1.0.2). Physically, we can think of equation (1.0.2) as describing the return
to equilibrium of a statistical physics system, whose (Landau) free energy is given by
the Euclidean action A, cf. |53, Eq. (8.41)].

Once the measure p is constructed, one moves on to the study of its properties. In the
case of the Euclidean spacetime M = R?, a convenient set of conditions, which guar-
antee the existence of an underlying Minkowskian QFT, are the Osterwalder-Schrader
axioms. They concern an abstract family of distributions S,, € ./(R%), n € Ny, which
are interpreted as the moments of the measure u:

Sn(fro @ fm)= [ G0t p(9) (103

fi,- oy fm € L (RY), ie., the Schwinger functions. The axioms encode their physically
expected properties and add sufficient technical input for the subsequent reconstruc-
tion of a Wightman QFT on Minkowski spacetime.

Definition 1.0.1. (The Osterwalder-Schrader azioms) [76].

OSO (Regularity). It holds that Sy = 1. There is a Schwartz norm ||«|s on ' (R%)
and K, > 0 such that for allm € N and fi,..., fm € .7 (RY)

S (1@ .. @ f)| < K™(m)? [T I ills-
=1

OS1 (Euclidean invariance). For each m € N and all fy,. .., fr € .7 (R?),

Sm(fl,(a,Q) ®...® fm,(a,Q)) = Sm(fl ®...® fm)7
where f(,q)(x) == f(Q7'(z —a)), Q € SO(d), and a € RY.

OS2 (Reflection positivity). Let RI™ = {(z(V) ... 2(™) ¢ RI™ . x(()j) > 0,j =
1,...,m} and

S (R3™,C) :={ f € Z(R*;C) : supp(f) C RI™}.



For all sequences f(™ e Y(Rim;C), m € Ny, with finitely many non-zero

elements
> Seum(©FO @ f™) >0,
¢,meNy
where (@f(f))(:n((]l), TS N ,x(()e), #0) = f(—a:(()l),f(l), el —x(()e), CHOMD
0S3 (Symmetry). For allm € N, fi,..., fm € Z(R?) and © a permutation of m
elements

0S4 (Clustering). For all sequences f™, g(™ ¢ Y(Rim;((:), m € Ny, with finitely
many non-zero elements

m 3 {se+m<ef<ﬁ>@g((;"a{,p—Se(ef“))Sm(g(’”))}:o,

A—00
£,meNy

where a = (0,d).

There are several, possibly inequivalent, versions of the Osterwalder-Schrader axioms
in the literature [40, 50, 76]. We chose the above variant because the regularity con-
dition OS0 is easy to check by methods of stochastic quantization (unlike the variant
from the textbook of Glimm and Jaffe [50]). The reflection positivity axiom OS2 is
somewhat stronger than in the work of Osterwalder and Schrader [76] and in this form
it was formulated by Eckmann and Epstein in [40] to ensure the existence of time-
ordered products on the Minkowski side. Clearly, the symmetry axiom OS3 is trivially
satisfied if the distributions S,, are defined by (1.0.3) as moments of a measure.

The axioms are satisfied, in particular, by free field theories, in which case the measure
u, defining the Schwinger functions in (1.0.3) is Gaussian. Therefore, non-Gaussianity
of the measure is generally accepted as a useful criterion for non-triviality of a QFT
in question. Due to the necessity of renormalization, mentioned above, non-triviality
of a QFT cannot be inferred from the mere presence of interaction terms in the action
A. For example, the ¢*-interaction term in the action gives rise to a trivial theory in
d>4]1,2,44].

If the Schwinger functions, defined by (1.0.3), satisfy the Osterwalder-Schrader ax-
ioms of Def. 1.0.1, then their analytic continuation from imaginary to real time
xo; — —izoj, j = 1,...,m, is possible and gives rise to the Wightman functions
of the underlying QFT on Minkowski spacetime [76]. The fact that the Osterwalder-
Schrader axioms imply the existence of a corresponding Wightman QFT is a central
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result of constructive QFT and an important motivation to study Fuclidean QFT.
Let us recall, for completeness, the Wightman setting as it links our discussion with
quantum theory.

Let M = R? be equipped with the Minkowski metric n which is invariant under the
restricted Poincaré group 771. Consider a quadruple (H,U, é,Dom), where H is a
separable Hilbert space consisting of physical states, Dom C H is a dense subspace,
771 > g~ U(g) € U(H) is a group homomorphism, where U(H) is the group of
unitary operators on H 2 and ¢E is an operator-valued tempered distribution. Further-
more, a unit vector @ € H is called a vacuum state if U(g) Q2 C Q, g € 731, and it is
called unique if € is the only such vector in H up to multiplication by a phase.

Definition 1.0.2. (The Wightman azioms) [83, IX.8] A relativistic real-valued QFT
on .#'(R%) is a quadruple (H,U, czAS, Dom) satisfying the Wightman azioms:
(A) H is a separable Hilbert space with a unique vacuum state Q@ € Dom C H and U
18 a strongly continuous unitary representation on H of the restricted Poincaré
group PI_ such that U(a, A)Dom C Dom for all (a,A) € 771,

(B) The projection-valued measure E on R? corresponding to U(a) = '@ Fu

has
support in the closed forward light cone, i.e., V. = {(po,p1) € R?|pg > |p1]}.

(C) For f € Z(RY) it holds Dom C Dom(qg(f)), qg(f)Dom C Dom and for any fized
@ € Dom, the map f — <Z>(f)gp is linear. Moreover, for any 1,2 € Dom the
mapping . (RY) > f — (¢, qg(f) w2) € R is a tempered distribution.

(D) (Locality) [¢(f1), d(f2)] = 0 if suppfi and suppfs spacelike separated. (In the
sense of weak commutativity on Dom ).

(E) (Covariance) U(a, A) ¢(f)U(a,A)* = (;Aﬁ(f(mA)) for all (a,A) € P_T,_ and all f €
L (RY) with fiap) = (A (z - a)).

(F) The dense subset Dom C H is constructed out of the vacuum via Dom =

Span{a(f1), - ¢(fm) Q| f1,- -, fm € L (RY),m € No}.

The spectral condition in Def. 1.0.2, Item (B), determines the physical masses of the
quantum fields via the point spectrum of the mass operator M := (PuP“)l/z. For
non-zero isolated masses Haag-Ruelle scattering theory gives a canonical construction
of the scattering matrix [62]. If it is different from the identity, we say that the QFT
is interacting. This condition for non-triviality is stronger than the non-Gaussianity
of the functional measure p mentioned above. It was verified for some polynomial
interactions for d = 2,3, cf. [50]. In this thesis we will only consider non-Gaussianity.

2The Wigner theorem gives an operator U (g) for each g € PL which is unique up to phase.
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Review of the literature

There are a large number of works devoted to constructions of the @3 quantum field
theory in different dimensions. Let us briefly describe the most relevant results in
d = 2,3 settings.

B The finite volume measure of the ®} model was first constructed by Nelson [74].
Due to the fact that finite volume ®3 measure is absolutely continuous with
respect to the Gaussian reference measure, the construction of this model was
relatively easy to carry out.

B Glimm and Jaffe constructed the infinite volume measure of the P(®)y model
on Minkowski space-time and verified all the Wightman axioms [50]. Glimm,
Jaffe, and Spencer constructed the infinite volume measure of the P(®)s model
and verified all of the Osterwalder-Schrader axioms including exponential decay
of correlation functions for small coupling constant [48].

B Glimm showed the existence of the ®4 Hamiltonian in the Minkowski setting [51].
Glimm and Jaffe proved the positivity of the <I>§ Hamiltonian [52]. The first
complete constructions of the model are given in [45,46,70].

B Hairer studied the dynamical <I>§ model using the theory of regularity struc-
tures and verified the local in time well-posedness of this model [58]. Mourrat
and Weber investigated its long-time behaviour [71]. Gubinelli and Hofmanova
constructed global in space and time solutions of the ®; model [54]. Later, Ja-

gannath and Perkowski gave a simpler argument for the global well-posedness
of the ®3 model [63].

B Shen, Zhua, and Zhu obtained the perturbative expansion for the k-point corre-
lation functions of the ®3 model on the plane using the stochastic quantization.
The same approach is claimed to give the perturbative expansion for the P(®)
model [94].

B Albeverio and Kusuoka constructed the measure of the ®3 model of Euclidean
quantum field theory using the stochastic quantization and verified rotational
invariance, non-Gaussianity and reflection positivity [5,6]. Note that based on
the observation made in [13], reflection positivity in [6] might not hold true.

B Gubinelli and Hofmanové constructed the measure of the ®3 model of Euclidean
quantum field theory via stochastic quantization and verified non-Gaussianity,
reflection positivity, translation invariance and exponential integrability. How-
ever, rotational invariance and clustering were not addressed. Their construc-

12



tion also includes the dynamical fractional <I’§ measure, which is proved to be
reflection positive [55].

B Duch, Dybalski and Jahandideh constructed the Euclidean P(®)2 model using
the stochastic quantization and verified the rotational and translational invari-
ance, integrability, non-Gaussianity, and reflection positivity [37]. This thesis is
based on [37].

B Duch, Gubinelli, Rinaldi constructed the measure of the fractional <I>§ model
of Euclidean quantum field theory via stochastic quantization and verified non-
Gaussianity, reflection positivity, translation invariance and exponential integra-
bility [38].

B Bailleul, Dang, Ferdinand, and T6 constructed the <I>§ measure on an arbitrary
3-dimensional compact Riemannian manifold without boundary using stochas-
tic quantization [12,14,15]. To this end, they used the technique introduced by
Jagannath—Perkowski in [63| to develop a new Cole-Hopf transform. In partic-
ular, the used counter-terms in their construction do not depend on the metric
of the underlying Riemannian manifold.

B Bauerschmidt, Dagallier, Weber proved uniqueness of the invariant measure of
the ®; SPDE up to the critical temperature using the Holley—Stroock approach,
which was originally established to verify the uniqueness of invariant measures
of Glauber dynamics of lattice spin systems [16].

B Duch, Hairer, Yi, and Zhao characterised the infinite-volume <I>§l measure at high
temperature (small coupling) as the unique invariant measure of the associated
stochastic equation, and proved that it satisfies all Osterwalder-Schrader axioms,
including invariance under translations, rotations, and reflections, as well as
exponential decay of correlations [39].

P(®); model and the main result

Let us adapt the above setting for a class of polynomial interactions known as the
P(®)3 models, which can be seen as the simplest examples in the realm of the interact-
ing QFT’s. Fix n € 2Ny, n > 4, and a real polynomial P(7) =3 " an7™, 7 € R,
with ag,...,an,—1 € Rand a,, = 1/n. Observe that such a polynomial is bounded from
below. Recall the setting introduced in the beginning of this chapter: Let M = Sg,
which is the two-sphere of radius R € Ny with the metric tensor gr induced from
the metric on R and with the symmetry group O(3), ¥ = R, ®(M) is replaced with
2'(Sr) and vol(dm) = pg(dx), which is invariant under the action of the group SO(3).

13



Consider the probability measure

pn(d6) = 5 exp (— /S A :P<¢<x>>:pR<dx>) vr(dg),  (1.0.4)

where vp := N(0,GR) indicates the free field Gaussian measure with covariance
Gr:= (1-Ag)7!, (=Ag) is the Laplace-Beltrami operator, A € (0, 00) is the coupling
constant, : « : refers to the Wick renormalization with respect to the measure vr and
Zpr € (0,00) is the partition function. Observe that we used the Gaussian measure vg
as the reference measure on 2'(Sg) due to the fact that the Lebesgue measure does
not exist in infinite dimensional settings. Note that (2'(Sg), Borel(2'(Sr)), vr) forms
a probability space. The existence of the measure (1.0.4) is shown by first introducing
an ultraviolet (UV) regularized measure pp v and then controlling the limit N — oo
using the Nelson argument, cf. Ch. 3. Such simple treatment of the UV problem is
special to polynomial interactions in d = 2 and reflects the fact that the perturbed
measure (1.0.4) is absolutely continuous w.r.t. vg.

On account of Eq. (1.0.2) one writes the corresponding parabolic SPDE associated to
the measure (1.0.4)

(0% + %QR) Pp(t,x) = —%A t P'(PR(t,x)) : +£(t,%), (1.0.5)

where (t,x) € Ry x Sg, P'(7) := 0;P(7) and Qg := (1 — ARr). For R € N1 we let
Jr : R? = Sp\{(0,0, R)} be the stereographic projection and 7% : 2'(Sg) — .%"(R?)
the corresponding pull-back of distributions. We denote by jpfur the measure on
#'(R?) obtained by the push-forward of pg with 7%. We shall make use of the
SPDE (1.0.5) and the intertwining property of the map jj, in order to prove the exis-
tence of limit points of the measures (ji41r) Rer, on .7 (R?) and to verify that such
limiting measures satisfy the Osterwalder-Schrader axioms. The following theorem is
our main result.

Theorem 1.0.3. The sequence of measures (JpiltR)ReN, ON S"(R?) has a weakly
convergent subsequence. Every accumulation point p of (Jpiir)ren, is invariant
under the Euclidean symmetries of the plane and reflection positive. Moreover, there
exists a ball B C . (R?) with respect to some Schwartz semi-norm centered at the
origin such that for all f € B it holds

[explotry utao) <2. (1.0.6)

14



Remark 1.0.4. By the above theorem u satisfies all the Osterwalder-Schrader azioms
of Def. 1.0.1 possibly with the exception of the cluster property OS4. It is known that
the P(®)a measure on the plane is unique provided A € (0, 00) is sufficiently small [48].
In general uniqueness does not hold and the model exhibits phase transitions [49,
Ch. 16]. The cluster property is only expected to hold in pure phases. Our construction
of the P(®)a measure does not need any smallness assumption on \. However, it does
not give any information about the uniqueness of the infinite volume limit or the decay
of correlation functions. In what follows we set A = 1.

Proof. The existence of a weakly convergent subsequence of (7581r) ren.,. follows from
tightness and Prokhorov’s theorem. The proof of tightness is presented in Sec. 5.2
and uses parabolic stochastic quantization combined with a PDE energy estimate.
The invariance of p under the Euclidean symmetries is established in Sec. 6.4 and is
based on the fact that for all R € N the measure pp is invariant under the action
of the orthogonal group O(3). The proof that u is reflection positive is given in
Sec. 6.3 and is based on the fact that for all R € N, the measure ug is reflection
positive. The bound (1.0.6) is proved in Prop. 6.1.1 with the help of the Hairer-Steele
argument [61]. O

Plan of the thesis

In Ch. 2 we provide the required background to comprehend the ideas, which will be
utilized in the sequel. Sec. 2.3 is an extended version of [37, App. A]. Lemmas 2.4.10,
2.5.14 correspond to [37, Lemmas B.1, B.4], respectively.

In Ch. 3 we introduce the regularized P(®), measure g y on the sphere Sp with a
certain UV cutoff N € N in the frequency space. We shall write ug y as a perturba-
tion of the regularized Gaussian measure v n by the P(®), interaction. In Sec. 3.4 we
verify that the measure g n converges weakly, as N — oo, to the probability measure
pr formally given by Eq. (1.0.4). We use the Nelson hypercontractivity estimate for
this purpose. We also investigate a certain auxiliary measure u% N9 ES (R2), which
coincides with g v when g = 0 and will be used in Ch. 6. Ch. 3 extends [37, Sec. 2].

In Ch. 4 we study the stochastic quantization equations of the measures ,u% N and
vr, N using the Da Prato-Debussche trick. We show the local and global in time exis-
tence of solutions with fixed R, N € N, in Sec. 4.3.1 and in Sec. 4.3.2, respectively.
We utilize the Banach fixed point theorem and an appropriate Sobolev embedding to
verify the local existence. The global existence will be shown with the help of the
energy technique. The fact that the measures ,u?i y and vg y are invariant for the
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associated semi-groups is the subject of Sec. 4.4. This chapter is largely independent
of [37] as these topics were only briefly addressed in Sec. 3 of this latter publication.

In Ch. 5, we apply the energy technique to prove a certain a priori bound, which is
uniform in R, N € Ny. This a priori bound will be used in order to verify that the
sequence of measures (ﬁzﬁ,u%) Ren, on &’ (R?) is weakly converging along a subse-
quence. This chapter expands on |37, Secs. 5,6].

In Ch. 6, we investigate the Osterwalder-Schrader axioms. Sec. 6.2 is designated for
verifying regularity. Sec. 6.3 is devoted to the proof of reflection positivity. In Sec. 6.4
we use the intertwining property of the map 33 to show that an infinite volume P(®),
measure is invariant under translations, rotations and reflections of the plane. The
proof relies on the invariance of the finite volume measure ugr on 2’(Sg) under the ac-
tion of the orthogonal group O(3), combined with the fact that the symmetry groups
of Sg and R? have the same dimension. This chapter extends [37, Secs. 7,8,9].

Appendix A provides some well-known facts on Bessel potential. In Appendix B,
which extends [37, Apps. B,C|, we prove some bounds for the Wick ordered fields,
which are essential for proving the local and global in time existence of the stochastic
random fields in Ch. 4 as well as to prove tightness in Ch. 5. In Appendices C, D, and E
we provide the complete proofs of Lemma 4.3.9, Lemma 5.1.3, and Remark 6.4.15.
These proofs were largely left for the reader in [37].
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Preliminaries

In this section, we collect various technical results on a 2-dimensional sphere of radius
R € [1,00), i.e., Sg. We gather some necessary facts on spherical harmonics in Sec. 2.2.
In Sec. 2.3, we define function spaces on R? and Sg and collect some useful Sobolev
embeddings. We summarize all required functional analysis techniques in Sec. 2.4.
Sec. 2.5 contains a review of all the essential techniques in probability. Sec. 2.7 is
meant to provide the necessary background on the stochastic differential equations.

2.1 2-dimensional sphere

Let R € [1,00). We define a two-dimensional sphere of radius R, i.e., (Sg,gr) as a
regular surface of the Euclidean space R? via

Sk = {x = (x1,x2,%3) € R®|x} + x5 + x5 = R*},

where gr stands for the metric tensor on Sg induced from the metric on R3. We let
N = (0,0, R) be the north pole of Sg. Note that a two-dimensional sphere Sg repre-
sents a Riemannian manifold with the Ricci scalar curvature 2/R? [24, Eq. (3.158)] L.
We let pr(dy) = v/det gr dy denote the Riemannian volume measure [57, Thm 3.11]
or [4, Def. 1.74] such that [5 pr(dy) = 47R?. Moreover, ||+, (s,) denotes the L,-
norm on Si with respect to the canonical measure pr(dx) for all p € [1,00).

The symmetry group of a 2-sphere, including reflections, is known as the orthogonal
group O(3) [19, Prop. 18.5.2]. The symmetry group consisting of only rotations is
the special orthogonal group SO(3). O(3) and SO(3) act transitively? as groups of
isometries of Sp and they give rise to groups of unitary operators on Lo(Sg). Note
that for all R € N4 the measure pr(dx) is invariant under the action of the group

'The sectional curvature of an d-sphere of radius R is 1/R? and its Ricci scalar curvature is
d(d—1)/R2.
2Namely, for all x,y € Sg there exists Q € SO(3) such that Q - x = y [18, Def. 1.4.3].
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SO(3). The transitive action of SO(3) makes Sk a homogeneous space?, i.e., for all
R € N the two sphere Si can be identified as a quotient space SO(3)/S0(2) *.

The tangent space of Sg at x € Sg, i.e., TxSg is the orthogonal complement of x,
ie., TxSp = xt = {v € R3| (x,v) = 0}, where (x,v) = Z?:o x; - v; denotes the inner
product on R3. Note that if v, w is an orthonormal basis of Tx Sk, then x, v, w is an
orthonormal basis of R3.

Remark 2.1.1. From the fact that for all n > 1 the determinant on O(n) gives

rise to a short evact sequence 1 — SO(n) = O(n) At 7y - 1, one infers that
O(n) = SO(n) 1y, Ly, where the map ¢ : Zo — Aut(SO(n)) defined by ¢(1)(Q) = Q
and p(=1)(Q) =R QR for Q € SO(n) and R € O(n) with det R = —1.

Remark 2.1.2. Let N = (0,0, R) be the north pole of Sg. Observe that N+ =
TnSg = {(z1,22,0) € R3}. This implies that the isotropy group of N is isomorphic
to SO(2). More precisely, the subgroup of SO(3) fixing N is a copy of SO(2), which
stabilizes the x1xo—plane. In Sec. 6.4 this fact will be used to establish a one-to-one

correspondence between the action of the orthogonal group O(3) on Sg and the action
of the Euclidean group T(2) x O(2) on R?, see Remark 3.1.2.

Remark 2.1.3. Let p : SO(3) — SO(3)/SO(2) denote the canonical projection
from the special orthogonal group SO(3) onto the homogeneous space SO(3)/SO(2),
which is smooth. The differential of p at the identity e € SO(3) is the linear map
Tep : s0(3) — T(SO(3)/SO(2)), where [e] = p(e). Note that both p and Tep
are surjective. This implies that T (SO(3)/SO(2)) is isomorphic to so(3)/so(2).
One shows that T, (SO(3)/SO(2)) is also isomorphic to so(3)/so(2), where [g] €
SO(3)/S0(2) is arbitrary. This is due the fact that SO(3)/SO(2) is a homogeneous

space.
Definition 2.1.4. For all x,y € S, we set the geodesic distance on Sr by

(x-y)
RQ

dist(x,y) := dr(x,y) = RO(x,y), 6(x,y) = arccos € [0, 7).

3The set X is called a homogeneous space under G (for the action ¢) if (G, X, ¢) is transitive [18,
Def. 1.5.4].

“To see this, fix a vector in R*® such that its orbit under the SO(3)-action gives rise to the
canonical embedding S1 < R3. Moreover, the subgroup SO(2), embedded inside SO(3), stabilizes
the axis formed by this vector. Hence, by the Orbit-Stabilizer Theorem we have the identification
S1=50(3)/50(2).
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In fact, the geodesic distances on a unit sphere are simply given by arc lengths, angles
between two arbitrary vectors, from the origin in the ambient Euclidean space [67,
p. 82]. In particular, one has 0 < dg(x,y) < R7w. Moreover, it holds

dR(Xa Y)

Xy ,
— || = /2R — 2R? cos(Y) = 2
llx — vl \/R R2 cos( ) = 2R sin 5 ,

R2
where ||+|| denotes the Buclidean norm onR3. This implies that 2 dr(x,y) < |[x—y|| <
dr(x,y), which implies that the two distances are comparable.

Laplace-Beltrami operator

Let (M,g) be a d—dimensional Riemannian manifold with local coordinates x =
(x1,%2, -+ ,%q). The Laplace-Beltrami operator is given by [57, Eq. (3.40)]

d
0 0
(¥
Eza \gga)

where ds? = Z?jzl gijdx'dx? and |g| = |det(g)|. In particular, in the Euclidean
space R with the standard metric g;;(z) = d;; for all x € R3, one has Aps =
Z?:l 02/ 833?, which in the spherical coordinates is of the following form

2 92 20

A = —_— = 7+77
R? p 3:E? or2  ror

1
—A 2.1.1
+ r2 S1> ( )

where Ag, is the Laplace-Beltrami operator on the unit sphere with the usual round
metric. It is often written —L? in physics texts. More precisely, in spherical coordi-
nates (6, ), one has

d 1 92

1 0
As, = sin 6 90 (SIDH@) sin 62 9p?

We denote the Laplacian on Sg by (—Ag) such that Ar = Ag, /R2.

Example 2.1.5. Let (M,g) be a d—dimensional manifold. Consider the conformal
deformation § associated to the metric g, i.c., § = e* g, where v € C°®°(M). One has

Gij = e 9ij> §7 =e" g, det § = ¥ \/detg.
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Hence,

o,
Dg= e =2 [detg g —
g \/det Z (9X]< 99 8xj>
oy i OV O
A e e
? )

In particular, if (M, g) is a 2-dimensional Riemannian manifold with a metric given

by (g)]k($) = eZv(@) 5jk it holds

2
0 - 0
_f a2V —2v sjk 2v Y _ . —2v
Agf=e jkg 18X]( e anf)—e Af,

where AV = ?;‘2/ + 9 8 2 is the flat Laplacian [97, App. C, Cor. 3.5]. We shall make
use of this fact once we introduce the stereographic projection.

Remark 2.1.6. For oll R € N we have Ar = ﬁR . ﬁR, where ﬁR is the gradient
on the sphere. For any f,g € C%(Sgr), by the Green—Beltrami identity one has [9,
Prop. 8.3 and Cor. 3.4] or [57, Thm 3.16]

/Q(X) (ARf)(X)PR(dX)Z—/ (ﬁRg)(X)'(ﬁRf)(X)PR(dX)=/ () (ARrg)(x) pr(dx).
Sk Sk Sr

Let (o, *),(sy) denote the inner product on La(Sg). It holds,

(i ARG Lasr) = (AR F: D Lasr)s (AR Lasy) <0-

In general, on a complete Riemannian manifold M, the Laplace-Beltrami operator is
essentially self-adjoint [96, Thm. 2.4] or [57, Theorem. 11.5], i.e., it has a unique
self-adjoint extension.

Stereographic projection

Definition 2.1.7. Let R € [1,00) and N = (0,0, R). Define the map jr : R?> —
Sr\ N C R? by

R(4Rz1,4Rxo, 23 + 13 — 4R?)
22 + 22 + 4R? '

Jr(x1,22) == x = (x1,X2,X3) =

Note that —R < x3 < R. We call the point (x1,72) = = € R? the stereographic
coordinate of the point x € Sg \ N. Note that jgr is always locally invertible. Let
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JJ_%I : (SR \ N) C R® — R2. [t holds

2R
]]7{1()(17}{27}(3) =T = (l‘l,(]ﬁg) = Fi(x_l;:f) .
Moreover, for x,y € R? such that jr(x) = x and jr(y) =y one has
3 4
16R
o2 e — w2 — —ul?

Observe that for all R € Ny the mappings jr and j;%l are rational functions, hence,
are smooth. Thus, jgr is a local diffeomorphism.

Recall the Riemannian volume measure was given by pr(dy) = v/det ggrdy. One
verifies that the metric tensor gg on Sg in the stereographic coordinates is of the form

Ik (9R)ij (%) = wr(x) d; (2.1.2)

with wg(z) := \/det yhgr(z) = 16R*/(4R? + 2% 4 23)* € C°(R?) |90, p.12]. This
implies that Sg is locally conformally flat®. Note that for all R € N, and all 2 € R?
it holds wg(x) < 1.

Remark 2.1.8. Let f € C(Sg), then 7% f = foyr € C(R?). Note that for f € C°(R?)

the function f o ];21 € C.(Sg \ N) has unique continuous extension to Sr. From
Remark 2.5.15 TItems (A),(B) for all f € C*(Sg \ N) it holds

[ snt(@)wn@)ds = [ f o) wa)ds = [ 16 pr(d).
R2 R2 Sr
Moreover, by Remark 2.5.15 Item (C) for ¢ € 9'(Sgr), f € C°(R?) one has

i ey = [ | dhola) f@) o
= o) FUR' ) wr' R ) pr(dy) = (8, (W5 f) 0 95 ) La(sn) -

Remark 2.1.9. Let A = JRAR denote the Laplacian associated to the metric jpgr
on R2. Using Example 2.1.5 one gets A= wl_%lA, where A denotes the Laplacian on
R?. Alternatively, one can use [78, Sec. 1] with g1 = J39r, 9 = 6ij, [ = % log(wgr(x))
and n = 2. It holds jj Ag = wglAﬁE.

A Riemannian manifold (M, g) is said to be locally conformally flat if it is locally conformal to

Euclidean space. Recall that a conformal structure on M is an equivalence class of metrics with
§ = ¢ g for some function w € C°°(M).
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2.2 Spherical harmonics

Let Y;(R?) be the space of the homogeneous harmonics of degree [ in R?, and th =
YZ(Rdﬂgdﬂ be the spherical harmonic space of order [ in a unit d — 1-dim sphere. We
1

set {Y;m : 1 <m < Njg} to be an orthonormal basis of Y%, ie.,
/d Yii(n) Yo k(n) dn = dw Sk, 1< j,k < Nya,
ST~

where dn is the Riemannian volume measure on Scllfl and Ny g = dimeI such that
for [ sufficiently large dimY¢ = O(1972). Given V; € Y{ and H; € Y;(R?), it holds
H(rx) = r'Y;(x) for all x € S97' and r > 09, Sec. 2.1.3]. For d = 3, using Eq. (2.1.1)
one gets

AH(rx) = AY)(x) =0 iff  Ag,Yi(x) = —1(1+1)Yi(x).

Recall that Ag = Ag, /R?. The above expression implies that the Laplace-Beltrami
operator (—Ap) has non-negative discrete spectrum and an isolated simple eigenvalue
at zero, i.e., 0 = Ay < A1 < Ay < .-+ — 00. Moreover, the non-zero functions in the
space Y; are the eigenfunctions of (—Apg) with eigenvalue I(I + 1)/R? for all | € Ny
and with the multiplicity N; 3 = dimY? = (20 + 1) ¢ [30, Thm. 1.4.5]. Note that each
Y3 is the eigenspace of (—Apg), which is preserved by the action of the group O(3).

Remark 2.2.1. Observe that the first non-zero eigenvalue is Ay = 2/R?, which can
be deemed as two (the dimension of Sg) times the sectorial curvature 1/R?. This is
an instance of a more general result known as the Lichnerowicz-Obata theorem [68]
or [69, Thm. 5.1].

Legendre polynomials

The Legendre polynomial of degree [ in d—dimensions can be determined as the re-
striction of the Legendre harmonic on the unit sphere via |9, Eq. (2.19)]

d—1 “z/:QJ (1 —t2)k¢l=2k

Pa®) = MC57) 2 (O e @1/

°In general, the eigenvalues of the (negative) Laplace-Beltrami operator on S¢~* are 12 + (d — 2)I

(1+d/2=1) T1Z3 (143) [89, Thim. 2.9]

where | € Ng. The multiplicity of this eigenvalue is @2=1)(a=3)"
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In particular, for all I € Ny, d > 2,¢ € [—1,1] it holds [9, Eq. (2.116)]
[PLa(t)] < 1= Pa(l). (2.2.1)

The Legendre polynomial P, 4 satisfies the following differential equation [9, Eq. (2.82)]
or [8, (15.75)]

3—d

-2 a2y Lp ] +10+d- 2P0 =0.

4
dt dt

Using the preceding expression with ¢ = cos and d = 3 one has

2

% (cos @ Py(cos b)) — % (sinf Py(cos)) = I(l + 1)FPi(cos 0) sinb, (2.2.2)

where P, denotes the [—th Legendre polynomial in d = 3.

Remark 2.2.2. Let j € N. We denote the derivatives of t — Pi(t) with respect to
t € [-1,1] of order j by t — P/(t). It holds that [9, Egs. (2.118-120)]

max;e(_11] |5 (8)] = O(1%). (2.2.3)

Utilizing the mean value theorem for any t,s € [—1,1] and some T between t and s
one obtains

|Fi(t) = Bi(s)| = B (7)(t = s)| < cl |t — s,
where we used Eq. (2.2.3) with j = 1. This implies that
|P(x-y/R?) = Pi(z-y/R*)| < el [x —2|/R,  Vxy,2€5n.

Remark 2.2.3. For all x,y € Sg it holds that [8, Eq. (16.57)], [9, Thm. 2.9], [30,
Eq. (1.6.7)]

l
> Vi)Y im(y) = 47TR2) P(EY) = 2+ 1) Pru(x,y), (2.2.4)

m=—1

where Pry : La(Sg) — Lao(Sg) is such that (21 + 1)Pg; is the orthogonal projection
onto the eigenspace Y? of the operator (—AR). In particular, one obtains

3 o - S 222

This gives rise to max{|Y;m(x)| : x €Sg, —1 <m <1} < /(21 +1)/(47R2).
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Remark 2.2.4. Let f € Ly(Sgr). One has [9, Thm 2.58]

=0 m=-1 SR 1=0 m=—1
Moreover, the projection of f € La(Sg) into Y3 can be read off as

20+1

(20 +1) (Pruf)(x) = filx) = TR

/S £(y) Bilx - y/R?) pr(dy),

where we used Eq. (2.2.4). As a result, we have the Parseval equality on Lo(Sg),
HfHL2 Sr) =32 ||fl||%2(SR), which is a consequence of the fact that La(Sgr) =

@lzo Y? /9, Eq. (2.143)].
Remark 2.2.5. [t holds [9, Eq. 2.79/

1
2
P P = — .
/_1 ll (t) l2 (t> dt 2l1 + 1 6l1al2

2.3 Function spaces

Definition 2.3.1. [101, Def. 6.1] We say that w € C®(R?) is an admissible weight iff
there exist b € [0,00) and ¢ € (0,00) such that 0 < w(x) < cw(y) (1+ |z —y|)° for all
z,y € R? and for every a € N¢ there exists c, € (0,00) such that |0%w(x)| < ¢, w(x)
for all z € RY.

Definition 2.3.2. (A) Let w € C®(R?) be an admissible weight, p € [1,00] and
a € R, n € Nyg. By definition Ly(R% w) is the Banach space with the norm

£l 2,y raw)y = lwfllp, ey [101, Eq. 6.5].
(B) The wezghted Bessel potential space L“(R w) is the Banach space with the norm
£l g () = 11 = D)2 f Il (gt ). We also set Ly(RY) = Ly (R%, 1).

(C) The weighted Sobolev space W;(Rd,w) s the Banach space with the norm

11w R,w) = 2aend jaj<n 107 F L, R w) -

Definition 2.3.3. Let ||+|[1,(s) denote the Lp-norm on Sg defined with respect to
the canonical measure pr(dx). Note that for all 0 < ¢ < p < o0 and all R € N4
there are C' € (0,00) such that ||*|z sp) < Cll*llz,(sgr)- For R € (0,00) we define
the Bessel potential space L;‘(SR) on Sg C R? as the Banach space with the norm

£l zesn) = 1L = AR)2 |1, (s5)-
D
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Definition 2.3.4. [99, Def. 2.5.1] Let ®(R?) be a collection of functions {¢;}jen, C
Z(R%) such that for some A, B,C > 0 it holds

supp ¢g C {.’E S Rd : |x’ < A}7 supp ¢; C {.T c Rd . B2j71 < |:L” < C2j+1}

Moreover, for all a € Njj there exists coq > 0 such that for all x € R? one has

oo
sup  sup 9ilal |0% ¢j(x)| < ca, Z pj(r) =1.

We call {¢;}jen, a resolution of unity.

Remark 2.3.5. Let {¢;}jen, € ®(RY). By construction for all f € #'(RY) one has
f=>% FroiF fi= > 720 Aj f, which are called Littlewood-Paley dyadic blocks.
Observe that A f for all j € {0,1,---} is an analytic function, i.e., it can be evaluated
at a point.

Definition 2.3.6. [101, Def. 6.3] Let s € R,0 < ¢ < 00, {¢;}jen, € ®(R?) and
f e 7" (RY). We define the weighted Triebel-Lizorkin norm for 0 < p < oo and the
weighted Besov norm for 0 < p < oo via

1l ey =1 2% | F RN ity < 00
§=0

N i _ 1/q
1711 3., :=(ZO 2| F I ) < 00
-

Remark 2.3.7. Let a € R, w € C®(R%) be an admissible weight and f € ' (R?).
Suppose 0 < p < oo (p < oo for the Triebel-Lizorkin spaces) and 0 < q < oo.
(A) The operator f — wf is an isomorphic mapping from B;’q(Rd, w) onto B;’q(Rd)
and from Fliq(Rd?w) onto F;yq(Rd) [101, Thm. 6.5]. This implies that the fol-
lowing norms are equivalent 7

lw £l gty ~ 1f s awys 10 Fllrs ooy ~ 1 st

(B) Let I : f = F~L((1+|¢|))¥2Ff), which is called the lifting operator. It
holds [101, Thm. 6.9]

1.B; (R, w) = By *(R%w), I.F;, (R w)=F *Rw).

I cll+]l5 < |l+lla < C|l|l for ¢,C € (0,00), then |[+[la ~ ||||5.
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(C) For all 1 < p < oo and m € Ny it holds W;”(]Rd,w) = FZTQ(Rd,w) /101,
Eq. (6.21)].

Lemma 2.3.8. Let w € C%°(R?) be an admissible weight, « € R and n € Ny.

(A) For all p € (1,00), the norms ”‘||L%(Rd7w) and H’UJ‘HL%(Rd) are equivalent.

(B) For all p € (1,00), the Bessel potential space Lg(Rd,w) coincides with the
Triebel-Lizorkin space FﬁQ(Rd, w) with equivalent norms.

(C) For all p € (1,00), the Sobolev space WgL(Rd,w) cotncides with the Bessel po-
tential space Lg(Rd, w) with equivalent norms.

(D) For all 1 < p < oo it holds Bal(Rd w) < LY(RY w) — BY (R, w) continu-
ously.

Proof. From Remark 2.3.7 Item (A) with ¢ = 2 one has ||+ ”Fa (R, w) ~ [|w ’”Fa (R)-
Moreover, for all p € (1,00), it holds ||e HLa ®ay ~ || ||Fa (R4) [99 Sec 2.5.6] or 88,
Sec. 3.1.2]. This concludes Item (A) and Ttem (B)

Evoking Item (B) with &« = n € Ny combined with Remark 2.3.7 Item (C), one con-
cludes that both ||« ||L;(Rd7w) norm and || ||W;;L(Rd’w)

o (R w)
norm. This concludes Item (C).

To prove Item (D) one utilizes the fact that BSJ(]Rd) — Lp(RY) < BY (RY) [99,
Sec. 2.5.7, Prop. 1]. This implies that BSJ(]Rd,w) — FQQ(Rd,w) — BY (R%,w),
thanks to Item (B) and Remark 2.3.7 Item (A). Applying Remark 2.3.7 Item (B) with
I, one gets BS (RY, w) — F2% (R w) — B (R, w). Now Item (B) concludes

Item (D) and finishes the proof. O
Remark 2.3.9. For a € R and p,q € [1,00] we have the following generalized Holder
nequality
1 1
£.9)raswvn)| < Mg vy Wolioqutanry 3 =1

where (¢, *) 1, (rd w1/2) 15 the scalar product in Lo(R% w'/?) and the constant C' € (0, oc)
depends only on the weight w.
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Proof. Suppose first that 1 < p < co. By the Holder inequality, we obtain
(F39) Lo (ra w1 /2) :/df f(@)g(x)w(z) = /dl“ (W' f) () (w"/g)(w)

:/dx (1= Q)P f) () (1 = A)~*2(w"/g) ()
< ||w1/pf||Lg(Rd)le/ngLq_“(Rd) :

Now, by Lemma 2.3.8, Item (B), and Remark 2.3.7, Item (A), we write
le/prLg(]Rd) < C”’wl/prF;Q(Rd) < C/||f”F;;j2(Rd,w1/p) < C”||f”Lg(Rd,w1/p) (2.3.1)

and analogously for ||w!/9¢|| L7o(Rd): This concludes the proof for 1 < p < oo. For

p=oc and ¢ = 1 (or vice versa) L% (R?) is understood as the Hélder-Zygmund class
B&W(Rd). As the restriction p < oo in Remark 2.3.7 does not apply to the Besov
spaces, we conclude as in Eq. (2.3.1). O

Theorem 2.3.10. Let w,v be admissible weights and
—o00 < ag < g < 00, 1<p <ps <.
(A) The embedding Ly (R, w) — L2 (R?, v) is continuous if

p2 < 0, o1 —d/p1 > az—d/ps and sup v(z)/w(z) < oco.
rER

(B) The embedding Ly} (R4, w) — L22(RY,v) is continuous if

ap —d/pr > oz and sup v(x)/w(x) < co.
z€RM

(C) The embedding Ly (R, w) — Lo2(R?,v) is compact if

p2 < 00, a1 —d/p1 >as—d/ps and lim v(zx)/w(z) = 0.

|x|—00

Proof. Parts (A) and (C) follow from [41, Sec. 4.2.3, Theorem| and the equivalence
between LS (RY, w) and F;‘Q(Rd,w) mentioned in Lemma 2.3.8 above. Part (B) is
covered by [41, Sec. 4.2.3, Remark| and the embeddings stated in Lemma 2.3.8. [

Theorem 2.3.11. Let w be an admissible weight, o € [0,00) and p,p1,p2 € [1,00)
be such that 1/p = 1/py + 1/pa. Then there exists C € (0,00) such that for all
f e L (REwPr) and g € LY, (RY, w!/P2)

16y iy < C 1 g aetron) 19ll g, oot
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Proof. The statement follows from the equivalence of the norms | || La(Rdw) and
H'LU'”L%(Rd), the fractional Leibniz rule |72, Ch. 2| and Theorem A.5 (A). Alterna-
tively, one can use [21, Lemma 5]. O

Theorem 2.3.12. Let w be an admissible weight, p1,p2 € [1,00), a1,2 € R, 0 €
(0,1) and

6 1-—-46
77_"_ .

a=0a+ (1—-0)ay,

1
p n D2
There ezists C € (0,00) such that for all f € L31 (R, wl/Pr) 0 Ly? (R, w'/P2) it holds

0 1-6
19 g etgorimy < C 111 oy 1158 g -
Proof. The statement is a consequence of the Holder inequality, cf. [21, Sec 3|. Ap-
plying first the Hélder inequality for series with p’ = § and ¢’ = 115 and then the
Holder inequality for integrals with % = pil + =9 6ne has

p2
11l ety = IF o et oy = 1D 22741 F @i FF (D)2 et s
j=0
< NP (Y 220 |F g F PR (D 250 | F o FF()P) 0 g ray
j=0 j=0
o0 e _
< e () Q22 |F 1o F )P, ey
7=0
X fwre (+) <_ZO 250 |F L FFOND 2L, g @)
pm

0 1-0
< C 11 i IS -
Using the fact that ||«[| Lo (ra ,1/») 8 equivalent with ||+|| pa_(ga ,1/2), one concludes the
p ’ p, ’
proof. O

Lemma 2.3.13. Let w € L1(R?) be an admissible weight, n € {3,4,...}, § € (0,00)
and k € (0,2/(n — 1)(n —2)). Then there exists C € (0,00) and p € [1,00) such that
forallme{l,...,n—1} and ¥ € LR w'/?) N L,(R*,w'/™), Z € L;"‘(Rz,wl/p)
1t holds

(20" @) < CIZIE sy FOITOIR, o iy + S ITIE o )+

» " (R2,
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Proof. Let 1/r = (1 — Kk)/n+ K/2, 1/¢ = m/r and 1/p’ = 1 — 1/q. By Holder’s
inequality

(Z, \Ijm>L2(R2,w1/2)‘ <C HZHL—,“(W,wI/p’) ||‘1’mHLg(R2,w1/q)v
p
for some C € (0,00). Theorem 2.3.11 implies that

197 | /) < C NN gt e

and Theorem 2.3.12 implies that

12ty < C I ey I

for some C € (0,00). Combining the above bounds we obtain

1—
2.9 ooy | < C N2l gt oty 1 oy )

for some C' € (0,00). Hence, by the Young inequality with 1/p' + (mk)/2 4+ (m(1 —
k))/n =1 for every ¢ € (0,00) there is C' € (0, 00) such that

I(Z, ‘I’m>L2(R2,w1/2)\
< CNZI e o iy + S NN Tam2 172y + O NVIT g2 yijmy- (2:3.2)
P

Observe that by the Holder inequality and the assumption w € L;(R?) for all ¢,7 €
[1, 00) such that g < r there exists C' € (0, 00) such that [+ 2 w1/a) < Cll*llL, &2 w1/r)-
Hence, the bound (2.3.2) implies the statement of the lemma with 1/p = (2 — k(n —
1)(n—2))/2n. O

Lemma 2.3.14. Let p € [2,00) and o = 1 —2/p. Then there exists C € (0,00) such
that || fllL,sr) < CIIfllLg@g) for all f € LS(Sr) and all R € [1, 00).

Proof. See e.g. |20, Theorem 6] or [103, Theorem I1.2.7(ii)]. O

Remark 2.3.15. Let p € J2, o0). Thanks to Lemma 2.3.1} there exist C,C" € (0, 00)
such that for all U € Lg_z P(Sg) and all R € [1,00) one has

HﬁR‘IIHLp(SR) <C HﬁR\IlH[é—Q/P(SR) <C H(l_AR)l/Q \IlH[é—Q/P(SR) < c’ H\IIHLg—Q/P(SR)'
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2.4 Functional analysis

Let H and E be two separable Hilbert spaces which are equipped with the norms ||« ||z
and ||+||z, respectively, L(H) denote the vector space of all bounded linear operators
from H to H and T' : Dom(T) C H — H be a self-adjoint operator with the spectral

measure Pr such that T = [ APp(dA).

Remark 2.4.1. The following definitions and facts are standard:

(A) The operator T commutes with a bounded operator S € L(H) if R(z) = (T—2)!
commutes with S.

(B) We denote by ® : B(o(T),C) > F — F(T) € L(H) the standard functional cal-
culus for self-adjoint operators, where B(o(T),C) is the space of Borel functions.
We recall that if T commutes with some S € L(H) then also F(T') commute with
this S.

(C) An operator S € L(H) commutes with T if and only if S commutes with every
spectral projection associated to T [85, Thm. 12.22].

(D) T is compact if and only if its spectrum consists of eigenvalues of finite multi-
plicity and forms a finite set or a sequence converging to zero.

(F) A bounded linear operator K : H — E is called Hilbert-Schmidt operator if for

1/2
some orthonormal basis {e} in H it holds | K ||us := (Za | K ea||%) < 00.
We call ||+||us the Hilbert-Schmidt norm of the operator K. FEquivalently, if
K € L(H) is Hilbert-Schmidt, one has || K ||4g = Tr(KK*) < o0.

Lemma 2.4.2. (Schur) Let (X, u), (Y,v) be o—finite measure spaces and let K :
X XY — R be a measurable kernel for which there exist measurable functions p :
X — (0,00), ¢ : Y — (0,00) and constants o, 5 > 0 such that for a.e. x € X and
a.e. y €Y it holds that

/ K (2,9)] a(y) v(dy) < ap(a), / K (2,9)| pla) pu(dz) < Baly).
Y X

respectively. Then, the mapping T : Lo(Y,v) — Lo(X,u) defined by Tf(x) =
[y K(z,y) f(y) v(dy) is a bounded operator such that its norm is bounded from above

by Vap.

Definition 2.4.3. A self-adjoint operator T on a Hilbert space H equipped with the
inner product (e, «)p is called dissipative if and only if for every ¢ € Dom(T) it holds
Re(Tp,¢)u <0, i.e., its spectrum is contained in (—oo,0].
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Remark 2.4.4. For R € Ny and k € Z it holds that
Dom (—Ag)¥ = Dom(1—Ag)* = L2(Sg), Dom (—A)* = Dom(1—-A)* = L2k(R?).
Remark 2.4.5. Let H be a separable Hilbert space and S denote a Cy-semigroup on

H generated by the self-adjoint operator T, i.c., S(t) = e7tT. Writing up the Taylor
formula with remainder R, results in

5)f = Z ! dtk S(t)f + Ru(s,1)f

where
n+1

Rulot)f = [ (5= o () sar.

provided f € Dom(T™+1).

Properties of (—Ag)

Note that (—Apg) has discrete spectrum accumulating to infinity as was shown in
Sec. 2.2. By Remark 2.4.1 Item (D) the operator (1 — Ag)~! is compact.

Remark 2.4.6. Fvoking the spectral calculus for the self-adjoint operator (—Ag) for
any Borel measurable function F : spect(—Apg) — R one defines the operator

= (@+1)F(1+1)/R*)Pry=>_ (2 +1) Tr(F(~Ar)Pry) Pry
=0 =0

where Pr is given in Remark 2.2.3. In particular, spec(F(—Apg)) = F(spec(—ARg)).
Moreover, one has |F(—=AR)|| < ||Floo, where || F|loo = max{|F(I(l+1)/R?)| : 1 €
No}.

Remark 2 4.7. Let GRN = (1 — AR)_I(l — AR/N2)_2 and f € LQ(SR) such that
(GrNf)(x fS Grn(x,X) f(xX') pr(dx’). Using Remark 2.4.6 one has

(21 +1) x-x
4WR2Z ATy ariarn e )

Grn(x,X) =

Observe that for all Q € O(3) and allx,x” € Sk one has Gr n(x,x") = Gr N (Qx, QX').
This is due to the invariance property of the l—th Legendre polynomial P;, which is
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given in Remark 2.2.5. Furthermore, it holds that

(21 +1)

TH(Chn) = (1+1(I+1)/R?)(1 + (I + 1)/R2N2)2”’

=0

where we used the facts that P,(1) =1 and 1/(47R?) fSR pr(dx)=1.

Remark 2.4.8. Let G denote a fundamental solution for the positive self-adjoint
operator (1—A), where A is the Laplacian on R?, i.e., (1—A)G(x,2') = §(x—2a'). One
writes the resolvent of the operator (1—A) as a convolution, i.e., (1—A)"1¢ = Gxp2
for all ¢ € La(R?). Using the translational invariance property of G one determines
the mapping G : R? — (0, 00)

Glz) = / g mlal?/t ot/ (am) 4
4 0 t
such that ||G| 1, w2y = 1. Furthermore, there are some constants C,c € (0,00) such
that for all measurable sets A,B C R? and all ¢ € Lo(R?) with supp(¢) C A it
holds (cf. [42, Sec. 11.1])

10— A) " 8Ly < C exp(—edist(A, B)) 18] o) -

On account of Remark A.3 as |z — 2'|| — oo one infers that

e llz—2']]
G(z,7') = ———= (1 + 0(1)).
87 ||z — /||
Observe that G(x,x") exhibits rapid decay at infinity. Using once again Remark A.3
as ||z — 2’| — 0 it holds

1
G(z,2") = —2—long—x’H (1+o0(1)), (2.4.1)
™
where ||+| is the Euclidean distance between z,x’ € R2. The above asymptotic be-
haviour of the integral kernel G implies that the covariance of the Gaussian measure
N(0,(1—A)1) in Sec. 3.1 diverges near the diagonal, i.e., G(x, ") is C(R?) except
at x =a.

Remark 2.4.9. Note that Sg is a Riemannian manifold, hence, it must behave lo-

cally like a Euclidean space ®. That is why one expects that the fundamental so-

lution of the Laplace equation on Sg behaves locally like the one on R%. Let Gg

8The d—dimensional sphere is locally homeomorphic to R? at every point [19, Prop. 18.2.1].
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denote the fundamental solution for the positive self-adjoint operator (1 — Ag). Uti-
lizing Eq. (2.4.1) with the Euclidean distance on Sp C R® combined with the fact that
2 dp(x,xX) < ||x — x| < dr(x,x'), which is given in Remark 2.1.4, one surmises that
Gpgr should have a singularity of the form log(dr(x,x")) on the diagonal. This implies
that for 6 near the origin or equivalently at the coinciding points, Ggr is diverging.
Note that the explicit formula for the integral kernel corresponding to (1 — Aq) is ob-
tained in [31, Eq. (1.8) and Thm. 4.1]. The latter result is generalized in [31, Sec. 4.5/
for arbitrary radius R > 0.

Lemma 2.4.10. [37, Lemma B.1] Let k € (0,00). There exists C € (0,00) such that
for all R,N € [1,00) it holds

o (21 +1)
o ; 2R? (1+1(1+1)/R?) (1 +1(I+ 1)/ (NR)?)"

—log(N +1) <C.

Proof. Observe that the expression in the statement of the lemma coincides with

/00 21 +1)dl _/°° di
o 2R*(1+ [l +1)/R?) A+ [ +1)/(NR) Jo (1+1A+(1+1)/N)

The absolute value of the above expression is bounded by

/Oo‘ (2|Rl] +1)/R B 1 dl
o 120+ |RU(|RI|+1)/R?)(1+ |RI(IR +1)/(NR)?)" (1+DA+1Q+0)/N)|
Using 0 < I — |RI|/R < 1 we show that there exists C' € (0,00) such that the above
expression is bounded by

~ o0 1 .
] ‘“ I ey R ) [ (Y701 el

This finishes the proof. O

Remark 2.4.11. For later use let
=10 +11+1)/RHA+11+1)/(N*RY))?, <iI>=1+11+1)/R?).

Remark 2.4.12. For all R,N € Ni we let Qrn = (1 — Ag)(1 — Ar/N?)?, where
QRN : LS(SR) C La(Sr) — La(Sg) is a self-adjoint and positive definite operator.
Moreover, due to the positwity of the spectrum of the operators Qr N for all R, N €
N., one infers that (e_tQR’N)te[Opo) is a Co-semigroup of contractions on L3(Sg). In
particular, one has e *9R.N LY(Sg) C LY(Sg).
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Remark 2.4.13. Using Remark 2.4.6, one shows that e t@rN = 3" (214+1) e~ P,
where (I} was introduced in Remark 2.4.11. Hence, for fired R, N € Ny it holds

o0 > o0 1
/ Tr(e 2 9nN)dt =Y (20 +1) / e 20t = 5 Tr(GrN) <00
0 1=0 0

The last bound follows from Remark 2.4.7 and Lemma 2.4.10.
Lemma 2.4.14. For all R,N € [1,00) and t > 0 the operator e *QrRN : L(Sg) —
L5(Sr)

(A) is bounded

(B) is a Hilbert—-Schmidt operator.

Proof. Let t > 0. Note that for each N € N there exists C' € (0, 00) such that for all
h € La(Sg) it holds

_ _ 1/6 —
e tQR’NhHL;(SR) =||(1 - Ap)Y2e RN Rl s < C HQR/NG QRN B 1y sp

Utilizing Remark 2.2.4 one shows that there exists M € (0,00) depending on N € N
such that ||e*tQRth||L%(SR) < M ||h]|Ly(s,) With

M := sup ((I)1/3 e 210 1/2 < gup (20 e77) < Q, (2.4.2)
where = := (I), which was introduced in Remark 2.4.11 and C € (0,00) is some

constant. The last bound follows from the fact that for all ¢ > 0, the map x — z%e~**
can be bounded uniformly for all x > 0 by C/t*. This verifies that the mapping
e !QrN . [5(Sg) — L(Sg) is bounded and concludes Item (A). To prove Item (B)
one uses Remark 2.4.1 Ttem (F) with H = Ls(Sg), E = Li(Sg) and ey = Y. It
holds

o 1/2
i B —tQR 2
He QR,NHHS = <Z E lle Qr.N Yim‘fé(SR))

=0 m=-—1
1/2

= < Z H 1 - AR)l/Q ~tQrN YlmHLz (Sr) )

=0 m=-1

s 1(1+1) v
_ < (204+1) (1 + 72 )e 2t HYlmHiz(gR))

=0

- ) 1/2
- <Z (2 +1) (1+ =5 )e‘2t<l>) -

=0
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The sum is finite due to the damping factor e=2¢ ). This finishes the proof of Item (B)
and concludes the proof. O

Remark 2.4.15. In a similar manner, one verifies that the mapping e tQrN
L2(Sr) — L3(Sr) is bounded and there exists some constant C € (0,00) such that

le™" @M s p3sn) < C/(E?).

2.5 Probability

Let X be a complete separable metric space and (X, Borel(X')) be the corresponding
Borel measurable space. We will denote by M (&X') the set of probability measures on
Borel(X). Let (©2, F,P) denote a probability space, and let E stand for the integration
with respect to the probability measure P.

Definition 2.5.1. [29, Eq. (1.4)] We define a random variable X valued in X as
a map X : (Q,F,P) — (X,Borel(X)) such that it is a measurable function i.e.,

X—1(4) := {w €| X(w) e A} € F for all A € Borel(X). The distribution or the
law of X is a probability measure p defined on Borel(X) via u(A) = P(X~1(A)).

Definition 2.5.2. /23, Def. 2.2.2] Let (fn)nen, be a sequence of random variables.

(A) The sequence (fn)nen, is called fundamental or Cauchy in probability if for every
€ > 0 one has

lim = sup P(w: [fa(w) = fr(w)[ =€) =0.

(B) The sequence (fn)nen, is said to converge in probability to a random variable f
if for every € > 0 one has

lim P(w : |[f(w) — fa(w)| >€) =0.

n—oo

Remark 2.5.3. For allp € [1,00) the convergence in L, (2, F,P) implies convergence
i probability. The latter property is preserved under composition with continuous
functions [84, Corollary 6.5.1] or [23, Corollary 2.2.6]. Moreover, convergence in
probability implies almost sure convergence of a subsequence [23, Thm 2.2.5].

Definition 2.5.4. [23, Def. 4.5.1] A set of random variables in A C L1 (P) is called
uniformly integrable if

lim Sup/ |f(w)|P(dw) =0.
Coteo fea{ifw)>cy
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Remark 2.5.5. Observe that if the set {E|[|fnP] : n € N4} is bounded for some
p > 1, then (fn)nen, is uniformly integrable. To verify this claim suppose for some
p>1and M > 0 that E|f,|P < M for all n € Ny. Note that p—1 > 0 and
t +— P71 is increasing on (0,00). Now, let |fn(w)] > C for some C > 0, which
implies that |f,(w)|P = |fu(@)P7Y frn(w)] > CP7Yfu(w)|. Therefore, on the event
{weQ: |fn(w)| > C} we obtain

Elfal SE|lfal?/C7] < MjC?7.
Observe that the last bound is independent of n € N1 and converges to zero as C — oo.

Theorem 2.5.6. (Lebesgue-Vitali’s theorem) [23, Thm. 4.5.4] Suppose that f is a
random variable and (fn)nen, is a sequence of integrable random variables. Then, the
following assertions are equivalent:

A) The sequence (fn)nen, converges to f in probability and is uniformly integrable;

B) The random variable f is integrable and the sequence (fn)nen, converges to f
in the space Lq(P).

Definition 2.5.7. [86, Def. 6.7] Let v and v be two regular Borel probability measures
on (X,Borel(X)). We say v is absolutely continuous with respect to p if v(A) =0 for
every A € Borel(X) for which u(A) = 0. Moreover, if there is a set A € Borel(X)
such that p(E) = n(ANE) for every E € Borel(X), we say that u is concentrated on
A. This is equivalent to saying that u(E) = 0 whenever E N A = ().

Remark 2.5.8. Let p1 be a regular Borel probability measure on (X,Borel(X)). The
support of u is the complement of the union of the pu-null open sets, i.e.,

supp p 1= (U {AC X : Aopen and u(A) = 0})C

One can say that supp p is the smallest closed set on which p is concentrated and if u
is concentrated on a non-empty set B C X, then supp u C B.

Theorem 2.5.9. [104, Sec. 14.13] or [86, Thm 6.10] or [23, Thm. 3.2.2] Let (2, F)
be a measure space with two probability measures Q and P. The probability measure
Q is absolutely continuous with respect to P if there exists V- € L1(Q, F,P) such that
for all A € F it holds Q(A) = [, V(w)P (dw) .

Remark 2.5.10. Le vi,v2 be two probability measures on (X, Borel(X)). We denote
by v x 1p(A) == [ vi(A —a)va(da) for all A € Borel(X).
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Lemma 2.5.11. [11, Lemma A.7] or [61] Let (2, F,u) be a probability space, F :
2 — R be a measurable function such that exp(F') € L1(Q, u) and

exp(F'(¢)) p(d¢)

F R
Hd9) = (@) u(dd)

It holds
[ eoE@)ato) < oo ([ Fo1u" a0

Proof. To verify the above statement first notice that by assumption

[ e (#@) @) [ exp(~F() (0 = [ utdo) = 1.
Thus, [exp (F(¢)) u(de) = ([ exp( ((l)))uF(dqﬁ))_l. By the Jensen inequality

exp (— / F(<Z>)MF(d¢)> < [ e (-F(6) " (@0).

Hence,
[ e (F@) utao) < exo ([ FeopT o).
This finishes the proof. O

Definition 2.5.12. /29, Sec. 2.1] Let (pin)nen, be a sequence of probability measures
defined on (X,Borel(X)). The sequence (tn)nen, is tight iff for every e > 0 there
exists a compact set K. C X such that p,(K.) > 1 —€ for alln € Ny. The sequence
(Kn)nen, converges weakly if for every bounded F € C(X) the sequence of real numbers
(n(F))nen, converges.

Theorem 2.5.13. /29, Thm. 2.3/(Prokhorov’s theorem) A sequence of probability
measures (fin)nen, on (X,Borel(X)) is tight iff there exists a diverging sequence of
natural numbers (an)nen, such that the sequence (jia, )nen, converges weakly.

Lemma 2.5.14. [37, Lemma B.j] Let 1+ : X — Y is a compact embedding and let
(Un)nen, be a sequence of probability measures on (X,Borel(X)). Assume that there
exists M € (0,00) such that [ ||x||x pn(dz) < M for all n € Ny. Then the sequence
of measures (Vp)nen, on (Y, Borel())) defined by

Un(A) = (271 (A)), n €Ny, A e Borel(Y),

18 tight.
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Proof. Let € > 0, Le := {x € X |||z]|x < M/e}, which is a bounded subset of X and
K. :=1(L¢). Observe that K. C Y is compact. It holds

pn (el > %) < a1 [ Yallwpnte) =/ [ Yol nalae).

Hence,
L—vn(Ke) <1 —pn(Le) = pn(l|z|lx > M/e) <e.

This concludes the proof. ]

Remark 2.5.15. Let (X, Borel(X)), (¥, Borel())) be measure spaces and 7: X — Y
be measurable.
(A) Let p € M(X). Then the push-forward measure Ty € M(Y) is defined by
Teft(A) == p(r71(A)), where A € Borel(Y). It holds that [, fordu = fy fd(mep)
for all f € C(Y).
(B) Fiz p € M(X) and v € M(Y). Then we say that T is a measure preserving
map between the resulting probability spaces (X ,Borel(X), u), (I, Borel(Y),v) if
Telb =V
(C) Suppose that T is invertible and the inverse is also measurable. Let v € M(X).
Then the pullback measure T v € M(X) is defined by T*v(A) = v(1(A)) for
A € Borel(X).

2.6 (Gaussian measures, Wiener processes and Wiener chaos

Let V be a locally convex topological vector space. We assume that the family of
seminorms, defining the topology, separates points, so that the space is Hausdorff. In
this situation the topological dual space is non-trivial and the following definition of
a Gaussian measure is meaningful:

Definition 2.6.1. A probability measure v on (V,Borel(V)) is said to be a Gaussian
measure if and only if the law of an arbitrary continuous linear functional F, consid-
ered as a random variable on (V, Borel(V),v), is a Gaussian measure on (R, Borel(R!)).

To answer the question of existence we need more structure. In the following two
subsections we will discuss the nuclear spaces and Hilbert spaces. These two cases are
distinct in infinite dimension.
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Gaussian measures on nuclear spaces

Let us move on to the definition of nuclear spaces. For every continuous semi-norm p
on V' we denote by V), the completion of V/kerp in the topology given by p, which is
a Banach space. If, in addition, for every continuous semi-norm p on V there exists
another continuous semi-norm ¢ such that p < ¢ and the canonical map

tpg: Vg —=Vp

is a nuclear operator between Banach spaces, we say that V is nuclear. We recall that
an operator T : Vi — V5 between Banach spaces is nuclear, if there exist sequences
vi, € V" and va, € Vo, n € N, such that

Tv = Z V] (V)V20, v EV,
neN

and ZnEN ||vin ‘Vl* HUZHHVQ < oo.

Theorem 2.6.2. (Bochner-Minlos) [102, Thms. 4.3, 4.4 | Let V' be a nuclear space.
In order that a functional S, : V — C be the characteristic function of a probability
measure v on V', i.e.

Sy(v) = /,e“d”wu(dgb),

it is sufficient that S, be of positive type, continuous and S,(0) = 1. If the space V
18, in addition, metrizable, the condition is also necessary.

If S,(v) = e*%g(“), where G is a continuous, positive quadratic form on V, then the
measure v is Gaussian in the sense of Def. 2.6.1. As the spaces of Schwartz class
functions and smooth compactly supported functions on manifolds are nuclear, using
Theorem 2.6.2, one can construct Gaussian measures on the corresponding spaces of
distributions. However, as infinite dimensional Hilbert spaces are not nuclear, they
require separate considerations.

Gaussian measures on Hilbert spaces

Let H be a separable Hilbert space with scalar product (-, - )y and G be a positive
operator on H with trivial kernel so that G~! is also well defined as a self-adjoint
operator. Following [83, p. 44|, we define the scale of Hilbert spaces Hy C H, { €
Z, as completions of Dom((G~)¥?) in the norms coming from the scalar products
(-, ) == ((GTH2 (G=1)¥2.)y. We recall the identification H_, = H; and set
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FE := H_; as this space will be particularly important in the following. We will
identify E* with H; and denote standard pairing between F and E*, by (-, -). It
coincides with the scalar product in H on arguments from this space. We denote by
f := G~'f the isometric embedding from E* to E. Assuming that G is trace-class
on E, there exists a measure v on (E,Borel(F)) whose characteristic function has the
form

Su(f) = / (00 (dg) = / 005 (dg) = o~ 3CRNE Z o HIfIE f e B,
E E
(2.6.1)
It is called the (centered) Gaussian measure on E with covariance G and it is a
Gaussian measure on F in the sense of Def. 2.6.1. The triple (H, F,v) is called an

abstract Wiener space, and H is called a reproducing kernel Hilbert space, cf. [91,
Def. 1.2].

The existence of the measure v above can be obtained from the following variant of
the Bochner-Minlos theorem for Hilbert spaces:

Theorem 2.6.3. [29, Thm. 2.27] Let E be a separable Hilbert space. Let S, : E — C
be the characteristic function of a probability measure v on (E,Borel(E)), then S, is
a continuous function of positive type such that S,(0) = 1. Moreover, for arbitrary
€ > 0 there exists a nonnegative trace-class operator G such that 1 —Re S, (f) < € for
all f such that (G.f, f) < 1. Conversely, an arbitrary function S, : E — C satisfying
the aforementioned conditions is the characteristic function of a probability measure
vonk.

Wiener processes

Now let (2, F,P) be a probability space. Let X € Lo(€Q, F; E) be a random variable,
taking values in the Hilbert space E, whose law is given by the Gaussian measure v
of Eq. (2.6.1). Then,

E(X, f e (X,3)5] = (Gf,3)p. f.g9€ E". (2.6.2)

Now let {Fi}iejo,00) be a filtration, that is an increasing family of o-algebras, such
that Fs C Fy C F for s < t and let (2, F,{Fi}sc(0,00); P) be the resulting filtered
probability space. We assume the right-continuity and completeness of the filtration,
i.e., Ft = (Nyoy Fs and Fy contains all P-null sets in F.
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Definition 2.6.4. [28, Sec. 5.2] Let p = N(0,G) be a Gaussian measure on E with
mean zero and a covariance operator G which is positive and trace-class. Then, an E-
valued stochastic process {W (t)}ic(0,00) 01 (2, F, {Ft}ie(0,00); P) is called a G-Wiener
process if:

(A) W(+) has continuous paths and W (0) = 0.

(B) W (+) has independent increments.

(C) For arbitraryt > 0 and h > 0 the law of h~Y2(W (t+h) =W (t)) equals N'(0,G).
Furthermore, it is assumed that W(s) is adapted to the filtration, i.e., W(t) is F;-
measurable for every t.

It is well known that a process and filtration satisfying the requirements of Def. (2.6.4)
exist. It is easy to see from this definition and Eq. (2.6.2) that

E[(W (1), /)s(W(s),§)r] = (Gf, §)pt A s
for f,g € E*. By rewriting this formula in terms of the pairing (-, -) between E* and
FE, we get
E[W(t), YW (s),9)] = (f,9)mt A s

The expression W (¢, f) := (W(t), f), f € E*, gives the cylindrical Wiener process,
which is suitable for modeling spacetime white noise. This process can also be defined
more abstractly, without reference to F, G.
Definition 2.6.5. [81, Def. 7.11, Lemma 7.12] A cylindrical Wiener process on H,
adapted to {Fi}iejo,0c), 15 @ linear (in the second variable) mapping W : [0,T] x H —
Ly (2, F,P) satisfying the following conditions:

(A) For each f € H, (W(t, f))t>0 is a real-valued Fi-adapted Wiener process (as in

Def. 2.6.4 withE=R, G =1).
(B) For allt,s >0 and f,g € H it holds that E[W (t, )W (s,9)] = (f,9)utAs.

To see how to define the stochastic integral with respect to the cylindrical Wiener
process see [80, Sec. 2.5] or |26, Sec. 11.5].

Wiener chaos

Let # € R, n € N and let Hy(z) := (—1)"¢*" (d"/dz™)e™*" denote the Hermite
polynomial of degree n with mean zero and unit variance [79, Def. 8.1.1] or [26,
Sec. 9.2.1]. One has

(—1)km! m—
Hu(@) = >, oo pimar
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Observe that H)\(x) — x H], (x) = —m H,,(z) [8, Eq. (18.1) with different coeffi-
cent| or [26, Prop. 9.3|, which implies that H,, is an eigenfunction of the one di-
mensional Ornstein-Uhlenbeck operator, i.e., L := —1/2A + z o ﬁ, with eigenvalue
—m [57, Ex. 3.10]. Moreover, the Hermite polynomials with mean zero and vari-
ance ¢ can be determined by Hy,(z,c) := (—c)™e?"/2¢ (d™/da™)e""/2¢ such that
¢ Hy(cx,c?) = Hy(x) [79, Sec. 8.1]. It holds

L ) L R —
Hm($’ C) = Z mc "L‘mi 5 C Z 0. (2.6'3)

Let (Q, F,P) denote a complete probability space and H be a real, separable Hilbert
space equipped with scalar product (s, « )z . We say that a stochastic process X =
{X(h)|h € H} defined in (2, F,P) is a Gaussian process on H if X is a centered
Gaussian family of random variables such that E [X (h)X (g)] = (h,g)g for h,g € H.
We let

& (=1)*m! k —2k
=0

Definition 2.6.6. We denote by H,, the closed linear subspace of La(Q, F,P) gen-
erated by random variables {H,(X(h)),h € H,||h||g = 1} and call it the Wiener
chaos of order n such that due to the Wiener-Ité decomposition [26, Sec. 9.3] or [64,
Thm. 2.6/ it holds Ly(Q, F,P) = @;°, Hi. We call the subspace @)_, He¢ the inho-
mogeneous Wiener chaos of order n.

The Hermite polynomials form an orthogonal system with respect to the Gaussian
measure in Euclidean space. Consequently, we have the following lemma.

Lemma 2.6.7. Let X,Y be two random wvariables with joint Gaussian distribution

such that E(X) = E(Y) = 0 and E(X?) = E(Y?) = 1. Then, for all n,m we have
E[Hp(X)Hp(Y)] = 0pmn! (E[XY])".

Proof. See |75, Lemma 1.1.1] or [26, Lem. 9.5] (with different coefficients). O
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Remark 2.6.8. Let 6c:= co — ¢1. From Eq. (2.6.4) one has
[n/2]

. (_1) n! cm XN 2m
Hn(Xacl) = z:o (n_zm)'m'2m 4 X

[n/2] ) nl B

= Z (n— 2m [ argm (€2 = 0¢)™ X" (2.6.5)
m=0 ’

_ ke (71)m n! - m! m h Sc thf2k

N Z (n —2m)!m!2m (m — h)'h' (=0¢) ’
m=0 h=0

Observe that 0 < h < m < |n/2|. Letting m —h =k with 0 < k < [(n — h)/2] one
rewrites Eq. (2.6.5)

[n/2] |n/2] ! (—1)™
X m—h _ th—Qm
a1 hz;] mZ:h n—2m'm‘2m (m— h‘)h e (=00)
[n/2] L(n—h)/2]
— Z (5C)h Z (_1)k (n - Qh)' Ck Xn72h72k
2h (n — 2h)! 2k £~ (n—2h—2k)! kI 2k 2 ‘

This verifies that [50, Eq. (9.1.12)]

[n/2]
Z n!

HTL(X7 Cl) = (n _ Qh)' h' 2h (50) n— Qh(X 62)
h=0

Lemma 2.6.9. (Nelson’s estimate) For every random variable X in an inhomogeneous
Wiener chaos of order n € Ny, cf. [75], and every p € [2,00) it holds

2/n
E[Xﬂé, E exp <nX|1> < 00.
6E[X?]"

|3

E[;X\p]% <Vn+1l(p—1)

Proof. The first bound follows from the observation that for a homogeneous Wiener
chaos it holds, cf. |60, Eq. (7.2)],

E[IXPVP < (0= D)"PE[IX 2.

For an inhomogeneous Wiener chaos of order n we estimate

|ZX|p1/p<ZE ‘X|p1/p< _ ”/QZE | X% 1/2
/n+ - n/2 Z’X‘ 1/2
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where in the first step we used the triangle inequality for the L, norm and in the last
step the Cauchy-Schwarz inequality. To prove the second relation, consider

Eexp| ——— | = _
(6E[X2}’11 ;z‘GZ[E\X‘ ]Z/”

n—1 o)

an|X|27,/n an|X|21/n
— 6" [E|X[?]/n Z;Li!Gi[IE|X|2]i/”'

The first sum is finite. For the second sum using the first bound in the statement
with p = (2i/n) € [2,00) one gets

= n'E|X|P/ 2t (n41)Y™ (2i/n) [E|X 2]/
R:= § <§ : ,
— il6 [E|X]P]/" il 6 [E | X [2)i/

Let us calculate the ratio of R;y1/R;

Riyy _ (i 1)L 4l o1yi+L L ((n 4 1)1/m)it]
arar a6 P @y

e

5 ((n+ 1)Ymy.

I - ks
isoe R imee (L+d) @

= lim 1(1 + 1)1 (n+1)Y" =

1—00 1

We can assume without loss that n is sufficiently large, because H, C H,/, n’ > n.
Now we use the fact that the function f(n) = (n+ 1)'/" is decreasing and tends to 1
as n — oo. This gives convergence of the sum by the d’Alambert criterion. O

2.7 Stochastic differential equations and their invariant
measures

In this section we introduce, in general terms, the class of stochastic differential equa-
tions we are interested in. Let H be the Hilbert space carrying a cylindrical Wiener
process, as in Def. 2.6.5, and let H C H be a Hilbert space continuously embedded in
H (in our case H = LY(Sgr), H = Ly(Sg), E = L;"(Sg), for some > 0).

Definition 2.7.1. /26, Sec. 11.5.2] We denote by C([0,T]; L*(Q, F, {Fi}+>0,P; H))
the space consisting of all stochastic processes X (t) € L*(Q, F,{Ft}t>0,P; H) for all
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t € [0,T] such that the mapping [0,T] — L*(Q, F,P; H) defined by t — X(t) is
continuous. Moreover, it is a Banach space endowed with the norm

1/2

X o,11: L2 @F 4 Fey im0 i) = B <E HX(t)qu>

Consider the following stochastic differential equation

{dX(t) = (—QX (1) + F(X(t))) dt + vV2dW (1), (2.7.1)

X(0) =x € L*(Q, F, {Fi}i>0,P; H),

where @ : Dom(Q) C H — H is the generator of a Cp-semigroup (e7t9)i>0 of
contractions on H , the map F H — H be a possibly non-linear function with
properties specified in Lemma 2.7.4 below and (W (t, «))¢>0 be the cylindrical Wiener
process on H adapted to {F}V};>0 given in Def. 2.6.5. A stochastic process X €
C([0,T]; L*(Q, F, {Fi}+>0,P; H)) is said to be a mild solution of Eq. (2.7.1) if for

every T' >t > 0 it satisfies the following integral equation

X(t)=e"9x+ /t e =R P(X(s))ds + \/i/t e =R qW (s). (2.7.2)
0 0

We are going to consider such F' : H — H that the corresponding integral above
takes values in H.

Let us recall briefly the standard construction of (Q, F, {F;}+>0,P) used above: Let
(20, FO P%) be the original probability space of the initial conditions and we complete
it if necessary. (In applications the initial conditions may be defined, to start with, e.g.
on the probability space (D'(Sg), Borel(D'(Sg)), vr), which is incomplete). Next, let
QW FW {FW150,PWV) be the canonical filtered probability space of the cylindrical
Wiener process. We form the product space

(Q,F,P) = x Q" ForV P opV).
Proceeding to the filtration, we first define
G :=FoFV.
Now, we just have to complete it to ensure right continuity. For this purpose, we set

g_t = U(gt UN]P)a Ft = m g_sv

s>t
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where o(G; UNp) is the smallest o-algebra generated by G; and the null sets of P. This
completes the construction of the filtered probability space, which carries the Wiener
process and the initial conditions as independent random variables. We remark that
we will sometimes write, for brevity, X (0) € H, rather than X (0) € L*(Q, F,P; H),
even if the initial data is random.

Let us now move on to the concept of an invariant measure for the above class of
stochastic differential equations.

Definition 2.7.2. Let (X (t))i>0 be a continuous stochastic process on a probabz'lity
space (Q, F, {Fi}e>0,P) with values in H. For all A € Borel(H), t > 0 and X(O)

x € H, we denote the law of X(t) by P(t,x,A) :=P(X(t) € A| X(0) =x) € M(H )

Moreover, for all f € Bb(f]) we define its corresponding transition semigroup Py by

Puf(x) == E[f(X(1) | X(0 / £(y) Pt x, dy) (2.7.3)

such that P(t,x, A) = Py 1a(x) = [7 1aly) P(t,x,dy) for all A e Borel(H).

Definition 2.7.3. A probability measure p € M(ﬁ) is invariant for the semigroup
Py if for all f € By(H) and all t > 0 it holds

/ﬁ Py f(x) p(dx) = /H £(x) p(dx) = /H E[f(X(t,x))] p(dx).

Let us now consider F' in Eq. (2.7.2), which is a gradient of a certain function U, as
described below:

Lemma 2.7.4. [28, Hypothesis 8.4] Consider Eq. (2.7.1) with F = U’, where U is a
polynomaal with appropriate properties and assume that
(1) Q is a self-adjoint positive definite operator on H such that Q=1 is of trace-class.
(2) For any t > 0, H is an invariant subspace of S(t) = e Q. Moreover for any
f € H the mapping S(+)f is continuous on [0, +00) with the topology of H.
(3) The Ornstein—Uhlenbeck process Wo(t) := V2 [, e~ =)@ AW (s), where W is
the cylindrical Wiener process on H, has a version concentrated on H.

(4) U : H = R is continuous and there exists the directional derivative DU (x : h)
of U at any point x € H and at any direction h € H. Moreover, there exists a
mapping F : H — H such that DU(z : h) = (F(x),h)g. In this case we write
F=U"
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(5) U is bounded from above, and F : H—> Hisa locally Lipschitz mapping: for
arbitrary v > 0 there exists k, > 0 such that || F(x) — F(y)|lg <k ||z =yl 5-

(6) For arbitrary x € H there exists an H-continuous solution of the integral equa-
tion .
X(t) = e 9+ / e (t=9)Q F(X(s))ds+ Wg(t), t>0.
0

Now let v = N(0,Q1). Under the above assumptions the measure

pr(de) = V@ u(dg), ¢ec H

is invariant for Eq. (2.7.1) with F = U’ [28, Thm. 8.6.3] and the random field X
is called a gradient process. One also shows that the measure pp given by the above

expression, is absolutely continuous with respect to the measure v. Similar result can
be found in [81, Sec. 17.5].
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Finite volume measure

We would like to construct the dynamical P(®)s model of Euclidean quantum field
theory, where P : R — R is a polynomial of the form

n—1
1
P(r) = ET"—F Z am ™", n€2N,, and a,, ER Vm e {0,---,n—1}. (3.0.1)
m=0

Observe that such polynomials are bounded from below, but may not be globally
Lipschitz continuous.

3.1 P(®); measure on the plane

The measure of the dynamical P(®), on ./ (R?) is, heuristically, given by

@)= goxp (= [ AP(o(a) az) viao), (3.11)

where A € (0,00) is the coupling constant, Z € (0,00) is the normalization factor,
which might not be finite due to the emerging dependence on the volume of the
underlying space, v(d¢) indicates the free field Gaussian measure with covariance
G = (1 — A)~!, which is a bounded operator on Ly(R?). Moreover, (—A) is the
Laplacian on R2. Observe that the operator (—A) does not have a compact resolvent
and has a purely continuous spectrum on [0, 00)!. We define G on L, *(R?) C .#/(R?).

Remark 3.1.1. We denote the centred Gaussian measure with the covariance G by
v := N(0,G). The corresponding characteristic functional, i.e., S,(f) can be deter-
mined via

5”(1@2) Sf=S.(f)= / PRI v(dg) = e—%(Gf,ﬁ,
7 (R?)

'The operator (—A)~! is unbounded as a bilinear form .#(R?) x .#(R?) — R, since |k|™2 is not
locally integrable.
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where f € S (R?), (s, +) denote ./ (R?) — ' (R?) duality pairing. The existence of the
measure follows from Theorem 2.6.2. Note that (Gf, f),m2) = H(l—A)*l/sz%z(Rz) =
Hin;l(Rz). This implies that the measure v is supported on the space of distributions,
in sense of Remark 2.5.8. One may find a discussion on the support property of the
Gaussian measure in [82].

On account of Remark 2.4.8 one infers that the measure of the dynamical P(®)2 model
as given in Eq. (3.1.1) is ill-defined. Firstly, a typical field ¢ in the support of the
Gaussian measure v(d¢) lacks integrability, i.e., it does not have sufficient decay at
infinity. Hence, it might contain some infrared divergences, since in Eq. (3.1.1) we are
performing the integral over R2. Secondly, such a field does not have enough regularity
as oftentimes it is a distribution. Hence, the product terms inside of P(¢(x)) might
not be well-defined. To circumvent these two problems, we first construct the measure
P(®)y on a two dimensional sphere Sg with finite volume and we shall introduce an
appropriate UV cutoff to regularize the covariance of the Gaussian measure v(d¢).

Remark 3.1.2. The isometry group of R? consists of all affine transformations of
the form Q(x) = Az + b, where A € O(2) and b € R? and it is isomorphic to the
Euclidean group E(2) = T'(2) x O(2) with the multiplication rule (t1, R1) - (t2, R2) =
(t1+ Rita, R1R2) fort; € T(2) and R; € O(2) fori=1,2. The orthogonal group O(2)
is the symmetry group of R? fizing the origin with dim O(2) = 1. Moreover, T(2) is
the two dimensional subgroup of the group E(2) consisting of translations. One has
dim E(2) = 3, which is equal to the dimension of the symmetry group of Sg, i.e., O(3)
as well as the group consists of its rotations, i.e., SO(3), see Remark 2.1.2.

3.2 P(®); measure on the sphere

The measure of the dynamical P(®)2 on 2'(Sg) is given by

pr(d) = - exp (— [ PO(x)) : pr(dx))va(do),
R Sk
where v := N(0, (1 — Ag)~!) indicates the free field Gaussian measure with covari-
ance Gr := (1—Ag) ™!, which is invariant under the action of O(3), see Remark 2.4.7,
and ppr is the Riemannian volume measure, which is invariant under the action of
SO(3). For all R € N the finite volume P(®)y measure, i.e., ug, is absolutely con-
tinuous with respect to the free field measure vg, see Remark 3.4.7. Its construction,
which we give below, is based on Lemma 2.6.9 (Nelson’s estimate), which in turn
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follows from a hypercontractivity estimate [32,74], [64, Ch. 5]. In contrast to the ®*
model in three dimensions, where the mass renormalization is needed, to treat the
P(®)2 model one only needs to take into account the vacuum energy renormalization
via the Wick ordering 2, see [22, Sec. 4|. To this end, we work with a regularized
covariance for the free field measure, which is the resolvent of an elliptic operator of
degree six, by introducing the UV cut-off N € Ny in the frequency space. Then,
we shall study the limit as N — oo. Observe that such a choice for the UV cutoff
breaks the reflection positivity of the Gaussian free field measure [7], but preserves its
rotational invariance property. We restore the reflection positivity in Sec. 6.3 using a
different regularization.

Remark 3.2.1. For all R € [1,00) the measure ug 1is invariant under the action of
the orthogonal group O(3), see Remark 6.4.20.

3.3 Regularized P(®); measure

For all R, N € N, consider the bounded operators Gr,Krn : L2(Sr) — L2(Sgr)
defined by
GR = (1—AR>_1, KR,N = (I—AR/N2)_1.

Observe that from Remark 2.4.9 the integral kernel of the operator Gr = (1 — Ag)~!
has a logarithmic singularity in terms of the geodesics distance at the coinciding
points. For all R, N € [1,00) we set Gr n := Kr ny Gr Kp n, which for all R, N € N,
is trace-class operator, see Remark 2.4.7, and denote its inverse by Qg n = (1 —
AR)(1 — Ag/N?)% where Qrn : LS(Sr) C L2(Sg) — La(Sg) is a self-adjoint,
positive definite operator and generates Cop-semigroup of contractions on Li(Sg), see
Remark 2.4.12.

We denote the centered Gaussian measure with the covariance Grn by vrn =
N(0,GRr,n). The associated characteristic functional for all f € Z(Sg) has the form

£3DSR) = Sun () = / SO0 gy (dg) = o3 CrNED
2'(Sr)

where (s, ) denote Z(Sg) — Z'(Sgr) duality pairing. The existence of the measure
follows from Theorem 2.6.2.

One writes a class of regularized probability measures on 2’(Sg) capturing the P(®)s

2See [50, Table. 14.1] for a comparison between different theories.
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interaction as follows

pr,N(do) =

o (_ | PO cn) pR<dx>) )

Sr

where

CRN = /@/(SR) ¢(x)? v N (dg) = i RZ/ GRr.N(x,%) pr(dx)

=Tr(Gry)/ATR?.

(3.3.1)

We call cgp v a counterterm, and it is independent of the spatial variables and the
metric tensor gr. For all x € Sg one has,

P(¢(x),cr.N) Zam m(#(x), cr,N) Zam¢

where H,(¢(x), ¢) is the m—th Hermite polynomial introduced in Eq. (2.6.3). We also
have the well-known Wiener-Ito chaos decomposition L*(2'(Sg), vr.n) = Bjoo Hi 64,
Thm. 2.6]. In particular, one has P(¢,cr n) € €D, H;, which coincides with the in-
homogeneous Wiener chaos introduced in Def. 2.6.6. Moreover, from Lemma 2.6.7 it
holds f@’(SR) P(¢(x),crn)vr,N(dp) = ap. Using Remark 2.4.7 and Lemma 2.4.10
one deduces the existence of some C € (0,00) such that for all N, R € Ny it holds

1
lcrR,N — oy logN| < C. (3.3.2)

In order to control UV divergencies, it is essential to establish the local regularity
properties for the regularized convariance. This is the content of the next lemma. For
all Ny M € Ny | define GR,N,M = (1 — AR/MQ)fl(l — AR)fl(l — AR/N2)71
Lemma 3.3.1. Let R € Ni. For any n € [4,00) there exists C' € (0,00) such that
for all N, M € Ny with (N A M) = N it holds

(A) supyes, |GrRNN(X, )L, (sp) < C-

(B) |GrnN (s *) = Grovaa (s )L, s2) < C (N7,

(C) supyes, GrnN(x,x) < C(log N).

Proof. Note that a similar result can be found in [32, Thm. 1]. Our proof relies on

the rotational invariance property of the covariance Gg n ny and Lemma 2.3.14. There
exist ', C' € (0,00) such that for all N € N, it holds

|G RN~ 217, 5 < CIIGR NN (x, ')Hiénm/n(SR)

= (4nR) L C (Te[GF " K ).
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Observe that

Tr G(n+2 /nK i| i 2l+1) 1 4 <o
BN S (L+1(1+ 1)/R)H2m \1+10+1)/(RN)? )~

for some constants C,C € (0,00) independent of N. This finishes the proof of
Item (A). To prove Item (B)

I(Gr NN = G (5 )E, ) < CI(GrN N — Grvw)(X, ')”ig"‘”/"(sR)
= (4rR*) 71 C (Tx [G%JFQ)MK}Q%,N(KR,N — Kpm)?]) <C(NAM)=2™,

See the proof of Lemma B.6 for more details. One infers Item (C) using Lemma 2.4.10
and Eq. (3.3.2). This finishes the proof. O

Auxiliary P(®); measure on the sphere
Let g € C*°(Sg) such that

From now on we would like to work deliberately with a more general class of probability
measures defined by

11h n (de) == exp (¢(9)"/n) pr,N(dg). (3.3.4)

g
Zr.N

Observe that if g = 0, for all R, N € N the measure p% , coincides with the mea-
sure ppr . Our particular choice will turn out advantageous for proving the non-
Gaussianity property of the measure pg y in Ch. 6 using Lemma 2.5.11.

Lemma 3.3.2. There exists A € (0,00) depending only on the coefficients of the
polynomial w — P(T) such that for all T € R and ¢ € (1,00) it holds P(r,c) >
™ /20 — Ac2.

Proof. Let us start with the following consideration: Let § € (0,1), and p,q € [1, 00)
such that 1/p+ 1/¢ = 1. By the Young inequality, it holds that

aab < || (ja |b]) < (p8)"/7 [a] (&)~ (la] [b]) < 8 |al” + (1/q) (p8) = (|af [b])?
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This implies that —& |a[? — (1/q) (p8)~ %P (|a| |b])? < aab. Assuming that ¢ € (1, 00),
0<m<n-1,0<k < |m/2|, ap,7 € R, we apply the same reasoning with
1/p=(m —2k)/n and 1/q = (n — m + 2k)/n. We obtain

Qg Tm—?kck < ‘Tm—2k‘ (‘ak‘ck)

n—m+ 2k n
< n —(n—2k)/(n—m+2k) n/(n—m+2k) kn/(nferZk).

Let C := (n—m+ 2k)/n (n/(m — 2k) §)~(n=2k)/(n=m+2k) | o) |n/(n=m+2k) " Then since
/2 > ck”/(”*m“k), we have —d 77 — C /2 < ay 2k, Using the above argu-

ment, one bounds all terms with powers 7™, m < n, by 7":
ar™ ek > 5 — Cez. (3.3.5)

To conclude we apply the above bound to all terms of the polynomial P(7,¢) but
the term 7" /n and choose 6 € (0, 1) sufficiently small. A similar bound is obtained
in [50, Prop. 8.6.3]. O

Remark 3.3.3. We identify implicitly a function ¢ € L1(Sg) with a distribution
¢ € 2'(Sr) defined by o(f) = (¢, f) = Jg, ¢(x)f(x) pr(dx) = (), f) Ly(5p)-
Lemma 3.3.4. For all R,N € N_ and g € C*°(Sg) such that HgHzn/(nil)(SR) <

1/2 the measure M%N is well-defined and both vp N and N%’,N are concentrated on
L3(Sr) C Z'(Sr)-

Proof. From Lemma B.1 one infers that the measure vg y is concentrated on L}(Sg)
in the sense of Def. 2.5.7. Moreover, using Lemma 2.3.14 it holds L}(Sg) C L, (Sr)
for all n > 2 and from the Holder inequality and by assumption one has

n 1
89" = (| 001969 pr(@))" < NOE 0 1911,y 00 < 3160 Euin-

Recall that P(¢(x),crn) = D m_o @m ¢(x)". Applying relation (3.3.5) to all terms
in the sum with power m < n one deduces that there exists A € (0,00) such that
P(¢(x),crN) > —¢™/2n — Ac%/2 . Hence, by linearity one has

~ol9)" - A P(¢(x),cr,n) pr(dx) < ACZ{JZ\,. (3.3.6)

Consequently, the map u]% n defined by
1
Up n + Ln(SR) 2 ¢ = exp (ngb(g)” —/S P(¢(X)’0R,N)pR(dX)) € (0,00)
R
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is bounded and continuous, hence, is measurable. Using the Jensen inequality, the
Fubini theorem and the fact that [ 7'(SR) d(f)* vr N (dg) is positive, one gets

ZhnZav= [ o (100~ [ PO crn) pr(9) (a0
zep ([ Sotor o) = [ [ P0G ) pr(de) vaas)
zep ([ Solor (o)~ [ [ P enx) van(a9) paa)

> exp ( —ap (47rR2)>,

where we evoked the fact that expectations of Wick monomials of non-zero order
vanish. Hence, Zr N2}, v = UL N1y (2/(Sp)wnn) € (0,00). This finishes the proof.
O

3.4 Existence of the UV limit

Consider the probability space (2'(Sg), Borel(2'(Sg)),vr) and define for all R, N €
[1,00) the random Gaussian variables Xr, Xp v := Kp v Xp valued almost surely in
the Hilbert space Li(Sg). It holds Law(Xg) = vg with covariance E X g(x)®@Xpg(x') =
Gr(x,x") and Law(Xp n) = vg,n with covariance EXg n(x)® X g v (x') = G n(x,X)
for all x,x" € Sg. On account of Lemma B.2 Item (A) one deduces that Xp is of reg-
ularity —« for any x > 0, i.e., takes values in Ly "(Sr), almost surely w.r.t. vp.

Using Eq. (2.6.4) one has X§%(x) = cp/uHm(Xgn(x)/cf{y). Note that from
Lemma B.1 Item (A) it follows that for all R, N € Ni and all m € {1,2--- ,n — 1}
the Wick-ordered random variables X"y can be bounded almost surely in a space of
regularity 2 — k for any k > 0. Now, for all h € C*°(Sg) we set

X (h) = A X'y (x) h(x) pr(dx) -

Using the preceding expression with h = 1s, one defines

n
Yr N = Z am Xg'v(1sg), Vi N =YrN — Xpn(9)"/n,
m=0 (3.4.1)

n

YRi= Y am X§(ls,),  Y§:=Yr— Xg(9)"/n.

m=0
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Combining Lemma B.1 and Lemma 2.3.14 one gets Xgrn € L3 "(Sg) C Ln(Sgr)
almost surely. Consequently, Y y and YI% n are well-defined.

Remark 3.4.1. Note that vg N, pr.N € M(L3(SR)) in the sense explained in Sec. 2.5.
This implies that for all bounded and continuous F : 2'(Sg) — R we have
EF(XR N) exp(—YI% N)
F(0)vrn(dd) =EF(Xny), [ F(0)hy(do) =~ ’
] FO) (@) =B FGR).  [ F0)he(a0) = =g

It follows form the fact that for all R,N € Ny one has Law(Xgr n) = Vr N.

Lemma 3.4.2. For every R € N there are some constants C, ¢ € (0,00) such that
for all N € Ny and all t > 0 it holds

P(— Y}%N > 1) < C exp(—exp(ct?™)). (3.4.2)

Proof. By Lemma 3.3.2 for every R € Ny there exists A € (0,00) such that for all

M e Ny it holds
Y8 > —Ad,. (3.4.3)

Consequently, one has
2 2
P(_ng,N >2A C?%{M) = P(_Ylg,M - (ng,N - ng,M) > 24 C?%/,M)
2
<P(Yin—Yaul> AC%/,M) .

Let (N A M) =M and ¢ € (0,00). One writes
P(Y5n — Yl > Ac%?w) = P(exp(c|Y}%N — YJ%M|2/") > exp(c A2/™ CR,M))
= P(exp(c]Y]%N — YI%MIQ/" MY7) > exp(c A" CR.M Ml/”2)>

E exp(c|YE y — Y o 12" M7
exp(c A2/™ ey MY/™?)
< exp(—c A" ey MY")E exp (ch/n2 Yi N — Ylg’M\Q/"} (3.4.4)

where we used the Markov inequality in the third step. Evoking Lemma 2.6.9 with
X = Yy — Y8l and letting ¢ = n/(6C*™), where C is the constant from
Lemma B.6 Item (B), one deduces that for some C’ € (0,00) depending on R € N
it holds that

E exp (ch/”2 |Y}%,N — Y}%M|2/n>

n Vi = Vil BIYR = Vi)' MY
6E(|YS y — Y5 12 C?/m)t/m

<E exp ( ) <C'. (34.5)
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We used Lemma B.6 Item (B), which gives E |}y — Y, [H)V" MY/ < o2/,
where C?/™ € (0,00) does depend on R € N;. Now from Eq. (3.3.2) one has
—C+ (2n)tlogM < cpy < C + (2r)"!log M. For now we restrict attention
to M > My such that —C + (27)~! log M > 0. This implies that

(A) logM < 27(cpm + C). Hence, M < exp (2n(crm + C)).

(B) crm < C+ 5= log M. Thus, exp (2m(cgm — C)) < M.
By Item (B) above, one rewrites Eq. (3.4.4) with the help of Eq. (3.4.5)

P(~Y{y > 2Ac)3) < C exp(—c A" cpp MY™)
2rcpm — C

) -

< C" exp(—c A2/ cr, M €xp( 5
n

Recall that A € (0,00) was chosen so as to ensure Y3, > —A cg ]2\4 This lat-
ter bound remains valid if we increase A. Therefore, without loss, we can assume

cA?/" exp(—C/n?) > 1. By increasing My, if necessary, we can also ensure crm > 1

and write
2w CR,M ))

P(-Yj v > 24 c?%/i/[) < O’ exp(—exp( =

Setting tp; := 2A CZ/JQV[, we obtain for some C” >0, N > M > M,

P(~Y{y > tar) < O exp(—exp(C"ty)")). (3.4.6)

Let us now eliminate the restriction N > M. Suppose that (N A M) = N, which
implies log N < log M. It holds that

(Y8 y > 245} C{-YEy > 2A(~C + (21) " log M)™/?}
C{-Yfy>24(~C+ (2m) Vg N)"/?} C{-Yf \ > A%} (34.7)
To justify the last inclusion, let us first write
—3C + (21) tlog(N) < cpn — 2C < —C + (27) " log(N).
Then, by the second inequality above,

{-Y§y >24(=C+ (2m)" " log N)"/?}

C {-Yfy > 2A(crn —20)"?} C{-YE y > AR},
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provided that N > Ny, Ny sufficiently large such that 2A(cr .y — 20)"/2 > Ac%/?v.
This justifies (3.4.7). Using this relation and the fact that By C By implies P(B;) <
P(Bs) one infers that

P(-vfy>24d%) <P(-Viy > AdR) =0,

where in the last step we used Eq. (3.4.3). We conclude that Eq. (3.4.6) holds for
N > Ny and all M € N, and note that it suffices to prove the lemma under these con-
ditions. In fact, for a finite number of cases, i.e. N =1,... Ny—1, estimate (3.4.2) triv-

ially follows from the fact that P (—Yg’ N> t) = 0 for ¢ larger than some t"), which

is a consequence of Eq. (3.4.3). To extend Eq. (3.4.6) from the sequence {ty}aren,
to all ¢t € Ry we proceed as follows. For a given ¢, let ¢j;_ be the largest element
of this sequence such that ¢p; < ¢t. Let us show that for ¢ = [exp(47C)| we have
ta. < typr, hence t < typs . This follows from

cry. < C+2m) " logM_ = (27) ! log¢M_ — C + (2C — (27r) " log ) < crnr._-
Now, we can write, using Eq. (3.4.6)
P(~Y{y > t) SP(=YE x> tar) < C exp(—exp(C” (tar_ [tons ) 5hr )
< C" exp(—exp(C” (tar_ [tonr )/"t¥™)).
Finally, we note that

(2m)LlogM_ - C
“l(logl+logM_)+C"

(tar_ Jtonr Y™ = (cror Jerunr.) > o)

As we restricted attention to M > My such that (27)~! log M_ — C > 0, the last
expression can be bounded from below by a strictly positive constant, independent of
M_. Thus, we conclude the proof for ¢ > tg, ty independent of N, enforced by the
condition M_ > M. For t < tg we can ensure (3.4.2) by adjusting the constants so
that the right hand side is larger that 1 on this set. O

Lemma 3.4.3. Let X be a real-valued random variable such that X > 0. Suppose
that the function F : [0,00) — [0,00) is continuously differentiable and such that
F(0) =0 and F' > 0. Then it holds

EF(X) = /OOO P(X >t) F'(t)dt.
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Proof. Using the Fubini lemma one gets

X 0
EF(X)=E / F(t) dt = /O /Q 1oy () P(dw) F' (1) dt

0
This finishes the proof. O

Lemma 3.4.4. Let F : 2'(Sg) — R be continuous. Then, the sequence
(F(Xp,n)exp(— Y3 y))Nen, converges in probability to F(Xp)exp(—Y3).

Proof. On account of Remark 2.5.3, it suffices to verify the Lo(Q2, F,P) convergence.
In fact, for € > 0, k € (0,00) and d € [0, 2], one has
2 -1 2 —1 P2 2 AT—20
P(HXR ~ XRNI s gy 2 6) < € Bl XR— Xpnl]_r-sg,y S € BECTNTT
Similarly,
P(\YR — Yan[?> e) < ele2NUn,

where we used Lemma B.2 and Lemma B.6. From the above bounds one concludes that
the sequence (Xg n)nen, and (YI% ~N)NeN, converge in probability as N approaches
infinity to the random variables (Xg) and (—Y7). One deduces the statement using
the fact that F' : 9'(Sg) — R and ¢t — exp(t) are continuous. Hence, by Remark 2.5.3
the sequences (F(Xpg n))nven, and (exp(— Y]% ~))Nen, also converge in probability
to F(Xg) and exp(—Y}). This finishes the proof. O

Lemma 3.4.5. Let F: 92'(Sr) — R be bounded and continuous. Then, the sequence
(F(Xg,n)exp(— Y3 v))nen, is uniformly integrable.

Proof. By Remark 2.5.5 it suffices to verify that the set {E [exp(=Y3 )P ; N € N4}
is bounded for some p > 1. Observe that

E exp(—p V3 y) = E exp(—p (Vi y A 0)) Livg <oy T E exp(—p (Y v V0)) Lvg  ~o0
<1+ Eexp(—p (Y}%N A0)) 1{Y§,NS0} .
Hence, using Lemma 3.4.3 with F(X) = exp(X) — 1 and X = —p (Y} y A 0) yields

E exp(—pY}%N) <2+ E(exp(—p (Y]%N A0)) —1)
=2+ / P(—p (Y7 5 AO) > t) exp(t) dt
0 9

=2 +/ P(—pY{ 5y > t) exp(t)dt.
O )
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One utilizes Lemma 3.4.2 to ensure that the expression P(—p Y} y, > t) has sufficient
decay to counteract the growing behaviour of exp(¢). This makes the last integral
convergent and concludes the proof. O

Proposition 3.4.6. Let R € N and g € C*™(Sg) satisfy the bounds (3.3.3). There
exist random variables Xg and Y§ such that E exp(—=YJ) < co and for all bounded
and continuous F : 9'(Sg) — R it holds that

Jim EF(Xgn)exp(=pYj ) = EF(Xg) exp(—p V).

Proof. On account of Lemmas 3.4.4 and 3.4.5 one infers the assumptions stated in
Item (A) of the Vitali theorem 2.5.6. This concludes the statement. O

Remark 3.4.7. From the Radon-Nikodym theorem 2.5.9 one infers that the finite
volume measure ,u% 1s absolutely continuous with respect to the finite volume Gaussian
measure VR, e.g., they have the same null sets, i.e., for all A € Borel(2'(Sg)) such
that vr(A) = 0 one has p%(A)=0. However, in the limit as R — oo, the infinite
volume P(®)y measure on .#'(R?) might not be absolutely continuous with respect to
Gaussian measure see [87, p. 25].
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Stochastic quantization

Stochastic quantization is a quantization method introduced by Parisi and Wu [77].
It is based on the fact that the Euclidean Green functions can be seen as correlation
functions of a statistical system in equilibrium. The equivalence of the stochastic
quantization and the path integral quantization for a variety of field theories, in the
heuristic sense, has been shown in [17,47]. In particular, one may find the equivalence
of the perturbative stochastic quantization with the path integral quantization for a
scalar field in [35, Sec. 3.3].

4.1 Stochastic quantization on the sphere

Implementing the setting described in Ch. 1, the parabolic stochastic quantization
associated to the probability measure u*}’%’ ~(d@) can be read off as the following non-
linear SPDE

(3t+QR,N)@%,N(t,X) =V2¢(t,x)— P’(@%N(t,x),cRyN)+(¢%7N(t,g))”_1g, (4.1.1)

where (¢,x) € Ry x Sg, Qry = (1 — Ag)(1 — Ar/N?)?, P'(1,¢) := 9, P(r,¢) and
E(t,x) = dW’;t(t’X), where Wp is the cylindrical Wiener process on H = Lo(Sg), cf.
Def. 2.6.5. (By rescaling ¢, the factors 1/2 appearing in Eq. (1.0.5) are traded for v/2

in front of §).

We aim to prove that the measure ,u% ~(d9) is invariant under the dynamics generated
by Eq. (4.1.1), see Thm. 4.4.3. This implies that if QS%,N is a stationary solution to
Eq. (4.1.1) with the initial condition &% (0, +) = ¢7 y distributed according to the
measure p% n(dg), then for all ¢ € Ry the random field &% (¢, +) is also distributed
according to pi, n(dg).

The P(®)2 model is subcritical, i.e., the non-linear part in the RHS of Eq. (4.1.1) can
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be deemed as a perturbation of the linear equation. This implies that the renormal-
ized non-linearity should have better regularity than the Gaussian space-time white
noise [58, p. 417]. As a first step to construct the P(®)s measure on 2’'(Sg), we need to
verify the existence of the global in time solution to Eq. (4.1.1) for any fixed N € N,.
To this end, we first prove the existence of the local in time stationary solution of
Eq. (4.1.1) using the so-called Da Prato-Debussche decomposition [27] combined with
a fixed point argument and with an appropriate Sobolev embedding. Then, we shall
prove the existence of the global in time stationary solution of Eq. (4.1.1) using the
energy method. Note that the negative sign in Eq. (4.1.1) is essential for proving the
long time existence of the solution in Sec. 4.3.2.

Remark 4.1.1. Here the extra (stochastic) time dimension is just a parameter and
it differs from the physical time in Minkowski setting. It enables us to compute
the correlation functions of the d—dimensional quantum field theory after the (d +
1)—dimensional system has reached its equilibrium.

Remark 4.1.2. As a first orientation, let us analyze Eq. (4.1.1) heuristically, to iden-
tify function spaces in which one can try to solve it. Let us look at the corresponding
linear equation

(0r + Qr.N) ZrN(t,x) = V2E(L,x).

The solution, if it exists, has the form
t
Zpn(t) = e QRN Zp n(0) + V2 / e m9QrRN £(5 +)ds. (4.1.2)
0

Let us set Zr n(0) = 0 for simplicity. The second term on the right hand side of
Eq. (4.1.2) above is called a stochastic convolution and will be analyzed rigorously in
Sec. 4.2 below. For now, let us provide a formal computation:

t ot
EHZR,N(t)H%g(SR) = 2/0 /0 E(e™(t=9)QrNg (s o), e = )QrN g (o, *))Lg (sg) ds ds’

t t
=2 [ [ Blgls o) B0 (1 AR, )0 dsds
0 Jo

t pt O l /
:2/0 /0 Z Z E(E(8, )s Yium) Losr) (Yims (87 #)) Lo(sp) X

=0 m=-—1
I(1+1)
R2

X ef(2t7873/)<l> (1 + )adS dSl,
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where (1) =~ 1% was introduced in Remark 2.4.11. Now considering that E (£(s,x)&(s', %)) =
dr(x,x)d(s—¢"), where the Dirac delta on the sphere satisfies [ op(x,x") f(x') pr(dx’) =
f(x), we obtain

o—2t(D) _ N
0 1(1+Z(ZR+21)) . (413)

[e.e]
E ||ZR,N(75)||%§‘(SR) = 2R’ Z(2l +1)
1=0

The above sum converges provided that 6 — (2a+ 1) > 1, i.e. o < 2. (This is consis-
tent with Lemma B.1). Accordingly, we will look for mild solutions of the reqularized
equation (4.1.1) in the space LY(Sg), for which the non-linear terms in the equation
make sense. On the other hand, if we removed the UV regularization, that is, set
N — oo, the corresponding condition for convergence of the sum in Eq. (4.1.3) would
be 2 — 2a+1) > 1, ie, o < 0. (This is consistent with Lemma B.2). As the
corresponding spaces LS (Sg) contain distributions whose powers are undefined, the
non-linear Eq. (4.1.1) would be singular without regularization.

Throughout this chapter, we fix a stochastic basis (2, F, {F}1c[0,00), P) and we con-
sider the cylindrical Wiener process (Wg(t, *))t>0 on La(Sg) defined in Def. 2.6.5.

4.2 Linear equation
Let us first look at the linear equation corresponding to (4.1.1),
AdZp n(t,+) = V2dWk(t,+) — QrNZrN(t, +)dt, (4.2.1)

whose invariant measure is Vg n.

Lemma 4.2.1. The unique mild solution Zrn € C([0,00), L3(Sg)) of Eq. (4.2.1)
with the initial condition Zr n(0,+) = 2r.N € L3(SR) exists in the sense of Def. 2.7.1.
It has the form

t
Zrn(t,s) = e 'QrN2p v 1 V/2 / e U= QRN qWp(s,+). (4.2.2)
0

Remark 4.2.2. Actually, the lemma remains true if we replace Ly(Sg) with L3 *(Sg)
for some 0 < k < 1. This can be checked by replacing in Eq. (4.2.5) the factor
(14 l(grgl)) with (1+ l(lRigl))Q*” and choosing oo < k/6. We will need this generalization
i Remark 4.3.4 below.
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Proof of Lemma 4.2.1. The problem of existence of the mild solution (4.2.2) amounts
to the existence of the stochastic integral. It exists almost surely, in particular, for
(deterministic) Borel functions ® : Ry — T2(L2(Sg), L3(Sg)), where the latter de-
notes the space of Hilbert-Schmidt operators from La(Sg) to Li(Sg), with norm
| - |lus. Moreover, we have for p € (0,00), by the Burkholder-Davis-Gundy theo-
rem [28, Thm 5.2.4]

t t p/2
Bl [ #0066, <o (2 [ I00Rsas) @23

We note that for p = 2 this follows from the [t6 isometry. For p > 2 it is a consequence
of the Nelson’s estimate (Lemma 2.6.9 above), since we consider deterministic ®. We
aim to modify [59, Thm. 6.10|, which is based on |28, Thm 5.2.6] for our problem
at hand. (We recall that [59, Thm. 6.10] considers stochastic convolutions of the
form f(f S(t —s)QdW (s), where W is cylindrical Wiener process on K, the operator
@ : K — H is bounded and S is a semigroup on H. We will check below that the
argument still works if @) is omitted and S is considered as a family of operators from

K to H). Let t € [0, T] and define for o € (0,1/6)

t
y(t, ) = / (t — 5)7 o~ RN qWp(s, »).
0

To check if the integral is well defined, we estimate the Hilbert-Schmidt norm of the
integrand: From Lemma 2.4.14 for arbitrary T > 0 one shows

T 2 S (USRI
/0 s em*9mN |fg ds = E (2041) (14 72 ) /0 5720720 s < 00, (4.2.4)
1=0

where () ~ % was introduced in Remark 2.4.11. The preceding bound follows from
the fact that for all s € [0,77] it holds

T o)
/ s el gs < / s720e 25U ds = (2(1))%*7 1 D(1 — 20),
0 0

which is converging for fixed I € Ny since 1 — 2a > 0. Consequently, Eq. (4.2.4) is
finite if & < 1/6. This follows from

0 1 T
Z (2l + 1) (1 + l(lR—i; )) / S—2a 6—28<l> ds
1=0 0

I'(1-2a) i 20+ 1) l(ll;l)) (2())?*~1. (4.2.5)
=0
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Making use of Eqgs. (4.2.3), (4.2.4), we write

e [ s

Let co = Sm(2 ) such that cq fst (t—r)*"L(r—s)"*dr =1 holds for every 0 < s < t.
Note that the mtegral over the set {(s, 7’) 0 < s < r < t} can be written in two
equivalent ways fg fs LdrdW (s fo fo - s)dr. Hence, implementing the

p/2
(s —r) e RN |2 dr|  ds < oo,

(4.2.6)

preceding identity into Eq. (4.2.1) one gets
t gt
Zrn(t,+) = e RN 2p N + Cq / / (t =7 (r—5) e QRN dr AWk(s, »)

— o tQR, NZR N + Ca / / — 5 o~ (t=5)Qr,N dWg(s,+)dr.

Using e~ (t=9)QrN = =(t="QrN ¢=("=5)QR.N ope has

t r
/ / (t— r)a_l (r—s) @ e (t=5)Qr.N dWg(s,«)dr
o Jo

t r
= [ erttenann [7 (g o sy om0y dwig(s, ) (¢ - 1
0 0

Hence,
t
ZrN(t,+) = e "ORN2p N +co / e (TIRRN y(r, ) (t— 1) dr
0

To proceed, consider the map y — F;, where F( fo —(=MQrN (t—p)e—Ly(r, o) dr.
The statement will follow from Eq. (4.2.6) if we show that for every a € (0,1/6) there
exists p > 0 such that y — F, maps L,([0,00), L3(Sg)) into C([0,00), L3(Sr)). Note
that the semigroup ¢ + e "'?R.N is uniformly bounded in the operator norm on Li(Sg)

on any time interval due to the positivity of spectrum of the elliptic operator Qg n
and the map ¢t — (¢t — r)*~! belongs to L,([0,t)) for ¢ € [1,1/(1 — «)). From the
Holder inequality one infers that there exists a constant Cp > 0 such that for all

p > 1/a it holds

t
1Fy(t ) (o) < / (£ =) y(r, )y s A

< ([ emena) " ([ ey a)
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Consequently,

T
sup IRty < O [ (o)l 4

¢€[0,T]
where Cp := (%)p/ . To proceed, we shall verify that the map ¢t — Fy(t) is
continuous for every continuous function y with y(0) = 0. Fix ¢ > 0. Using the

semigroup property of e~ (iHA=" QRN ope has
[1Ey(t 4+ At, o) = Fy(t, *)ll Ly(sp)

t
= H / [(t + At — T)afl e AQRN _ (t _ T)ozfl] e*(t*T‘)QR,N y(r, .) dr
0

t+At
+ /t (t+ At —r)* L e  UFATIQRN y(r o) dr|| pag,y (4.2.7)

Consider the first integrand in the RHS of Eq. (4.2.7). It converges to zero as At — 0
thanks to strong continuity of the semigroup e~(¢=") Qr.N - Moreover, it is bounded by
Ct—r)2"1y(r, ) |L1(s5)» Which is integrable. Hence, by the dominated convergence
theorem as At — 0 this integral tends to zero. Consider the second integrand in the

RHS of Eq. (4.2.7). One has
t+At ) A
[ e At ) e Ay

> a—1 _—r
=1 [ Noan(r) TN (e A1) gy

Observe that as At — 0 the integrand tends to zero, since X[oas(7) goes to zero.
Moreover,

Ixpo,40 () 271 ™R y(t 4+ At =1, +) | L5, < Cxpo, (1) 7 ly(t+ At =7, ) Lysy)

< C" Xy (r) T (L4 [yt =79l Ly )

where we made use of continuity of y. As the last expression is integrable, by the
dominated convergence theorem this integral tends to zero as At — 0. This shows
that y — F, is right-continuous for every continuous function y with y(0) = 0. For
the proof of left-continuity, which is similar, we refer to [59, Thm. 6.10]. Noting that
continuous functions are dense in Ly-space for all 1 < p < oo one concludes the proof
of continuity of paths for almost all w € €. It now follows by dominated convergence
and Eq. (4.2.3) that the solution belongs to La(Q, F,{F }+>0,P). O
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4.3 Non-linear equation

Let us come back to the stochastic quantization equation (4.1.1) whose invariant
measure is p, 5. It holds that

A%, (t,+) = V2dWr(t,+) — Qr.y P y(t, ) dt
— P'(®%, 5 (t,+),cron) dt + (8% v (t,9))" 'gdt, (4.3.1)

which is well-defined for fixed R, N € N,. However, it becomes singular in the limit
N — oo due to Remark 4.1.2, i.e., its solution, if exists, will be bounded almost surely
in a Bessel potential space of negative regularity. Evoking the Da Prato-Debussche
trick [27], we write, for all ¢ € [0, 00), the random field &% y (¢, +) as

DY N (t,0) =¥ (8 0) + Zr N (L, ), (4.3.2)

where Zp n(t,¢) is given in Eq. (4.2.1) and W]%’N(t, +) is the mild solution to the
following PDE

OV} N = —QrNVE, n =P (Wh v+ Zr N, crN) +(Ph n + ZrN)(+9)" g (4.3.3)

We choose the initial data zg v € L3(Sg), (JS‘%’N € Li(Sg) of the solutions {Zg n(t, *) }t>0,
{@%’N (t,+)}t>0 to Egs (4.2.1), and (4.3.1) as random variables with laws given by the
respective measures Vg n, M%, n- This is legitimate, because we verified in Lemma 3.3.4
that these measures are concentrated on L(Sg) C 2'(Sg). We will verify in Sec. 4.4
that these are invariant measures for the respective equations. Consequently, the
resulting solutions are stationary, if they exist, cf. Lemmas 4.2.1, 4.3.2. However,
VR n(t,+) might not be stationary.

Remark 4.3.1. On account of Remark 4.1.2, Zr n(t,*) is of reqularity 2 — K for
all kK > 0. Using smoothing property of the heat kernel associated to the operator
Qr N, we expect a better reqularity for the remainder W%N(t, *). This property is of
importance in Sec. 4.5.2, where we apply the energy method to Eq. (4.3.3) for proving
the existence of the global solution corresponding to Eq. (4.3.3).

Lemma 4.3.2. The mild solution &% \(t,+) € C([0,00), L3(Sg)) to Eq. (4.3.1) with
initial condition ¢% n € LY(Sg) ewists in the sense of Def. 2.7.1.

Proof. From Eq. (4.3.2) it suffices to verify the existence and the uniqueness of ran-
dom fields Zg n(t,+) and ¥ v (t, ). By Lemma 4.2.1 the mild solution Zg n(t,*) €
C(]0,00), L3(Sg)) exists and unique. The existence and uniqueness of the local and
global mild solution to Eq. (4.3.3), i.e., ¥} y(t,°) € C([0,00), L3(Sg)) are shown in
Sec. 4.3.1. and Sec. 4.3.2. This finishes the proof. ]
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4.3.1 Local existence in time

This subsection is devoted to proving the existence of the local mild solution to
Eq. (4.3.3) using a fixed point argument in the L3(Sg)-space. To this end, we shall
adapt the setting presented in [98, Sec. 15.1]. A similar idea is implemented in [105,
Sec. 3.2]. The proof is deterministic and relies mainly on two facts. First, for all m €
{1,2,--+,n—1},p € [2,00) and fixed R, N € N} the renormalized free field, Z3" (¢, *)
has L, norms bounded in ¢ € [0, T'] with probability 1, cf. Remark 4.3.4 below. Second,
the non-linearity P'(0% y(t,*),crN) + ((@%’N)(t,g))”*lg(o) € C([0,00), L2(Sg)) is
locally Lipschitz continuous map Li(Sg) — Lo(Sg) for all + > 0, which is a conse-
quence of a suitable Sobolev embedding and the Hélder inequality.

In Ch. 3 we introduced a set of real coefficient (@, )meqo,....n}, Which are fixed through-
out the thesis. Now, we define a new set of coefficients a,,; :== — a1 (m+1)!/(m —
D, forl € {0,...,n—2}and m € {l,...,n—1}. Note that for some C' € (0,00) and
forall 0 <1 <n—-2,1<m<n—1itholds |ay,| < C. Moreover, from Eq. (2.6.4)
for all m € {1,--- ,n — 1} one has

Lm/2]

m: (_1)km' k rm—2k
2= 2 (m— 2k ke N LR
k=0

By definition Z3'y = 1. Recall that P'(7,c) := 9, P(r,c). It holds

n—2n—1

P8, crN) = P'(W, v+ Zr N, cRN) = (%N)nfl — Z Z Al Z;g}];h (w;g’N)l.
=0 m=l

Let
F(l‘D}%N(S? '))
= —P((Why+ ZrN)(s,*)scrN) + (PR + ZrN)(5,9))"  g(+)  (4.3.4)
and extend this definition from s — W} \ (s, *) to arbitrary ¥ € C([0, T7; Li(Sg)).

Lemma 4.3.3. Consider the mapping K defined by

K(P(t,+)) = e QRN gl o ~T(@(t,+), T(I(t,-)) = /O e T OnN (W (s, +)) ds,

where ¥, = ¢% y — 2rN € Ly(SR). It holds that

K : C([0,T]; L A(Sg)) — C([0,T]; LY(SR))
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and there exists a constant C' € (0,00) such that for every Wy, W, € C([0,T]); L3(Sg))
and all g € C*°(Sg) it holds that

@) = K@)l eqoryzisny < CTYC D@, %) [0 = Bolcqoryysny,  (4-3-5)
where D(Wy,Ws) 1= [2 + 52 (||%Hl + || @, ) }
; : =1 C([0,T);LL(Sr)) C([0,T1;L5(SR)) ) |-

Remark 4.3.4. The constant C in the RHS of Eq. (4.3.5) depends on the quantities
SUP<s<T ||Z}gf]§l:(s, Ni,sr)- To justify that they are finite for any T > 0, we recall
that we are now looking for solutions at a firted UV cut-off N, thus we can express the
Wick powers as polynomials in Zgr n. For any monomial Z]T%N, m € N, we can write

1ZE N (5, ) ysr) = 1Zr8 (s, T, ) < I Zrn (5, )Ty (4.3.6)

where we applied the Sobolev inequality given in Lemma 2.3.1/. (We assumed here that
p > 2, which can be ensured using the Hélder inequality). For almost all w € ), the
RHS of Eq. (4.3.6) is bounded in s € [0,T] on compact sets by the continuity statement
in Lemma 4.2.1. The argument can be generalized to treat ||6RZ}?EZ:(O, Ny
Instead of (4.3.6), we are led to

IVRZR N (5, ) 28N (5 Ml ysm) < 1 ZRN (S, ) 2o 1 2B (5, )l 5

with some 0 < k < 1, where we applied the Holder inequality with 1/p =1/¢' + 1/p/,
q > 2, and then Remark 2.3.15. The second factor on the RHS is now estimated as
in Eq. (4.3.6). For the finiteness of the first factor we refer to Remark 4.2.2.

Proof of Lemma 4.5.3. Observe that if Q/)%N € LY(Sgr) by Remark 2.4.12 one infers
that e ! QRN 7 . belongs to L1(Sg)-space as well. Furthermore, by estimate (2.4.2),
for all ¢t € [0,77] it holds that

t
1
@Yoy <€ [ s 1@, o)
o |t—s (4.3.7)
<C swp |F)(s,)| /d -

where

IE@)(s: )Lasr) < NP ((F + Zrn) (5, #)scrN) | a(si)
+( + Zrn)(5,9)" 9 I rasn) = BV (s) + RP(s). (4.3.8)
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By the triangle inequality one has

RW(s) = | P'(¥ + Zr,n)(5, ), crn) (5, ) | La(sn)

n—1n—1

<D D lamal 1IZEN" (s, ) s, ) | Lasn)

=0 m=l
From Remark 4.3.4 above one infers that the random field Z}"y E(s, ) is Ly-integrable
with probability 1 for all 1 < m < n — 1 and for all p € [é,oo) Using the Holder
inequality one gets HZ}?EZZ Q’ZHLQ(SR) < ||5pl||L2q(SR) HZ}?EZ:HL%(SR). Hence, from the
assumption on the coefficients |a,, | one verifies that there are C, C,C € (0,00) such
that

n—1 n—1
RO(s) < C+ &3 W5, op < C +C S 10 )y (439)
=1 =1

where C' depends on HZ}?];Z:HLQP(gR)a cf. Remark 4.3.4. Moving on to R (s), from
the Holder inequality with 1/n 4 (n —1)/n =1 one gets
W (s, )| < (s, )l L,sp) N1911L,,) 0 Sr):
1Zrn (8,9 SN ZrN (S, )| Lasr) 191L,, 0 Sr)-
Hence, for C,C,C" € (0,00) one has

R (s) = (¥ + Zr N)(S D" 9l asr) = 190 o) (2 + Zr,v)(5,9)" 7|

< N9llze(sn) Z ( > @ (s, 9)* | Zrn(s,9)" ' F

n—1

n—1 _
§C+O'Z( o )1l o 1205
k=1

Z 1@ (s, HL1 (Sgr)’

where in the last step we used Remark 4.3.4 and Lemma 2.3.14. Combining Egs. (4.3.9)
and (4.3.10), one infers that T'(¥(t,+)) takes values in L(Sg) if ¥(t,+) € Li(Sgr)
for all t € [0,T]. Now, we aim to verify that (¥(t,+)) € C([0,T]; L3(Sg)) if ¥ €
C([0,T]; L3(Sg))- Using Remark 2.4.12 it holds e ™2~ ¢p N 115,y < [[VRN | 13(55):
which is due to positivity of the spectrum of the operator Qg n. It holds that

(4.3.10)

Algo e O 1)¢?%,N”L5(SR) =0, (4.3.11)
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which is due to the strong continuity of the semigroup t — e *?r.N_ It remains to
prove that T'(¥) € C([0, T]; L3(Sg)) if ¥ € C([0,T]; L3(Sg)). To this end, we need to
verify that the limit of

t
D@ (t+AL, ) =L@ (L )l 2ysp) = | / e (HA) QN _o=(=9)QrN ] P(W (s, +)) ds
0
t+At A
+/t e HAIZIQRN P(W(s,+)) ds |1y, (43.12)

tends to zero as At — 0. Consider the first integral in the RHS of Eq. (4.3.12).
Observe that HQ%?\, e (=9)QrN (¢=ARRN _ 1) F(¥(s, *NllLysy) 18 bounded by (t —
§)~ VO | F(W(s, )Ly (sg)> Which in integrable for any fixed for s # ¢. (The expression
[ F'(W(s,*))ll 1o(sy) is estimated as in the discussion (4.3.8)-(4.3.10) above). Moreover,
for any fixed s # t the following limit holds

. 16 _(t—s —A
Al}tglo 1Q%, N e (1=9)Qn (o= MQrN — 1) F(W(s, DLz = 0-

Thus, by dominated convergence theorem the first integral in the RHS of Eq. (4.3.12)
converges to zero as At — 0. Now consider the second integral in the RHS of
Eq. (4.3.12). One has

t+At AL
H/t e~ (tHAL=8)QRr,N F(W(S,‘))dSHL%(SR)

<| /0 Xi0.04(5) QUSSR FW(t+ At — 5, +)) s yen) -

Note that

Ix(0,00(5) Qp oy €S8N F(W(t + At — 5, )| 1a55)
< Xjoy(8) s O IF(U(t + At = 5,)) | La(si)s

where the expression ||F(¥(t+ At — s, +))||1,(sk) can be bounded as in the discussion
(4.3.8)—(4.3.10) above by a constant independent of At. Furthermore, one has

JHim Ix0,00 () Qv e 9PN F(U(E+ At = 5,4)) | 1,5, =0

Having verified the requirements of the dominated convergence theorem one deduces
that the second integral in the RHS of Eq. (4.3.12) converges to zero as At — 0.
This concludes that T'(¥) € C((0,00); L3(Sg)) if ¥ € C((0,00); L3(Sg)). Combining
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the above results with Eq. (4.3.11) one shows that K(¥) € C([0,T]; L3(Sg)) if ¥ €
C((0,00); L}(Sg)). To verify the bound (4.3.5), let ¥,Wy € C([0,T); L3(Sg)) and
t € [0,T]. Proceeding as in (4.3.7) above, one obtains

[T(@1)(¢, +) = D(P2) (¢, *)ll Ly (sp)

t
1
<0 [ o P ) = P (s, ey

t ds
<C FWw o) — F(W . _—.
<O sup PO 2) = PO iaon) || =

Performing the integral over s € [0,¢] and taking the supremum over 0 < ¢ < T of the
resulting expression culminates in

IT(@1) = D)l oqoyrasny < CTYCIF @) = FW@)llcqorma@ay »  (4-313)

where

[ F(W1(s,+)) — F(P2(s, )| Lo(sp)
<[P (W1 + ZrN)(5,+);crN) — P'(Wa + ZrN)(5,*), cRN )| Lo (52)
+ (@ + Zrn)(5,9)" (o) = (P2 + ZrN)(5,9)" " 9() Lagsp)
= R (s) + RV (s).

Using Remark B.5 combined with the Holder inequality and with Remark 4.3.4, there
is C,C € (0,00) such that it holds

n—1n—1

RUV(s) <3 lamal 275" (5, %)

=0 m=l

n—2
< Ol =) (5, )l sy [24 20 (12005, )5+ 122055 )l 500
=1
n—2

sem 24 2 (1905 lysn + 19205, s,y ]

I=1
(4.3.14)
where p, ¢ > 1 with 1/p+1/¢ = 1 and in the last step we made use of Lemma 2.3.14.

LmJSR)H(Qq _'dé)(s") L2g¢(Sr)

< C (7 — W)(s, )

Utilizing the Holder inequality, Remark 4.3.4, Remark B.5 and the triangle inequality
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for some C,C € (0,00) one gets

R)(s) < [glliaen Z( )|ZRN<S )1 (01 (s, )% — Ba(s, )
k=0

n—1

24> (17 (s, 9)|F + |Pa(s, 9)[7)
k=0
24 57 (I 0+ 1986 )|

_ . i
2+ (le(sa’)HL%(SR) + ||L[’2(5")||L§(SR))] :
k=1

< C|W1(Sag) - WQ(S’QH

< Cl(W —%2)(s, *) La(sp)

l\')»—‘

~

< C[(01 = P)(s, *)llLy(sp)

(4.3.15)
Combining Eqs. (4.3.14) and (4.3.15) and letting C' = 2(C Vv C) culminates in the
following inequality

IEW@1(s; ) = F(P2(s; *) [ La(sr) < CIl(¥1 = ¥2)(s, *)ll Lysp)

[2+Z<l% Mg + 1205, Mgy ) ] (1316)

The above bound implies that F' : L3(Sg) — La(Sg) is locally Lipschitz. One verifies
Eq. (4.3.5) by taking the supremum over s € [0,7] of (4.3.16) and combining the
resulting expression with Eq. (4.3.13). This finishes the proof. O

Theorem 4.3.5. There exists T > 0 depending on the Ly(Sg)-norm of ¥% n such
that Eq. (4.3.3) has a unique mild solution ¥, . € C([0,T]; L3(Sr)).

Proof. The proof is an application of the standard contraction mapping argument. Let
ng«Z,N”L%(SR) = L. Thanks to the positivity of the spectrum of the elliptic operator
QRN one gets [|e tQRN ¢192,NHL§(SR) < L for all 0 <t <T. We choose

H = {0} v € C([0,T}; Ly(Sr)) : ¥k nllcqomysa) < 2L}

Using Lemma 4.3.3 one infers that K : H — H if we choose T' > 0 such that

n—2
CT (24+2) L) =, (4.3.17)
=1

72



where 0 < v < 1. Hence, for every ¥;,%, € H it holds

IKW1) = K(W2)lloomcisg)) < 7 I — P2lloqo,ricise)) -

Now, the existence of the unique mild solution ¥, \, € H C C([0,T]; L3(Sg)) follows
from the contraction mapping theorem. Observe that Eq. (4.3.17) implies that the
existence-time depends on the Li(Sg)-norm of the initial data ¢% - This concludes
the proof. 7 O

4.3.2 Global existence in time

In this section, we aim to prove the existence of the global mild solution to Eq. (4.3.3)
in the L (Sg)-space. In general, the Li(Sg)-norm of the solution might explode after
a finite time interval. However, if one has an a priori estimate for ||Wl% N )l Lisg)
norm that is global in time, then the global existence of the solution follows from the
local existence |56, p. 8]. To obtain such a priori estimate, we shall apply the energy
method to Eq. (4.3.18) in the L1(Sg)-space. The proof relies mainly on the fact that
forallme {1,2,--- ,n—1},p € [2 oo) and all R, N € N} the renormalized free fields
Z"\(t,») and their derivatives Vg ZF'\(t, +) have Ly norms bounded in ¢t € [0, 7]
with probability 1, cf. Remark 4.3.4. Moreover, we also make use of the negative sign
in the RHS of Eq. (4.1.1), which is included in the definition of the coefficients a,
introduced in the beginning of Sec. 4.3.1. One rewrites Eq. (4.3.3) as follows

(at + QR N) R,N + (W%,N)nil
n—2n—1

=3 ama ZEN @)+ (Fn + Zr)(+,9)" g, (4.3.18)
=0 m=l

Proposition 4.3.6. For all R, N € N there exist C € (0,00) and p € [2,00) such that
for allt € (0,00) and all g € C*(Sg) it holds

OIS (1, )2y o1 + 198t ) 2 oy + 19 I o
4 /S (FRWG, ) (1 )2 (B4, ) (2, )2 pr(d)
R
<02(HZRN M e + IVRZEN G 6 ) -

Remark 4.3.7. On account of Remark 4.3.1 one deduces that for all m € Ny and
all R,N € Ny the renormalized free fields ZF'\(t, ) is of reqularity 2 — k for all
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k > 0. Now from the smoothing property of the heat kernel associated to the operator
Qr.N, we expect that the solution to Eq. (4.3.18) to be of regularity 8 — k for all
k> 0. In particular, HLT/IQ%N(t, .)H%%(SR) 1s well-defined. The former fact implies that
all product terms present in Eq. (4.3.18) can be bounded in some Sobolev spaces with
positive reqularity cf. [10, Sec. 2.7-8]. Hence, one can apply the energy method to

Eq. (4.3.18).

Proof of Prop. 4.3.6. Let

n—2n—1

Rii= 33 ami ZEN (Wh ), Roi= ((Fhx + Zr)(o,9))" ().
=0 m=l

To lighten the notation, let us denote W y (¢, +) := ¥9(+) and Zg' (L, ) := Z"(e).
Multiplying both sides of Eq. (4.3.18) by (1—Apr)¥9 and integrating over Sg using the
rotational invariance property of the measure pr(dx) we obtain the following terms

(A) (1= AR)WI,009) 1, 5,) = 50 HWH%;(SR) :

(B) (1 - Ar)¥9,QrNYI) 1ysp) = ﬁHWgH%%(SR) :

(C) (1B, (B9 ) ) < 092 o +(n1) fy, [V RP9(@) 209 ()" 2pa(dx)

(D) (1= AR)PI, Ri)rysp) = Soimg Somey Gy (1 — Ap)W9, Zm=E(@9)ly s .

(E) (1= AR, Ra)p,s) = (1= AR)PI, (P9 + Z)(+,9))" ' 9(+)) La(5r) -
The general strategy of the proof is to estimate Items (D) and (E) with Items (B)
and (C) in order to find an upper bound in terms of the L,-norms of Z™ and VR Z™,

To this end, we shall make use of the fact that (1 — Ag) is a self-adjoint and positive
operator repeatedly, see Remark 2.1.6. Consider Item (D). One has

n—2n—1 n—2n—1
3w =)@, 2 @) s | < DT g (09, 2@ 16|
=0 m=l =0 m=l
n—2n—1 . .
+ ’ SN i (VrP?), (VRZ™ ) (@) 1y
=0 m=l
n—2n—1
D03 ((VRP), (2 )V R s |- (4319)
=0 m=l

To find upper bounds for the three sums present in the RHS of Eq. (4.3.19), we
shall take advantage of the fact that Z™~t and Vi Z™ ¢ have L, norms bounded
in t € [0,7] with probability one for all m € {1,2,--- ;n — 1}, p € [2,00) and all
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R, N € N4, repeatedly, see Remark 4.3.4. As a result, we apply Holder’s and Young’s
inequality with 1/¢+1/p = 1 such that p € [2,00) is very large and ¢ € (1, 00) is close
to one. Consider the first sum in the above expression. Setting (I +1)/q+ 1/p = 1,
g > n—1, one infers that for all sufficiently small 64, € (0, 00) there exists Cy, € (0, 00)
such that it holds

n—2n—1 n—2n—1
33 ana (09, 270 | £ 30D lama 19715, 127 5
=0 m=l =0 m=l
n—2n—1
<D lamil (B I2°1%, g + Carl 2771 5,)
=0 m=l
n—1
< 5d1||ng7£n(sR) +Cq, Z ||Z:k:||1£p(SR), (4.3.20)
k=0

where we set ¢ = n in the last line. Consider the second sum in Eq. (4.3.19). Let
1/q+1/p = 1 such that p € [2,00) is very large and ¢ € (1, 00) is close to one. Applying
the Holder and the Young inequalities, for every sufficiently small §4, € (0, 00) there
exists Cy, € (0,00) such that

n—2n—1
303 Jamal (Va2 (VRZ™ ) @) 5
=0 m=l
n—2n—1 . . g la 1/q . o
<3 lanal ([ 190070 001 pn(@9) " (19827
=0 m=l
n—1
<, 3 [ O 0 + o T2, (4220
k=1

Let us fix a very large p € [2,00), then ¢ € (1, 00) will be fixed as well via 1/p+1/q =1
such that it is close to one. We need to study the following two cases:
I) 0<i<n/2 Let 1/2+1/n =1/q. Using Holder’s and Young’s inequality with
q/2 4+ gl/n =1 one obtains

/S VR W01 () < VR 0 19
< BIVRDNZ s, + S IPI0E, 5y < NP2y s + 8 IO, o - (43.22)

The last bound follows from Remark 2.3.15.
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II) n/2<1<n-—2 Onehas1 < (2l —(n—2))q/(2—¢q) < n for g € (1,00)
sufficiently closed to one. For some ¢, 6" € (0,00) one obtains

| e ot < ([ 19009602 09092 pr(ax)) "

Sk Sr
< / e )
Sr
<8 ([ DRI R 1900 () + 8" IO+ (4329
Sr

The above follows from the Holder and the Young inequalities with (1 —4) +4 =1
combined with the fact that for all 1 <« < n there are C, Ce (0, 00) such that one
has

12907 6 < CIPIL, 60
< O+ 0] 1 5m)" < CO+ 2911, 50)" < CU+ T 6,)- (4:3:24)

Consider the third sum in Eq. (4.3.19). Let 1/¢ + 1/p = 1 with p € [2,00) very large
and ¢ € (1,00) sufficiently close to one. Note that Vg(¥)! = [ W= (VW) and recall
that (Y7 2!) = S0 12t~ = S (1 + 1) 2!, For every small enough g, € (0, 00)
there exists some Cy, € (0,00) such that one has

n—2n—1
‘ SN ami (VR#9), (27 )N (VR Lysp) ‘
=0 m=l
n—2 n—1
<65y /S I R ) P90 pr(dx) + Cay S NZRID 6, (43.25)
=1 /Sr k=0

The last estimate follows from the Holder and the Young inequalities. Observe that
g=q(l—1)/(n—2)+r, where r = g(n—2— (Il —1))/((n —2) such that for all n > 4
and for ¢ € (1,00) sufficiently close to one it holds r > 1. Thus, for all § € (0, o)
there exists Cy, € (0,00) such that it holds

- - q(l-1)/(n—2)
| 19w ) < ([ 9060 19601 k)
R

Sr
" ( / WRW(X),2q<n727(171>>/(<n72>—q(H))pR(dX))H”‘W (n=2)
Sr
<6 [ DRI 060 pr(dx) + Cuy [ TR0 prlc). (43.26)
SR R
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where 7 :=q(n—2—(1—1))/((n —2) — q(l — 1)). We used above the Holder and the
Young inequalities for 1/p' +1/¢' =1 with 1/p’ = ¢l —1)/(n —2) and 1/¢' =1 —
q(l—=1)/(n—2). To proceed, one uses Remark 2.3.15 to write fSR IV r¥9) |2 pr(dx) <
Ci HWQH%’; for some C; € (0,00). Utilizing Remark 2.2.4 one gets ||W9||%2(SR) =

Yo H&T/gHL2 Sn) =3 Zin:_l |@7 2. Using the notation introduced in Remark 2.4.11
one obtains

> o
191150y = D <1 18 [ Lyspy =D D <1? |9,

1=0 =0 m=-—1
o 1 2/3 1/3 (
4.3.27)
<@z«wmﬂ(zzwﬂ
=0 m=—1 =0 m=-—1

4/3 2/3 4/3 2/3
<19ty 199700 < Cas 191 ks 199175

where we used the Holder inequality for sequences. Now using the Young inequality
and the argument in Eq. (4.3.24) above, one obtains

— 7 7 4 3 2 3)7r
/S [V R29)[7 pr(dx) < Cr 091735,y < Cr Ca 199y 109112/
R

<025 + OPIT, (o) +0- (43.28)

Consider Item (E). One gets

(1= AR)PY, Ra) 1y(sp)
= (W9, (P9 + Z)(9))" " D 1oy + (AR, (P9 + 2)(9))" ' 9) La(si)-
From the Holder and the Young inequalities combined with the relation || gHzn_l/n

1/2 given in Eq. (3.3.3) and with the fact that for all £ > 1 and f(a;) € Ry it holds
20 fa)k <nF=1 37" | f(a;)* one obtains

(W9, (P9 + Z)(9)" ™ D ra(sr) < N9, 9) o) (P9 + Z)(9))" 7

2 1 1
< NP5 1920100 (22 N0E, o) (1290t + 120% s
S 661 ||ngLn(SR) + 562||Z||Ln(SR) 5 (4329)

where d¢,,0e, € (0,00). Furthermore, from the Hélder and the Young inequalities

combined with the assumption ||Ag g} < 1/2 given in Eq. (3.3.3) and with the

n—1/n
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fact that (—Apg) is self-adjoint one has

[(—ARE? (27 + Z)( )" 9) Lo = [~ AR 9) oo (P + Z)(,9))" |
<19 o) 1AR G,y usmy (2772092 o] 12y + 1205 s ]
S 5€4HWQH7£n(SR) + 6@5 HZHzn(gR), (4330)

where e, , de; € (0,00). Putting Items (A), (B), (C), and Egs. (4.3.20), (4.3.21), (4.3.22),
(4.3.23), (4.3.25), (4.3.26), (4.3.27), (4.3.28), (4.3.29) and (4.3.30) together one infers
that for all R, N € N there exist C' € (0,00) and p € [2, 00) such that for all ¢ € (0, c0)
and all g € C°°(Sg) it holds

5 T (1 sy + (N = 60,8 Co — b0, Co? Co) 175, ),
g % 8" = 60,8 = 84, Cay8 = ey = 0c) [ (13, (51
0= 1= 08 = 80,8) [ 1965 1P (101" )
R
n—1
< (000" +60,C8) + C 3 (128t ) + IVRZEN (I s)
k=0

where we used the fact that for o € {1,2, 3} there is C; € (0, 00) such that ||| zg(sp) <

i(sp) and we set €' = (Cq, V Ca, V Cyy Ve, V O ) in the last line. Observe that

the constant term (64,0” + 04,Cq,0) can be absorbed in the sum with k = 0. This
finishes the proof. O

Theorem 4.3.8. For any initial condition %ng € Li(Sg), all g € C™(Sg) the

global in time solution ¥}, . € C([0,00), L3(Sg)) to Eq. (4.3.18) exists in the sense of
Def. 2.7.1.

Proof. Using Prop. 4.3.6 one deduces that for all R, N € N, there exist C' € (0, c0)
and p € [2,00) such that for all T € (0,00) and all g € C*°(Sg), it holds

T
L Y L MO

[ P @07 @0 < [l
R

+02/ 1ZEn (4G, ey + T RZEN (I, o)
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From the preceding bound one infers that the solution to Eq. (4.3.18) cannot ex-
plode in a finite time and we have an explicit upper bound on its growth in term of
H%]%,NH%;(SR) and the Lp—norms of Zg'\(t,+), and VrZE'\(¢,+). Noting that for
all m € {1,2,--- ,n— 1}, p € [2,00) and all R, N € N, the renormalized free fields
ZF'(t,+) and their derivatives VR ZF'\(t,+) have L,—norms bounded in ¢ € [0, T]
with probability 1, cf. Remark 4.3.4 one concludes the proof. O

Lemma 4.3.9. It holds
wf, € C([0,00), Ly(Sr)) N C((0,00), L§(Sk)) N C*((0,0), L;*(Sk))

and the following equality 0%}, y = —Qr NPk ny — P/ (9% ns crN) + (P 3 (2, g)" g
is satisfied in C((0,00), Ly>(Sg)).

Proof. See Appendix C. O

4.4 Invariant measures

The aim of this section is to study the long time behaviour of the semigroups as-
sociated to Eqgs. (4.2.1) and (4.3.1) in the sense of Def. 2.7.2. We shall verify that
for all ¢ > 0 and all R, N € N one has Law(Zr n(t,+)) = Law(zpn) = vrn and
Law (9% y(t,+)) = Law(¢% ) = p% x on Z'(Sg), as anticipated in Sec. 4.3. Recall
that we let VRN = ./\/'(O,éR,N) and 19, n was given in Eq. (3.3.4). Combining the
intertwining property of the map 7% with the former result one deduces that for all
R,N € Ny and all t > 0 it holds Law () Zr,n(t,*)) = Law(s32r,N) = Jiive.N and
Law(]*R@%,N(t’ *)) = Law(yporN) = jEﬁH%’N on .#/(R?). All Hilbert space scalar
products (s, +) in this section are in H = L3(Sg).

Gaussian invariant measure

For all R, N € N, consider the linear operator Q; : L3(Sg) — Li(Sg) defined
by Q¢ = 2 fg e 25QrN ¢ds for ¢ € Ly(Sg). On account of Remark 2.4.13 the
operator Qo is of trace-class, i.e., Tr(Qso) = Tr(GrN) < co. Let z € Li(Sg) and
F € By(Li(Sg)) be a bounded Borel function. One denotes the semigroup (2.7.3)
associated to Eq. (4.2.1) by

Rpt F(z) :=E[F(Zpn(t,+)) | Zrn(0, ) = 2]
= [ F@NE 2, Qu(d9),
Li(Sr)

79



A probability measure v on M(L3(Sg)) is invariant for the semigroup Rp; in the
sense of Def. 2.7.3 if and only if D(f) = D(e t@rN f) e 2(@) for all + > 0 and
f € LY(Sg). To see this, let Fy(¢) = €%} € By (L3(Sg)). Using Def. 2.6.1 one has

Rpi Fr(2) = /1(S | IRAVR /\/‘(e*tQR,N 2,Q)(dg) = ei(f,eftQR’N@ o 3(Qeff)
L;(Sr

The preceding expression implies that Rp; Fy(z) is the characteristic function of the
measure N (e *9EN 2 Qy). It holds that

/ R Fy(6) v(dg) = p(e' @ f) e 3@ ), (4.4.1)
Li(Sr)

Now from Def. 2.7.3 a measure v is invariant for Eq. (4.2.1) if Eq. (4.4.1) is equal to
v(f) = fL%(SR) f9)y(dg). Observe that the requirement D(f) = D(e 'QrN f) o2 (@)
is equivalent to saying that v is invariant if and only if v = (e_t QR’NV) * N (0, Q) for
all t > 0. It follows from the fact that F(f xg) = F(f) x F(g), see Remark 2.5.10.

Theorem 4.4.1. The following conditions are equivalent

(A) sup;>p Tr@Q; < oo

(B) v = N(0,Qx) is an invariant measure for Eq. (4.2.1), i.e., if zp n has a dis-
tribution v and is independent of the cylindrical Wiener process Wrg, then the
L}(Sgr)-valued stochastic process Zg n(t) has distribution v for any t > 0.

Proof. Similar result can be found in [59, Thm. 6,22| and [28, Thm. 6.2.1]. Recall
Eq. (4.2.1). One has

t
ZR7N(t, ') = eitQR’N ZR,N + \/5 / eitQR’N dWR(t, 0) .
0

Using the fact that the distribution of v/2 fg e QRN dWR(t, +) is N(0,Qy), one infers
that v is invariant for Eq. (4.2.1) if v = (e 7*@=Np) % N(0,Q;) for all t > 0. Taking
the Fourier transform of both sides leads to

—

B(f) = (e @nxu)(f) x N(0,Q0)(f) (4.4.2)
for f € L3(Sg). It holds that

L3(Sr) L3(Sr)

:/ /T INID) L (Ag) = Do IRN f),
Hen (4.4.3)
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Note that N@t)(f) = ¢~ 3(Qu/f) | Now, combining Eqs (4.4.2) and (4.4.3) one has
P(f) =o'y f) x o2 v € Ly(Sp).

This implies that
1
e§<Qtf7f> Re ﬁ(f) = Re I}(eitQR’Nf) S 1 .

Hence, for all f € L1(Sg) one has

(Quf, f) < 210g (Rei(f)) |

By the Bochner theorem (Theorem 2.6.3) for ¢ = 1/2 there exists a trace-class op-
erator G such that Re(f) > 1/2 for all f € Li(Sg) with (Gf, f) < 1. This gives
rise to (Q.f, f) < (2log2), which amounts to writing 0 < Q; < (2log2) G. Note that
sup;>o Tr Q¢ < 2log 2Tr G < co. This concludes that item (B) implies item (A).

For the converse direction, recall that @Q; : Li(Sg) — Li(Sg) is given by Q; :=
1

2 fg e 2QrRN ds. Let v = N(0, Quo), 1., D(f) = e 2(Q/f) This yields D(e 'Qr.N f) =

—tQ —tQ
em2(e TN Qe e ENER) Eyom the semigroup property one gets

e_tQR,NQOOe_tQR,N -9 /OO e 2(t+8) Qr.N g
0

00 t
=2 / e QRN — 2 / e TRRNdr = Quy — Qs -
0

0

This implies that 7(f) = 7(e ™t QRN f) e~ 2(@t/) and finishes the proof of the converse
1
direction. In fact, as t — oo one has e~ z{@/:f) e~ 2(Qff) = N(0, Quo)- O

Lemma 4.4.2. For all R,N € [1,00) the measures vp n = N(0,Gr n) concentrated
on LY(Sgr) are invariant for Eq. (4.2.1). In particular, for all t € [0,00) it holds

LaW(ZR’N(t, 0)) = Law(zR,N) = VR,N .

Proof. Noting that N(0,Q) = N(0,GrN) = Vg, the statement is immediate
consequence of Thm. 4.4.1. ]

Interacting measure
Let F € By(Li(Sg)). We denote by Pr; the semigroup associated to Eq. (4.3.1)

Pri F(¢) :=E F(QS!;{,N(@ *)) |@?%,N(Ov ) =9|.

We aim to verify that for all R, N € Ny the measures ,u% y is invariant for Pgr; in
the sense of Def. 2.7.3.
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Theorem 4.4.3. Let g € C*°(Sg). For all R, N € [1,00) there exits a measure of the
form

11
2} N ZRrN

exp (160"~ [ PO(),enn) pr(d) van(ds)

n Sk

N?LN((M)) =

concentrated on L(Sg), which is invariant for Eq. (4.3.1). In particular, for all
t € [0,00) it holds Law (9% y(t,+)) = kv -

Proof. We shall verify the assumptions of Lemma 2.7.4 with H = L(Sg) and H =
Lo(Sg).

1) For all R, N € [1,00) the elliptic operator Qr n : LS(Sg) C La(Sr) — L2(Sg)
is a self-adjoint, positive definite operator. In particular, for all R, N € [1, c0)
it holds Tr(Q;LIN) =Tr(Ggrn) < c0. It follows from Remark 2.4.13.

2) On account of Remark 2.4.12 for all R, N € [1,00) the operator Qr n generates
a Cop-semigroup of contractions on L3(Sg). This implies that for all f € L1(Sg)
one has [l @ £y s < ||fl3(6y - Consequently, e~ LY(Sg) C Ly(Sr)
for all + > 0. This verifies that L(Sg) is an invariant subspace of e *@&.N for
all R, N € N;. To proceed, fix t > 0 and set At > 0. Using the semigroup
property of e *“R.N one obtains

. (A _ . _ _A
Jimle (FANQRN f— et ORN f|| 16, = Jimle tORN (e A CRN 1) f L (5
is zero. It follows from the strong continuity of the semigroup e *“&.~ . This
implies that e *@RN f is right continuous. Similarly, one deduces that

. —tQrN £ o—(t—At)Qr, _
AI::IBO let@RN f — o= (=40 BN FllLasg) =0,

which implies that e ?@RN f is left continuous. Hence, for all f € Li(Sg) the
map ¢ +— e @R f is continuous in Li(Sg).

3) Lemma 4.2.1 implies that the Ornstein-Uhlenbeck process Zg n(t, +) € C([0,00), L3(Sg))
exists.

4) Let Uf n(9) := + 6(9)" — Js,, P(6(x),crn) pr(dx). It is obvious that U v is
continuous as it is a polynomial. Let 1 € L(Sg) and D, denote the derivative
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with respect to € > 0. By definition one gets

D. Uf (6 + =)

e=

= 0. (= [ P06 +vcn) patd) + 2 (6 +20)0)")

e=0

= = . P06, erm) ¥(x) prldx) + ¢(g)" "

Observe that D, U%N(gb) with ¢ — @?%,N(t> +) coincides with the RHS of the
function F' given by Eq. (4.3.4) with @%vN(t, ) = W}%,N(tv )+ Zrn(t, ).

5) The fact that the mapping U }%7  is bounded from above is shown in Eq. (3.3.6)
in the proof of Lemma 3.3.4. Moreover, in the proof of Lemma 4.3.3, it is proven
that F : L3(Sg) — Lao(Sg) is locally Lipschitz.

6) The mild solution ¢, \ € C([0, 00), Li(Sg)) of Eq. (4.3.1) with the initial con-
dition &% (0, +) = ¢% y € L5(Sg) is given by

Q%,N(u ) = e_tQR,Nqﬁ%,N

t
+ [ eI [VaAWi(s, ) ~ P05, 0),crn) ds + (@ (5.9)" g(+)ds].
0

This is the content of Lemma 4.3.2.

Combining Items (1)-(6) obtained above culminates in the existence of an invariant
measure (% 5 for Eq. (4.3.1) on L3(Sg)-space, which is absolutely continuous with
respect to the measure vg v, see Remark 3.4.7. This completes the proof. O
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Infinite volume measure

In this section, we shall show the existence of a weak limit of a subsequence of
the sequence of measures (]EﬁM%VN)R,NeNJr on .#'(R?) as R — oo using tightness.
We call such a limit a P(®); measure on .#/(R?). To this end, we need to take
the limits R — oo and N — oo of the sequence of measures (j*Rj:i,u%JV)R,]\/g\br
on ./(R?). The existence of the UV limit as N — oo of the family of measures
(u%, ~N)R,NeN, was the subject of Sec. 3.4. This result will remain true for the sequence
(]Eﬁﬂ%,N)R,NEN+ on .#’(R?). To show the existence of the limit as R — oo, we shall
first obtain an appropriate a priori bound in Prop. 5.1.5 using the energy method in
LQ(RQ,’U}/ 2)—space. The function v, € L1(R?) is an admissible weight introduced in
Def. 5.1.1. Next, we shall prove tightness of the family of measures (j*Rjj,u%’ N)R,NeEN,
by averaging over the time of the expected value of j*R@% ~(t,*) using the fact that
Law (53 ®% n(t,+)) = Jgtng y for all ¢ € [0,00). This implies the existence of subse-
quential limits as R — oo of the sequence of measures (]*Rﬁﬂ%’ ~N)ER.Nen, - Indeed, a
P(®)2 measure on .#’(R?) can be deemed as the marginal distribution of the station-
ary solution associated to the counterpart of Eq. (4.1.1) on R2. Similar argument was
first used in [5,6,54], where they proved the existence of a ®* measure on R3.

5.1 A priori bound

Definition 5.1.1. Let vy, := 1/(47rL?) w$, where L € [1,00) is fived as in Lemma 5.1.3
and wy (v) := 16L*/(4L? + 23 +22)? € C*°(R?) was given in Sec. 2.1 below Eq. (2.1.2).
Observe that using the polar coordinates one gets

1 [,  16L* 4 416132 1 1
lozlle.@e) 4L2/0 o) @Y= e ~ e

Remark 5.1.2. The precise choice of the weight vy, is not of much importance. It
is convenient to use a weight that decays polynomially and express it in terms of the
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function wg introduced in Sec. 2.1. The prefactor 1/(4wL?) guarantees that the L1(R?)
norm of the weight is bounded by 1 and the decay rate is chosen so that the estimate
stated in Remark 5.1.4 is true.

Utilizing Remarks 2.1.8 and 2.1.9 one rewrites the Eq. (4.3.18) in the stereographic
coordinates as follows

(0 + (1= wi! () A) (1 = wig (@) A/N?)?) 755, 5 (8, 0) + (TP (¢ 2)" !
n—2n—1
=5 ana G ZER ) (G (1)
=0 m=l
+ (Jr(WY nx + ZrN) (6 wRIRG))" TRe(z) . (5.1.1)

We shall apply the energy method in LQ(RQ,U}/ 2)-space in order to obtain a priori

bound. To this end, we multiply both sides of the above equation by ’UL]*RW}% N and
perform integration over R?. The resulting bound, which is uniform in R, N e N4,
will be used to prove tightness of the family of measures (]}}ﬁ,u% ~N)R,NeN, - Note that
we have already utilized the energy method in Li(Sg)-space in order to prove the
global existence of the mild solution in Sec. 4.3.2.

Lemma 5.1.3. There exists L € [1,00) such that for all R € [L,c0) it holds
(A) (T, 0 (~wi' A) W) ey > 1/2(VE2 g — 18012
La(R2,wp " “v,/ )

LQ(R27'U)1;1/2U£/2);

(B) (W, os (05 800 ey 2 2NAVIE e = BIOIE

(C) <\Ij7 UL(_WIEIA)3W>L2(R2) > 1/2 HﬁA\I}|’12(R27w§3/2vi/2)_1/8 H\I,Hig(RQ,wg?’/Qvi/Q)'

Proof. There exists C' € (0,00) such that for all L € [1,00), R € [L,0) it holds
= —1/2 ~1/2 = 1/2 1/2
Vwp'? < (C/L)wyp?,  [Vo?l < (/L) o).
This gives readily (A) by integrating by parts in Hﬁ\IIHi (B2 201212 applying the
28w " v
Leibniz rule and the Young inequality. Estimates (B) and (C) are obtained analo-
gously, with the help of the following auxiliary inequalities

= 2 2 2
HV\IJ”LQ(RQ,IU§1U2/2) S 2||A\I’||L2(R2,w§1vi/2) + 2||‘I]||L2(]R2,w§1vi/2) )

ST 2 = 2 2
HV‘I’HLQ(RQ’wﬁ/%yz)‘f‘”A‘I’”LQ(RQM:/%i/a) < 4||VA\I’||L2(]R2,w};3/2v]1/2)+4”‘IIHLQ (B2 w2 20?)

valid for sufficiently big L € [1,00) and all R € [L,00). The latter inequalities are
proven by the same token as Item (A). For the complete proof see Appendix D. [
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Remark 5.1.4. For all L € [1,00), R € [L,00) and p € {1,2,3} it holds

—p/2 12 —p/2 2)/2
191y g2y = TR o Wl ey < llwg? o)™ iy, ) 190 o ) -

It follows from the Hélder inequality. Observe that there exists C € (0,00) such that

- 2 -2)/2

where we used the facts that n > 4, wr <1 and wr > wr,.

Proposition 5.1.5. There ezist k € (0,00), C € (0,00), p € [1,00) and a ball
B C .7 (R?) with respect to some Schwartz semi-norm centered at the origin such that
for allt € (0,00) and R,N € Ny, R> L, as well as all g € C*(Sg), wripg € B, it
holds

n—1

88tHJRW£zN( )H2 2 (R2,01/?) "‘HJR‘p}g%N( )HL ®R201/™) <CZ HJRZRN( )H SR R201PY
k=0 T

Proof. After multiplying both sides Eq. (5.1.1) by vLﬁ%LD]g% N integrating over R? and
applying Lemma 5.1.3 and Remark 5.1.4 we obtain

1
78 vy 2 vy 2 L+ g 2
W TR R N (E )HLZ(R%%) 7Rk N (¢, )HLQ(]R2 3 (N2 )II TR R N (t )HL (R?,yéw;%
1 1 1 1
1 - n
1 1
1+ ALY .
+(gya T 2 AR YR N (2 2) Loz}
1 e« 2 (1) 2)
+ WHVAJR‘I’%,N(t, -)HM(UJ;%U%) < Rp/y(t) + Ry n (1),
where .
1 m
RO =3 3 [ amavnle) GZis") G (t,2))
=0 m=l

2 * n— * *
R;}Nu) = (@ + Zrw) (twrgg))" ™ (TP ) (E vLTRg)
Observe that wy'(z) > 1 and N € [1,00). Hence,

*3t|\JR¢’fé vt

1
Lo(R2 ,UL?

~IVIR¥S, 2
|| JR RN( )HL (R2,v%)

SRR+ BENOL (512

oo\r—*v

VA "
HJR RN( )HL
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Moreover, one has

n—2n—1
1 * rrim—lL: *
IRVR®1 <SS lamal e Zi st (t @), (W (6 2) ) L@ )] -
=0 m=l

By Lemma 2.3.13 for every &; € (0,1) there exists C' € (0, 00) such that

(ORZEN" TRV RN g2 iy | < ClIRZEN"(E, gl

+ 01 [ VIRPh (¢ )l St/ 01 IIJR!PJ%N( N, g ptrmy TOL-
U

®(R2, l/p)

By the assumption made in Sec. 4.3.1 on the coefficients a,,; there is C € (0,00) such
that |a,, ;| < C. Thus, there exists C, C; € (0,00) such that

g n—2n—1-1
C’ a *Z:m—l: too)|P c Z p

n—1 (n—l—l)/\(n—2)

£ IZ; C ||JRZR (s )|| (Rzmi/p)
n—1

<C; Z ||]}<{Z}§,:N( )Hp “(R2 017
k=0

Combining all the above results culminates in

n—1

\RRN( \<Clz 7R ZiEN (t, )” (R2,01/7)
k=0

+ 01 IVIrPh N (¢, >H2 . 1/2)+51113RWRN( M, g piny (513)

where k = 0 term of the sum above is a constant. Using the fact that for all £ > 1
and f(a;) € Ry it holds (3°1, f(a;))* <nk~1 "% | f(a;)* one obtains

(R (B)] <2772 | (5 3 )t wrTRe))" ™ (7375 5 )t vLTR9))
+2"72 (3R ZR.N) (8, wRIRI))" ™ (RPN ) (t vLIRY) -
Observe that from the Holder inequality with 1/n + (n — 1)/n = 1 one gets
|URYE N ) (8 wrIRI] SNTR RN (E I 2 1m) o, " wriRglL, @)
|G Zr )t wrgR) <N7R 2R oo 2y 07 0RIRN s,

n—1)/n *
|55 (1 0Tm)| <R (), g i 0

(n—1) (RQ)

g||Ln/(n 1) (R2) -
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The above expressions implies that there exists Cy € (0, 00) such that for all d2 € (0, 1)
it holds

2 n
(Rin ()] < Co 08 1505 (M, g 17y + Co08 k2R NI e g g (5:14)
provided that

HU(n 1)/” *

1
TRINL, 1y (B2) \/||UL "wrIRIN Ly 22V VT /an]}%gHL; (®2) < O2.

/(n—1)

Now the statement follows by substituting Eq.’s (5.1.3) and (5.1.4) in Eq. (5.1.2) and
choosing 61, d2 such that §; < 1/2 and 0; + C2645 < 1/16. This guarantees that all
coefficients in Eq. (5.1.2) are positive and finishes the proof. O

5.2 Tightness

Proposition 5.2.1. Let k € (0,00). There exists a ball B C ./ (R?) with respect to
some Schwartz semi-norm centered at the origin and a constant C' € (0,00) such that
forall Re Ny, R>L, N € Ny and all g € C®°(Sg), wripg € B, it holds

J 151« oo e 00) < C.

Proof. On account of Theorem 4.4.3 one has Law(150% y(t,+)) = Jpiug y for all
t € [0,00). Hence,

SO o) Gt ) (00

— [ 1RO+ g, e (40) = Bl ) i

Using Lemma 4.4.2 one deduces that Law(y, Xgr n) = Law()Zr N (1 ,-)) for all t €
[0,00). Thus, from Lemma B.8 and Proposition 5.1.5 we have

83tEH]R‘p1%N( )H2 R2,v}/%) +EHJRW}%N( )Hn J(R2, 1/n)§Cl

for some constant C7 € (0, 00) 1ndependent of g, R, N and t. The above inequality
implies that for all T' € (0, 00) it holds

5 [ EI R e

« Cr RN
<Ci— TE 173 Y % § (T,

8 *
G e v+ FEIRT RN O )T o ey < Crt =7
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where
Crn = 8E[7 %% (0, )| &, 1/2)_8EH\IJ N(0.9)3, 5, < 0

for every R, N € Ny and R > L. The last bound follows from Remark 2.1.8 and the
fact that wg > wyr. From the fact that j}‘%@% y and jpZp N are stationary in time
one deduces that

. Tt
B 0 g iy = 7 | BBt )17 o

T
c *
< Bl ZRN O o i+ 75 [ BN

where ¢ = 2”1 and we used the fact that for all n > 1 and a; € Ry, i € {1,--- ,k}
it holds (32F b oa)" < kvl Z ", a?, which follows from convexity. By Lemma B.8
there exists C € (0, 00) such that for all R, N € N4 it holds

EllyrZrn (0, )7 < Cs.

“(R2,vi/n) -
Combining the bounds proved above yields

cCr.N
T

EHJE@%J\T(Q .)Hzr—tm(RQ’vi/n) <cCi+cCy+

for all T' € (0, 00). Choosing T'= Cr n concludes the proof. O

Remark 5.2.2. By Lemma B.8 one obtains

E X RNl o) SPYRN)] ENIRXRN L 0 ain) e5D(~Yan)]

E fexp(— V)] - E [oxp(~ V)] |
Bl RXrN = IrXRl] o omy P(YRN] -
< n ) < .
<| E [oxp(~ V)] =¥

Using Proposition 3.4.6 with F' = 1 combined with the preceding expression one obtains

J 15RO e 1040) =t [0l i e (d40) < €
On account of Theorem 2.5.10 Item (C) the embedding L, " (R, vi/n) — L 2F(R?, fui/n)

is compact. As a result, by Lemma 2.5.14 the sequence of measures (]Ehﬂ%)ReI\u on

L 2"(]1%2,212/ ") is tight, hence, by the Prokhorov theorem it has a weakly convergent
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subsequence, i.e., there exists some diverging sequence (Rp)ien, such that for every
bounded and continuous functional F : L;Q"(R2,vi/n) — R it holds

lim lim M?%;,N(Foﬁ%l)'

g . . * g . . . * g _
R = llggo T, (F) = llggo ]\}gnoo T, v (F) = I—00 N—0o

Observe that the uniform bound stated in Prop. 5.2.1 does not depend on g € C*°(Sg).
Hence, using the preceding proposition with g = 0 one infers the existence of a weak
limit for the family of the measures (7p81R,N)R,NEN, ; i-€., [i.

Definition 5.2.3. Any weak limit of a subsequence of the sequence of measures
(JpiMR.N)R NEN, ON ' (R?) is called a P(®)2 measure.

Remark 5.2.4. Observe that by Hélder’s inequality one has

1/2—-1/n
L

A 5 A PRI o) 1 By

This implies that there exists C € (0,00) such that for all R € N4 it holds
J 1500 oy 1(40) < [ W01 o e 1 d0) <

It follows from Prop. 5.2.1 combined with the fact that the norm Hvi/g_l/nHLQH/(W?)(RQ)
is bounded, since n > 4 and vy, < 1.
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Integrability and Osterwalder-Schrader ax-
loms

Let p be any weak limit of the sequence of measures (Jipfipr N)r Nen, as was de-
termined in Def. 5.2.3. Let B C .#(R?) be a ball w.r.t. some Schwarz semi-norm
and f € B be a test function. In Prop. 6.1.1 we shall first verify that (¢(f))" is
exponentially integrable with respect to the measures u, where n > 4 is the degree
of the polynomial P(¢) fixed in Eq. (3.0.1). Note that exponential integrability of
(¢(f))™ manifests the non-Gaussianity property of the measure p. Next, we shall
verify the Osterwalder-Schrader axioms, i.e., regularity, reflection positivity and Eu-
clidean invariance properties, cf. Def 1.0.1. Once we verify the Osterwalder-Schrader
axioms, the existence of a local relativistic QFT on Minkowski space-time satisfying
the Wightman axioms, will follow from the reconstruction theorem [50, Ch’s. 6, 19].

6.1 Integrability

Proposition 6.1.1. There exists a ball B C . (R?) with respect to some Schwartz
semi-norm centered at the origin such that for all f € B it holds that

[ explotr) utas) <2. (6.1.1)

Proof. By Remark 2.1.8 for all f € .(R?) and R € N, there exists gr € C*°(Sg)
such that wrjrgr = f. Now let B be contained in the ball from the statement
of Prop. 5.2.1 and suppose that f € B. On account of Remark 2.1.8 for arbitrary
¢ € Z'(Sr) it holds

6(9r) = (50) (wrshar) = (Urd)(F). (6.1.2)

Then by Lemma 2.5.11 one has

[ 0 Glarn) /) untao) < exp (1 [ olarn) ifitas))
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Note that the expression on the LHS is integrable by Lemma 3.3.4. The iden-
tity (6.1.2), Hoder’s inequality and Proposition 5.2.1 yield

)™ IR A,y — 1/ * n £ n 9R
[ oy ufi(d6) < € lop  wrignlle e [ 15O g i, (0

—1
< C vy /"wRJEgRllﬁ;/(n,l)(RQ)

for some constants C,C € (0,00) independent of R, N and gr. Choosing the ball

B so that H“Zl/”fHZn/( L ®) < n/2C for all f € B by the above inequalities and

Proposition 3.4.6 we obtain

[ exp (i) ()" /) undo) = i [ exp (@lon)" /) punnv(ds) <2

This concludes the proof. ]

Recall that n > 4 in Eq. (6.1.1). Prop. 6.1.1 implies that u(d¢) is non-Gaussian, since
Gaussian measures do not integrate functions growing so fast. Furthermore, one has,

for f € ./ (R?),
/ exp([6(f)]) u(de) < oo (6.1.3)

without the restriction f € B. It follows from the fact that for all € > 0, it holds
|6(f)| = e Yp(ef)] < P + |p(ef)|* for 1/p + 1/n = 1, by the Young inequal-
ity. Now, for any given f, we have ef € B for ¢ sufficiently small. Note that
Eq. (6.1.3) implies that p has moments of all orders, since the convergence of the
integrals [ exp(¢(f)) p(d¢) implies that [ |¢(f)[™u(d¢) is finite for all m € Ny [50,
Prop. 6.1.4].

6.2 Regularity

Proposition 6.2.1. There holds the regularity axiom OS0: There is a Schwartz norm
[|ls and K, B > 0 such that for allm € N and fi,. .., fm € .7 (R?)

| / (1) .- B fon) p(de)| < (m) KmHHlels

Proof. Since ‘T—, < e*, we can write for fy € B:

/<z5 fo)™ u(de) < m'/e¢(f0)u(d¢) <mle /e¢(f°)nu(d¢) <ml!(2e). (6.2.1)
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where we used e?(fo) < el*9(f0)" and Eq. (6.1.1). Now, by the Young inequality,
and (6.2.1), we write for fi0,..., fmo € B

| [ o0 -6lhm) w(d0) Z/wo #(dg) < m! (2¢)m

Finally, we set fi;0 = efi/| fills and obtain the bound from the statement of the
proposition. ]

6.3 Reflection positivity

In this section we verify that any accumulation point of the family of measures
(J5tir)rRen, on #/(R?) is reflection positive. To this end, we shall utilize the fact
that for all R € Ny the Gaussian measure vy with covariance Gp = (1 — Ag)~*
is reflection positive. Then, we introduce a UV regularization, which preserves the
reflection positivity property of the Gaussian measure vr. In general, to construct
a nonlinear quantum field, it is more convenient to establish reflection positivity for
some measures which occur as intermediate steps in the construction [50, p. 196].
That is why in the next step, we shall first show that for all R € N the finite volume
measure ur on 2'(Sg) is reflection positive. Then, in Lemma 6.3.20 the statement is
verified for any weak limit of the family of measures (j5f1r) Ren, on .7 (R?). To this
end, we take advantage of the fact that reflection positivity is preserved under limits.

Remark 6.3.1. The significance of reflection positivity relies on the fact that it yields
the existence of the Hilbert space H of quantum mechanical states. In particular, it
guarantees the positivity of the inner product in the Hilbert space [50, Prop. 6.1.1].
Moreover, it gives Tise to the existence of a positive-energy Hamiltonian, which en-
ables us to perform an analytic continuation from Euclidean space to Minkowski space.
Reflection positivity also establishes a correspondence between the unitary representa-
tions of the Euclidean group on the Euclidean side and the Poincaré group on the

Minkowski side, cf. [13, Sec. 8.2].

Recall that by Remark 2.4.9 the integral kernel of the covariance G = (1—Ag)~! has
a singularity at the coinciding points. To regularize Gr, we shall utilize an approxi-
mate Dirac delta written in terms of the geodesic distance. Similar regularization on
R? is used in [50, Sec. 8.5|.
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Definition 6.3.2. Fiz h € C*°(R) such that supph C (—1,1), h =1 on [-1/2,1/2]
with 2m [;° 0 |h(0)|d0 = 1. For R,N € N consider the measurable function Kpy :
Sr X Sgp — R defined by

IA{R,N(Xay) = N2h’(N dR(X7 y))v

which is a smooth function with support in a ball of radius 1/N. For all R,N € Ny
one defines the bounded operator Kp n : La(Sr) — La(Sg) by

(Kpnf)(x) = : Krn(xy) f(y)pr(dy) .

Remark 6.3.3. The restriction on the integral of the function h comes from the
assumption of Lemma 2.4.2, which ensures the existence of the bounded operator K v .

We demand that for some C € (0,00) it holds

IKR N < sup /’K(XJ)WR(dY), 1K RNl < sup /\K(X,y)\PR(dX) <C.

XESR YESR

Explicity, one has

|Kawl < sup | NR(Ndr(x,y))| pr(dy) < 2r / 01h(0)|d0 = 1.
0

xESR JSi

It follows from a change of variable, i.e., / = N RO, sin€ < 6 and the support property
of the function h.

Remark 6.3.4. By the Funk—Hecke Formula [9, Thm. 2.22] one gets

(KpnYim)(x) = i N?h(N RO(x,¥)) Yim(y) pr(dy) = hy Yim(x)

where hy =[5 N*h(N RO(x,y)) Fi(x - y/R?) pr(dy).

Definition 6.3.5. For all R, N € [1,00) we set

Sﬁ,N = {(Xl,XQ,Xg,) € Sy ‘ +x1 > 1/N}, SR,N = SE,N USIE,N’ Sﬁ = UNe[l,oo) SE,N .

Definition 6.3.6. Let R € [1,00). A functional F : 9'(Sg) — C is called cylindrical
iff there exists k € Ny, G € C°(RF) and f € C°(Sg) :== C*®°(Sg), | € {1,...,k},
such that

F(¢) = G((f1), .-, o(fr))- (6.3.1)
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The algebra of cylindrical functions is denoted by Fr. The subalgebras of Fr consisting
of functionals of the form (6.3.1) with supp f; C Sﬁ, Il € {1,...,k}, or such that
supp fi C SEN, Il € {1,...,k}, are denoted by .7-'?{: and ]:Ij%N’ respectively. The
definitions of F and F* are analogous to the definitions of Fr and ]-"j% with S and
Sﬁ replaced by R? and the half-plane {(x1,12) € R?| £ 21 > 0}, respectively.

Definition 6.3.7. Let R € [1,00), O € O(3) with detOr = —1. For f € C*(Sg)
we define Opf € C®(Sg) by the formula (Opf)(x1,x2,x3) := f(—x1,%x2,x3). For
¢ € D'(Sr) we define Orp € P'(Sr) by the formula (Ogre, f) := (¢,Orf) for all
f € C®(Sg). Observe that 9% =1, i.e., it is an involution.

Definition 6.3.8. Let f € C®(R?) and © € O(2) with det©® = —1 we define Of €
C>(R?) by the formula (©f)(x1,x2) := f(—x1,22). For ¢ € ' (R?) we define O¢ €
L' (R?) by the formula (O¢, f) := (¢,0f) for all f € .7 (R?). Observe that 62 = 1,

i.e., it is an involution.

Remark 6.3.9. It holds jj 0 O = ©* o y5,, which implies that 7,0 Or ¢ =© o j ¢
for all ¢ € D'(Sg).

Proposition 6.3.10. Let i be a weak limit of a subsequence of the sequence of mea-
sures (7581R) ren, on '(R?). For all F € F*¥ it holds [ F(©¢)F(¢) u(dp) > 0.

Remark 6.3.11. We call this property the Glimm-Jaffe (GJ) reflection positivity, as
it is similar to the variant stated in [50]. We will show how to obtain from it the OS
reflection positivity (cf. Def. 1.0.1) at the end of this subsection.

Proof. 1t is enough to prove that
/ F(0¢)F () (Jrinr)(dd) = / F(0530)F(jre) nr(de)
— [ FURBROIF (i) 1uad9) = 0

for all R € Ny and F € F'. By Def. 6.3.6 and Remark 2.1.8 for every F' € F7 it
holds F'o 55, € .7-";:. Hence, the last bound above follows from the reflection positivity
of the measure ppg, which is given in Lemma 6.3.20 Item (D). O

We introduce a regularized free field X Rr,N using the bounded operator K Rr,N such
that its law enjoys the reflection positivity, see Lemma 6.3.20 (B). Next, we show that
the measure ug can be approximated using the corresponding regularized measure to
Xpr.N, see Lemma 6.3.20 (C).
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Definition 6.3.12. Let épy = Tr(KrnGrKrn)/ATR?. By definition Xgn =
KrNnXR,

Lm/2]

A enne (_1)km' R k 2k Ao A
X7y = (g ) XTR X'y (h) = X'y (x) h(x) pr(dx),
i kzzo (m — 2k)1k12F RN RN 5, N

n n
Ven =) amXifi(lsp),  Yiy =) amXifi(lst ), Yrv=Viy+Yay,

where h € Loo(Sg) and 1p denotes the characteristic function of the set B.

Remark 6.3.13. Note that XR,N introduced above and Xr Ny = Kr NXg tntroduced
i Sec. 3.4 are free fields on Sg with different UV cutoffs. We use the same symbol
N € Ny to denote both cutoffs.

Remark 6.3.14. By Lemma B.1 Item (B) and Lemma 2.3.14 it holds XRN €
LY(SR) C Ln(Sg) almost surely. In particular, Yr, Yrn are well-defined. The
same follows using Remark 2.6.8 and Remark 6.53.17 combined with the fact that Yr N
given in Eq. (3.4.1) is well-defined. Moreover, there exists C' € (0,00) such that for all
N,R e Ny it holds |ér,ny —1/2m log N| < C by the bound (3.3.2) and Remark 6.5.17.

Remark 6.3.15. Remark 6.5.4 implies that the operators IA(R,N and (—AR) both have
the same set of eigenfunctions, i.e., they are diagonalizable simultaneously. Now using
Remark 2.4.1 Item (A) and Item (B) with T = (—ApR), F(T) = (1 — Ap/N?)~! =
Kpn and S = Kg n one infers that for all R, N € N the operators Kp n and Kp
commute, i.e., for all R, N € N the bounded operator IA(RﬁN commutes with every
orthogonal projection (21 4+ 1)Pp, for alll € N, see Remark 2.4.1 Item (C).

Remark 6.3.16. Assume that A, B are self-adjoint i.e, A* = A, B* = B and com-
muting. The spectral theorem implies that A and B behave like multiplication oper-

ators a, b on a common Lo space. Therefore, one can apply the triangle inequality,
la +b| < |a| + |b| pointwise to infer that |A + B| < |A| + |B|, where |A| = (A*A)'/2,

Remark 6.3.17. Recall that Kg y = (1—Agr/N?)™', Gr = (1—Ag) ™! and the coun-
terterms cr N, ¢r.N were introduced in Eq. (3.3.1) and Def. 6.3.12, respectively. Note
that by Remark 6.3.15 the operators Gr, Kg N, IA(RJV commute. Using Lemma B.9 and
the fact that for commuting self-adjoint operators A, B it holds |A + B| < |A| + |B|
and |[A—B|=]A—1—(B—-1)|<|A—-1|+|B — 1|, we obtain

(1 - Ag)/N?

K2 v — K2 ol <|Kpn — Knn||K Kpy|<2C(C+1) ~—— 21
KNy — Kpn| < [Krn — Krn|[Krn + Krn| <2C(C+ )(1—AR/N2)2’
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where we used the fact that

5 (1 - Ag)/N?
Observe that
(-Ap/N* (o 1 (-4 1 1
(1—Ap/N227H 77 (1—Ap/N?22 N2 (1-Ag/N22(1- Ap)

and decompose (1 — Ag)/N? = (1 — Agr/N?) — 1+ 1/N2. Consequently, it holds

er.N — crn| < Tr(|K} v — K3 x| Gr)/ATR?
_20(C+1)

ol (G Ar/NH)TH1 = Ap) ™Y = Te((1 - Ar/N*)72(1 - Ag) ™)

+ Tr((1 — Ap/N?*)72(1 — Ag)~1)/N?|.
By Lemma 2.4.10 the RHS of the last inequality above is bounded by a constant inde-
pendent of R, N € N.

Lemma 6.3.18. The sequence (F(Xp n)exp(— )71;;’]\/))]\;61\;+ converges in probability
to F(Xg)exp(—Yrg).

Proof. From Lemma B.2 for all k € (0,00) and ¢ € [0, 2] one has

[P(”XR — XR7NH§/27H76(SR) > 6) < G_IEHXR — XR7N||§/;N76(SR) < e 1 R202 N—26

and by Lemma B.6 Item (C) and Item (D) one gets

IP’(IYR —~Yan|* > 6) < IP’<|YR —Yan|? > 6/2) + P(!?R,N —Yan|* > 6/2)

< 12 (N—l/”+N—1> .

Using the above bounds one shows that the sequence (XR’N)N6N+ and (?RJV)N@\H
converge in probability as N approaches infinity to the random variables Xpr and
Yr. One concludes the statement using the fact that F : 2/(Sg) — R and t —
exp(t) are continuous. Hence, by Remark 2.5.3 the sequences (F(Xg n))nven, and
(exp(— Yr.N))Nen, converge in probability to F(Xz) and exp(—Yg). This finishes
the proof. O
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Lemma 6.3.19. For all R € Ny and all bounded and continuous F : 2'(Sg) — R it
holds
lim EF(Xgrn)exp(—YrN) = ]\}im EF(XgrnN)exp(—YrnN).
—00

N—oo

Proof. The proof follows from the same strategy implemented in the proof of the
proposition 3.4.6. By Lemma 6.3.18 the sequences (F(Xp x) exp(—ffRJ\z))NGN+ and
(F(Xgr,~)exp(—YRrN))Nen, converge in probability to F(Xg)exp(—Yg). To con-
clude we show that the aforementioned sequences are uniformly integrable by repeat-
ing verbatim the argument from the proof of Proposition 3.4.6. 0

Lemma 6.3.20. The following statements hold true for all R, N € N .:
(A) If F € F}}, then EF(OgXR)F(Xg) > 0.

(B) If F € Fif y, then EF(©rXp N)F(Xpy) > 0

(C) IfF € Ff; y, then EF(OrXp n)F(Xgn) exp(~Yrn) > 0

(D) For all F € F}; it holds [ F(Or¢)F(¢) pur(de) > 0.

Proof. For the proof of Item (A) see [33, Theorem 2| or [3, Thm 8.3]. To prove
Item (B), denote by x~ the reflection of x € Sp corresponding to the action of ©p.
Observe that dgr(x~,y) = dr(x,y~ ), which implies that IA(R,N(X*,y) = IA(RvN(x, yo).
Hence, by Remark 2.4.1 one deduces that [Op, IA(R,N] = 0, which yields @RR'R,NXR =
KrNOrXp. By assumption F € .7-"1'5]\,. Observe that for all f € C°°(Sg) it holds

(KR,NXR)OC) = XR([A(RVNf), which implies that
F(KrnXR) = G(Xp(KrNf1), -, Xr(Krnfr))-

Utilizing the fact that f is supported in SE n and the integral kernel of Kg v is sup-

ported in a 1/N-neighbourhood of the diagonal, K r,N f belongs to .7-"22'. Consequently,
the statement follows from Item (A). To prove Item (C), note that

EF(OrXpN)F(Xpy)exp(—Yrn) = EF(OrXgn) exp(—Yy v ) F(XrN) exp(=Y ) -

Denote H(Xp ) := F(Xgn)exp(=Yj ). Using that Yy \ (Xpn) = Y v (OrXR N)
one infers

EF(@RXR7N)F(XR7N) exp(—)}pL’N) = EH(@RXRJ\I)H(XR,N) .
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Let us now show that (C) follows from (A). Denote H(Xp) := F(Kp nXR) exp(—Yq y)-
We want to approximate H by Hj, € .FE in the topology of Lo(2'(Sgr),vr). We recall
the definition of f/];r INE

}N/I{N = / P((KR,NXR(X)),éR,N)].SEN(X) pr(dx).

By continuity of K rRNXRN a.€. inw € ), we can approximate the integral by a
Riemann sum

Ve = > (AX)J’P((KR,NXR(XJ'))>6R,N)ls;,N(Xj)a

x;EParty,

which converges pointwise in w. Partitions of the sphere can be obtained, e.g., in
spherical coordinates, in which case (Ax); = sin(0;)Ab;Ap;. Exploiting again the
(Ax); < 2vol(Sg), for

convergence of the Riemann sums, we can assume > p,.,
J

sufficiently fine partitions. Then, by Lemma 3.3.2,

Ve == > (Ax)jAc”/nggN(xj) > —Ac™?2v0l(Sg).

xjEParty

Hence
exp(— (Vi y)k) < exp(Ac™?2Vol(Sg)). (6.3.5)

We note that Hy, is cylindrical due to smearing of X with K r,N- Now we want to
show that the cylindrical functions

Hy,(Xg) = F(KrnXr) exp(— (Y5 k)
approximate H in Lo(2'(SRr),vr), i-e.,
Jim [ |H(g) — Hy(4)]? vr(dg) = 0. (6.3.7)
We note that by Eq. (6.3.5)

|Hy(0)| := |F(Kpno)| exp(—Ho () < C,

uniformly in k, thus dominated convergence gives (6.3.7). This concludes the proof of
(C). Let us turn to the proof of Item (D). First note that for any F' € F; there exists
M € Ny such that F € Fj, . Hence, it suffices to show that [ F(Or¢)F(¢) pr(dg) >

99



0 for all R,M € Ny and F € }"EM. To establish this claim we note that by
Lemma 6.3.19

- . EF(OpXpn)F(Xpn)exp(—Vry)
/F(@R(b)F((b) pr(de) = ]\;gnoo Eexp(—Yr.N)

and use Item (C) together with the fact that F7 ,, C Fp y for all N > M. O

Recall that cylindrical functions F' € F have the form

where f1,..., fm € .7(R?) and G is a smooth, bounded, complex-valued function. We
have the following

/ FOS)F(6) (i) (d0) > 0.

We consider the Schwinger functions S,, € #/(R3™). We want to verify the OS
reflection positivity which we recall here for convenience:

0S2: Let Rim = {(zM,...,2(™) e RI™ . a;(()j) >0,j=1,...,m} and
S (RY;C) == { f € Z(R™;C) : supp(f) C RY"}.

For all sequences f(™ e .& (R¥™:C), m € Ny, with finitely many non-zero
elements

> Sum(®FD @ £ > 0.

¢,meNy

Lemma 6.3.21. [t suffices to show reflection positivity for fim) € V(Rim; C) of the
form

=N e (6.3.9)
QELm,|a|l=m
where f(zM, . 2y = f, (zM) ... fo, (™), fo, € S (RL) and I, is a finite
set of multiindices.

Proof. By standard density arguments, given any f(™ € .& (Rim; C) we can find a

sequence of fi?), e > 0, of functions of the form (6.3.9), possibly without the support
restriction, such that
Fm) = im £ (6.3.10)
e—0" "’
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in the Schwartz topology. To ensure the support property of the functions on the
RHS, we choose, for our given f™) a bounded smooth function 7 supported in R%
such that

(n(@ D) ..M F (2D gy = fm) () gm)

By multiplying both sides of Eq. (6.3.10) with such products of functions  and making
use of the fact that this operation is continuous in the Schwartz topology we ensure
that the RHS of Eq. (6.3.10) consists of functions from .#(R4™; C). Using that the
Schwinger functions are tempered distributions and positivity is preserved in the limit,
we obtain the claim. O

Now we define ¢(f)* = ¢(fa,) - - - ¢(fa, ). We also set

S(F)2 = ¢(far)e ) L g(fa, om0 om)®

and note that this is a cylindrical function. We write

S Seem(©F @ M)

£,meNy
- [ Y sennY X el u
L a€ly,|al=t m BeLn,,|Bl=m
—im [Y Y w@EY Y e(niute) =0,

¢ aely,|al=t m Bel,,|8l=m

where we made use of dominated convergence, the existence of the moments of the
measure and the GJ-reflection positivity to conclude the OS reflection positivity.

6.4 FEuclidean invariance

In this section we demonstrate that every accumulation point p of a subsequence of
the sequence of measures (75i1r) ren, on ./ (R?) is invariant under the action of the
Euclidean group T'(2) x O(2). To this end, we appeal to the fact that the symmetry
groups of the plane and the sphere have the same dimension, see Remark 3.1.2. Hence,
one might hope to establish a one-to-one correspondence between the actions of these
groups. To this end, we shall use the fact that for all R € N, the measure ug
is invariant under the action of the orthogonal group O(3), which is a consequence
of the invariance property of the Gaussian measure v with covariance Gr = (1 —
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AR)™!, see Lemma 6.4.20. Observe that every rotations around x3 fixing the north
pole N = (0,0, R) stabilize the xjz2-plane and form a copy of SO(2) C SO(3), see
Remark 2.1.2. Consequently, one shows that the rotations of Sg around the x3 axis
are mapped under the stereographic projection to the rotations of the plane for any
arbitrary angles. As a result, one easily proves the rotational invariance property
for the measures (7581r)ren, for R € Ny on .#/(R?). However, the proof of the
translational invariance just holds in a restricted sense, i.e., it holds true in the limit
as R — oo provided that one starts off by rotations around x;, ¢+ = 1,2 whose angles
are inversely proportional to the radius of Si. Furthermore, the reflection invariance
is deduced using Remark 2.1.1 with the help of the involutions O and © defined in
Def. 6.3.7 and Def. 6.3.8, respectively.

Remark 6.4.1. The proof of the Euclidean invariance is independent of the value of
the coupling constant A € (0,00) and holds true for any positive coupling constant.

In the remaining part of this chapter, we first establish a one-to-one correspondence
between the action of the group SO(3) on Sk and the action of the group 7'(2) x
SO(2) on the plane, and we proceed to show that weak limit points of the sequence
(JRipr)ren, on #'(R?) are invariant under the action of T'(2) x SO(2). Then, we
demonstrate the reflection invariance property of weak limit points of the sequence
(7ptir)R,eN, on " (R2). One infers the Euclidean invariance of weak limit points of
the sequence (J5f1R)R,en, by combining the preceding results.

Definition 6.4.2. For R € N;, o € R and x = (x1,X2,X3) € Sg we specify the actions
of the generators of the group SO(3) on Sg by the maps RR,a; TR, 7}%’& : Sp — Sp
defined by

RR,a(x) = (x1 cos o + xg sin o, X1 sin o — X2 €os o, X3),
Tr.a(x) = (x1 cos(a/R) — x3sin(a/R), x2,x1 sin(a/R) + x3 cos(a/R)),
Th.a(x) = (x1,x2 cos(a/R) — x3sin(a/R), xz sin(a/ R) 4 x3 cos(a/R)) .

Remark 6.4.3. Any rotation Q € SO(3) can be represented using the generators of
SO(3) cf. [30, Lemma A.2.2].

Remark 6.4.4. Let Qro € {RR.a, TR,a: éa} defined by Qr,o : Sk — Sgr. Note that
QR,a acts orthogonally, transitively and in an orientation preserving manner on Sg,
and give rise to a group of unitary operators on La(Sg). Let Qo € {R R as Th s "Rt
be maps Q. * 2'(Sr) — 2'(Sr) defined as follows: First, for all f € C*°(Sg) we
set Qp of = foQRra € C*(Sg). Next, for ¢ € Z'(Sgr) we set Qy ,¢ = o QR _, €
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2'(Sr)- It holds (Q% 40, f) = (9, Q. _of)=(®, [ © QRr,—a), which is due to the rota-
tional invariance of the Riemannian volume form ppr(dy).

Remark 6.4.5. Let Qra € {RRr,a: TR.a) TAQ} as in Remark 6.4.4. It holds Tp Qr.q :
T,Sr — Tora) Sg for any p € Sg. Observe that T,Sgr = pt and Tora) Sg =
(QRvoé(p))L both are of dimension two, i.e., they are isomorphic to R? as vector
spaces. This is due to the fact that Qr is a diffeomorphism and it preserves the
angles and lengths and its differential is an isomorphism so det(T,Qpra) # 0 L.
In particular, since Qg preserves orientation on Sg, its differential map Tp Qpr.q
acts as orientation-preserving isometry of the corresponding tangent spaces such that
T, Qr,a € SO(2) with det(T, Qro) =1 for all p € Sk, see Remark 2.1.3.

Remark 6.4.6. The algebra of cylindrical functionals F separates points in LQ_I(RQ, vi/Q

2'(R?). Hence, if pj, j = 1,2, are Borel probability measures on L;l(RQ,vi/z) such
that 1 (F) = pa(F) for all F € F, then py = p2 by [43, Theorem 4.5(a), Ch. 3]. The

same is true if pij, j = 1,2 are Borel probability measures on L%(R%vé 2) C 7'(R?).

Lemma 6.4.7. Let Q% , € {R% 0 Th o T Rat defined by Q% , = 2'(Sr) — 2'(Sk).
For all R,N € [1,00)
(A) The regularized Gaussian measure vgr N has rotational invariance.

(B) The measure pg is rotationally invariant, i.e., pp(F) = pr(F o Q) for all
bounded and measurable F : 9'(Sg) — R and all @ € R.

Proof. To prove Item (A), it suffices to show that for all R € N the covariance
GR,N is rotationally invariant and refer to the Bochner-Minlos theorem (Thm. 2.6.2).
Utilizing Remark 2.4.7 one infers that for all R, N € N; and for all x,y € Sp it
holds GR,N(X,y) = GRJV(QR@X, QRyoéy) = f@’(SR) ¢(X) qﬁ(y) I/R7N(d¢). Thus, from
the preceding relation for all f, g € 2(Sg) one gets

Grn(f.0) = / Grn(%y) 1) 9(¥) pr(dx) pr(dy) = G (@ fs Ql—ad).

SRXSR

It follows from the facts that for all R € Ny, the Riemannian volume form pg is
rotationally invariant, Qg o acts transitively on Sg and Remark 6.4.4. This finishes the
proof of Item (A). To prove Item (B) recall that for all R, N € [1, 00) the measure vz n
is concentrated in Li(Sg), see Remark 3.3.4. From Remark 6.4.6 it suffices to prove

!Taking derivative of Qé%p) o Q(p) = Idp, one gets Ty Ql'oT,Q = Idr,s. Hence,
det(To) Q") det(T, Q) = det(Idr,s,) = 1.
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that for all & € R and all cylindrical functionals F' € Fpg v it holds pg n(F 0 Q% ,) =
,uRJ\r(F). It holds

1

ZR,N

! / F () Un v (6) (Qlyatvnn)(do)
Ll

a ZRvN 2 (SR)

1 / F(¢)Up,n(¢) vr,n(de)
L}(SR)

/ﬁ F(Qhyad) nrn(d6) = /" F(Qind) Unn(Qpad) vn (40)
L3(Sr) Li(SRr)

B ZR.N
=/ F(6) prx(do),
Li(Sgr)

where in the third line, we used Item (A), i.e., (Qp  4vrN)(A) = vrN(A) for all
A € Borel(LY(Sg)). Now taking the limit N — oo we conclude the lemma. O

Definition 6.4.8. For a € R and all  := (x1,22) € R? we determine the actions of
the generators of the group T(2) x SO(2) on R? by the maps Ra, Ta, T, : R? — R?
defined by

Ra(x1,x2) := (21 cosa + xosina, xy sina — x2 cos @),

Ta(z1,22) = (21 + 0, 22),  To(x1,72) := (21,22 + Q).
Remark 6.4.9. Let Qo € {Ra,Ta, T2} and QF € {R:, TS, T} defined by Qq -
R? — R? and by QF, : 2'(R?) — Z'(R?), respectively. For f € CX(R) and ¢ €
7' (R?) we set

QLf=f0Qa € CF(R?), QLo:=¢oQ", € 7 (R.

This implies that (Q%o, f) = (d, Q* o f) = (b, f 0 Q—q), which is due to the Euclidean
inwvariance of the Lebesgue measure.

Definition 6.4.10. Let R € Ny, a € (=R, R) and consider the ball B := {z €
R?||z| < R} C R%. We define the map Sp : Br — R? by
Shalw1, 22) = 2(Rsin(a/R)(1 — (2% + 23)/4R?) + 21 cos(a/R), z2)
Lol B2 1 4 cos(a/R) + (22 + 22) JAR2 (1 — cos(ar/R)) — (21/R) sin(a/R)
Note that for all x = (x1,x2) € Bg formally as R — oo one recovers imp_,oo Sp,o(z) =
(1 + o, 22) = To(x1,22). It follows from the L’Hopital rule

2, 2
lim 2Rsin(a/R) (1 — M) = lim 2Rsin(a/R) = 2a.

R—o00 4R? R—o0
2 4 .2
. xrq + x5 _ . Ty . _
P}g%o (14 cos(a/R)) + ( iR )(1 —cos(a/R)) = sin(a/R) = 2.
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Lemma 6.4.11. (A) For all R € Ny and a € (=R, R) on the ball Br one has
TRa ©JR = JR © SR,a-
(B) For all R € Ny and oo € R it holds Rr,o © Jr = Jr © Ra.

Proof. Both items can be verified using direct calculations and are similar. Let us
prove Item (A). For all z = (21, 22) € Br C R? it holds Tr a0 )r(21,22) = (x],%5,x5),
where

4R%xq R(z? + 23 — 4R?)
/. 1 2 :
X = e o cos(a/R) — IRZ+ 2%+ 23 sin(a/R) ,
;o 4R? zy
2TUR? 2t 4 2
4R%x, R(z? + 23 — 4R?)
! : 1 2
X3 = o 0 s sin(a/R) + IR+ 27§ 23 cos(a/R) .

Using the map 75" (x1,X2,x3) = 2R(x1,x2)/(R — x3) given in Def. 2.1.7 one has

x% + x%
4R?

R —xh =4R? (1 + cos(a/R) + ( )(1 —cos(a/R)) — % sin(a/R)>

AR? 4 22 + 23

4R . (2 + 23)
2Rx] =2R IR 47+ a3 (xl cos(a/R) + Rsin(a/R) (1 - 47R2> .
Combining the obtained results one verifies the identity Spo(z) = ]1_%1 © Tr,a © Jr(x)
for all x € Br. This finishes the proof of item (A). In a similar manner, one could
prove Item (B). O

Remark 6.4.12. The preceding Remark implies for all R € Ny and o € R it holds
Sha®Ir = IR ° Tra and R 0 ) = J © Rya-

Remark 6.4.13. Let U,V be two non-empty open sets in R? and F : U =V be a
C>°— diffeomorphism and p € 2'(V). We define po F € 2'(U) by

wor -

U

@(F(w))f(fr)dx—/Vw(y)f(F_l(y))\det(T(F_l))!dy,

where det(TF~1) denote the determinant of the Jacobian of the map F~'. The in-
formal expression o(F(z)) in the first step serves only to motivate the second step.
The expression on the RHS is well defined provided f(F~1(+))|det(T(F~1))| is a

test-function supported in V.

Remark 6.4.14. As R — oo by the property of the determinant function combined
with Remark 6.4.5 we expect that det(TSgq) = det(T(J5" 0 Tra 0 Jr)) — 1. Let R €
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Ny, a € (=R, R). For f € C®(R?) and all » € 9'(R?), supp ¢ C Br, we set Shaof =
foSpa € C®(Bgr) and Sha® =00Sp _, € 2'(R?). Utilizing Remark 6.4.13 one
has (S}‘iaqﬁ, fy = (o, det(TSR_a)S}"%’_af) for all f € C*(R?).

Remark 6.4.15. Let o € R, a € N3 and M € (0,00). By direct calculations one

verifies that there exists C' € (0,00) such that for all x € By and R € (|a] vV M, 00) it
holds

Tra © Jr(x) = Jr © SRa(T) and |0°SR.a(z) — 0Ta(z)| < C/R.
A succinct proof for the above bound is given in Appendix E.

Remark 6.4.16. Let Q be n X n, positive matriz such that Q = I + E, where E is a
small perturbation matriz, i.e., |E|| < 1. One has

1
2
Using the fact that det (Q) = exp(Tr (log(Q))), which holds true for any invertible
matriz, one has det (Q) = 1+ Tr(E) + O(||E||?), where we used the fact that for
sufficiently small x € (0,1) it holds exp(z) = 1+ z + O(x?). As a result, one finds
|det(Q) — 1| < |Tx(E)| + O(|E||?) < C,||E||. Generally, it holds det(I + eE) =
(1+eTr(E)+ O(e?)), wheree > 0.

T (log(I + B)) = Tt (B — . * + O(E%) = Tr () — L Tx (B%) + O (|EJF) .

Remark 6.4.17. By definition one has Sy, _, f(z) — T2, f(z) = [(Sk-a(z)) —
f(T—a(z)). Moreover, from the Taylor expansion one obtains

F(Spa(@)) = [(Toa(@)) + VI(T-a(@))" x (Sp—a(@) = Toa(@)) + R(x), (6.4.1)

where R(x) is the higher order remainder, i.e.,
1
R(z) = 5(Sk,—a(7) = T-a(2))" Hy (Sr—a(®) = T-a(2)),

where (Hy); j = 0*f/0x;0x; is the Hessian matriz of f evaluated at some point be-
tween Sr—o(x) and T_o(x). By Remark 6.4.15, it holds

|R(x)| < C*/2R* sup |Hj()l,

xEBs

VH(Ta (@)™ (Sp—a(2) = T-a(@)) | < C/R sup |Vf(z)|.

iEEB]y[

Combining the above results one rewrites Eq. (6.4.1)

F(Sra(®) = {(T-al@) < C/R sup (IVf(@)] +C/2R|Hy(w)]).

TE€Bp
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Noting that det (T T_,) = 1, now from Remark 6.4.16 and the second bound in Re-
mark 6.4.15 with a = 1 one has |det(TSgr o) — 1)] < C/R. To see this, we use
TT_, =1 to write

det(TSR’,a) = det(1 + T(SR’,Q —T_4))

and note that the tangent map T amounts to first derivatives of Sr,—q —T—o. Hence,
for all « € R and f € C(R?) one infers that there exists C € (0,00) such that for
all sufficiently large R € N it holds

” det(TSR,—a)S}k%,faf - ﬁaf”L%(R2,v21/2)

< (et (TS, -0) = )f & Sh-)ll g 72, + 10 St — £ Toall g1
< /R (I & Snallyen i + 19 Ml oo, + 2 U7y o o )
Hence, for all p € Z'(R?), supp ¢ C Br and all f € C°(R?) one has
(Sia £) (T2 P < 1 46t(TSk o)k — Ty g0 01 1601 gt
< C/RIOI s g

Proposition 6.4.18. Let u be a weak limit of a subsequence of the sequence of mea-
sures (J5iur)ren, on ' (R?). It holds p(F) = p(F oRY) and p(F) = p(F o Ty) for
all bounded and measurable F : ' (R?) — R and all o € R.

Proof. Suppose that the sequence of measures yjur on ./ (R?) converges to p along
the subsequence (Rys)aen, . By Remarks 5.2.2 and 5.2.4 the measure  is concen-

trated on L; ' (R?, vi/z). For every F' € F we obtain

pEOR,—F) = lm jp, fury (FoRq—F) = lim pug, (FoRgoyk, —Fok,,)

= ]\}li)noo IU’RM (F OJ*RJW o R*RM,Q - F OJ*RAM) (j*RMﬁHRM - M)(F) = 0

= lim
M—o00
It follows from Lemma 6.4.7 and Remark 6.4.12. On account of Remark 6.4.6 one

shall infer the statement for an arbitrary functional. This finishes the proof of the
rotational invariance.

Let us turn to the proof of the translational invariance. Note that by Remark 6.4.12
for every F' € F and all sufficiently large R € Ny it holds

JREUR(F) = pr(FojR) = ur(FojpoTha) = HR(F oSk 4 0JR) = JRriR(F oSk 4)-
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Using Remark 6.4.17 one deduces that for every a« € R and F € F there exists

C € (0,00) such that for all ¢ € LQ_I(RQ,U}J/Q) and all sufficiently large R € N it

holds
|E(Shat) = F(Te0) < (C/R) Yl -1 g 172
2 "YU L

By Remark 5.2.4 for all & € R and F' € F one has
lim jpipr(F oSk, —FoT))=0.
R—o0 ’

Consequently,

wFoT;—F)= lim ]*RMﬁMRM(Fo'Ef —F)
M —o0

= I i, by, (F 0 Sk 0 — F) iy st — 1) (F) = 0.

= lim
M—o0
This finishes the proof. O

Lemma 6.4.19. Let Or : 2'(Sg) — Z'(Sr), which was defined in Def. 6.3.7. For
all R,N € [1,00)
(A) The reqularized Gaussian measure Vg N is © - invariant.

(B) The measure pug is © g-invariant, i.e., pr(F) = pr(F oOg) for all bounded and
measurable F : 9'(Sg) — R.

Proof. The proof follows from the same strategy implemented in the proof of the
lemma. 6.4.7. To prove Item (A), it suffices to show that for all R, N € N the co-
variance G n is © g-invariant and refer to the Bochner-Minlos theorem (Thm. 2.6.2).
Utilizing Remark 2.4.7 one infers that for all R, N € N, and for all x,y € Sg it holds
GrN(x,y) = Gr N (ORrx, Ory). Thus, from the preceding relation for all f, g € Z(Sg)
one gets

Gr(f.g) = /S  Gr(x¥) S(9(5) prld) pr(dy) = G (O Ong)

It follows from the fact that ©% = 1 combined with

(OrXxOR)(pr(dx)®pr(dY)) = ((=1)pr(dx))@((—1)pr(dy)) = (pr(dx))@(pr(dY)),

where the (—1) reflects the change of the orientation of the integral. This finishes the
proof of Item (A). To prove Item (B) recall that for all R, N € [1,00) the measure
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vr.N is concentrated in L3(Sg). Thus, by Remark 6.4.6, it suffices to prove that for
all cylindrical functionals F' € Fp y it holds ur n(F 0 Or) = ur n(F). One obtains

1
ZR,N

/ F(Ore) . (de) = / F(6) Un x(6) (Ontvnn)(do)
Li(Sgr) Li(Sgr)

- / F(6) (o),
Li(SR)

where we used the fact that Up v(Or ¢) = Ur N(¢) combined with Item (A), i.e.,
(OrtvrN)(A) = vrn(A) for all A € Borel(Li(Sg)). Now taking the limit N — oo
we conclude the proof. ]

Remark 6.4.20. Combining Lemma 6.4.7 with Lemma 6.4.19 gives rise to the invari-
ance of the measure pug on 2'(Sg) under the action of the orthogonal group O(3). This
follows from a similar justification as the one made below the proof of Prop. 6.4.21,
see Remark 2.1.1.

Proposition 6.4.21. Let pu be a weak limit of a subsequence of the sequence of mea-
sures (Jhipr)ren, on '(R?). It holds p(F) = p(F o ©) and for all bounded and
measurable F : .#'(R?) — R.

Proof. Suppose that the sequence of measures jjfug on " (R?) converges to u along
the subsequence (Rys)aen, . By Remarks 5.2.2 and 5.2.4 the measure i is concen-

trated on L, (R?, vi/2). For every F' € F we obtain

pEo®—F)= lm jg tug, (Fo®—F)= lm ug,(Fo®ojg, —Fojg,)

= lim pp, (Fojg, ©cOr—Foyjg,)= TRy Bty — 1)(F) =0,

= lim
M—o0 M—o0
where in the second line we first used Remark 6.3.9, then Lemma 6.4.19. On account
of Remark 6.4.6 one infers the statement for an arbitrary functional. This finishes the
proof of the reflection invariance. O

Let us now deduce the invariance of any weak limit point of the sequence of measures
(758pr)Ren, on ' (R?) under the action of an arbitrary element of E(2) = T(2) x
O(2): On account of Remark 2.1.1 any element g € O(2) either belongs to SO(2)
or satisfies det(g) = —1. In the former case the invariance follows directly from
Prop. 6.4.18. In the latter case we write g = ©(0Og), so that ©g € SO(2). Then, the
invariance follows by combining Prop. 6.4.18 with Prop. 6.4.21. The invariance under
reflections is a special property of scalar polynomial theories.
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Fuclidean invariance of the Schwinger functions, as required by the axiom OS3, can
now be checked by similar arguments as in the last part of Sec. 6.3.

110



Appendices

A Bessel potential

The modified Bessel function satisfies |8, Eq. (14.97)]

d2 d
2 2 2 2
P P (kp) +p P(kp) — (k%p” + P(kp)=0.

Let kp = z one gets

d? 1d m?
(dZQ—i_Z(iZ_,ZQ_l) Pm(z)_O

Indeed, the modified Bessel equation is the eigenequation of <7£ —1d, TZ—;) with

dz2 z dz
eigenvalue —1. Let us restrict ourselves to the case where Re(z) > 0 and m € Z. The
preceding equation has two solutions: first in terms of power series [8, Eq. (14.99)]
0 (g ) 2n+m
I = 2
() nz;) n!T'(m+n+1)

such that I,,, = I_,, for m € Z [8, Eq. (14.101)]. The second solution is given in the
integral form, which is absolutely convergent and is known as the second modified
Bessel function

1 oo
K (2) = 3 /0 exp (—%(S + 571)) s 1ds.

Alternatively, for Re(z) > 0 one has

00 22
Kn(z)==(2)" /0 s exp (—s — —8) ds. (A.1)
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Starting from Eq. (A.1) and using a change of variable s = \/% t, one gets

m
2

/000 s™ 1 exp (—% —bs)ds =2 (%) K (2Vab). (A.2)

Note that K,, = K_,, for m € Z. It holds [8, Eq. (14.107)]

(I-m(2) = Im(2)) -

Kp(2) = K_p(2) = m

Limiting behaviour

In what follows we write f(z) ~ g(z) as z — a if lim,_, ]90((2 = 1. Using the little-

o notation one rewrites the preceding expression as f(z) = g(z) (14 o(1)). Using

this convention, for small z and for m # —1,—2,--- the limiting behaviour of I,
will be of the form I,,,(z) = 2™ 27 [['(m + 1)]71(1 4+ o(1)) [8, Eq. (14.100)] and as
z — 00 one has I,(z) = \/gﬁez(l + o(1)). Furthermore, one also determines the
lowest-order terms of K,,(z) as z — 0 via Ko(z) = —log(z) — v +log(2) + --- and
Kon(2) =2""'T(v) 27™+--- [8, Egs. (14.110-111)]. Using the introduced convention

one rewrites the above limiting behaviour

Ky(z) = —log(2)(1 + o(1)), Kn(2) =2™710(2) 27™(1 + 0(1)). (A.3)

This indicates that Ky(z) is irregular at z = 0. Moreover, one shows that K,,(z)
is exponentially decaying, i.e., Kin(2) = /5. e (1 +0(1)) [8, Eq. (14.127)]. More
precisely, for all z € C such that |argz| < m — € it holds

Km(Z?T =1.
2z

lim
|z| 200 €77

Bessel potential using the Fourier transform

Let (1 — A)*/2G(x) = §(z), where A is the Laplacian on R%. Let p? = - p. Using
the Fourier transform one gets

_ 1 ePT  dp
o) = i) ) = | i e

Remark A.1. It holds that
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Lemma A.2. Let |z| denote the Euclidean norm on R? and Re(a) > d/2. One has

o dp 1 a—d)/2
/ (1+p2)2/2 (2m)d - T(2) /2 g&e_1 =/ K(a-a)2(lz])-
2

Proof. One combines Remark A.1 with Egs. (A.2) and (A.1) to conclude. See also [31,
Thm. 2.1]. m

Remark A.3. Let G denote a fundamental solution for the positive self-adjoint op-
erator (1 — A), where A is the Laplacian on R?, ie., (1 — A)G(x,2') = §(x — 2').
Evoking lemma. A.2 with d = 2, and a = 2 and taking into account Eq. (A.3) for
small |z — 2'|| one deduces

1
G(r,2) = ~5- log ||z — || (1 + o(1)).

Moreover, using the fact that K,,(z) is exponentially decaying as ||x — || — oo one

has .
e llz—2ll

G(z,2') = m (14 0(1)).

B Stochastic estimates

In this appendix, we work with the probability space (2'(Sg), Borel(2'(Sr), vr) and
E stands for the integration with respect to the Gaussian probability measure vp with
covariance G = (1 — Ag)~!. Moreover, for all R, N € N, we let the stochastic
processes Xp, Xpn : Z'(Sr) — L;l(SR).

Lemma B.1. For every k € (0,00), N € Ny there exists C € (0,00) such that for all
R € Ny it holds

(A) EIXrNITs v s, < R2C?.
(B) EHXRNlle wem S B2C?

Proof. Tt suffices to just prove Item (A). By Lemma B.9 the proof of Item (B) is
identical to the proof of Item (A). One starts off by writing

E||Xrnl[; =E|(1 - Ap) 2 XN, 60

LZN

- E/S (1= Ap)P™2XE N)(x) (1 — Ap)EM/2X R n)(x) pr(dx) .
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Utilizing Remark 2.2.4 with the notations introduced in Remark 2.4.11 one gets

l

oo
ElIXpn T2 rgy =E D, D, <> (Xan)im (Xan)im
=0 m=-1

From the fact that Xg n is real-valued, the Fubini theorem and Lemma 2.6.7 one has
B K = [ [ B (9) Xy () Vo 5)Yin(@) pr(d) o)
R R
— [ | Gr(s.2) Vi) Vi (2) i) p(ce).
Sr JYSr

Applying Remarks 2.4.7 and 2.2.3 to the preceding expression and using the notations
introduced in Remark 2.4.11 culminate in

[e.e]

1 2—K —1
Bl X a7z, = e Z < 1> (21+1)l20 (1)~' (2l + 1)
-

<R RO ) o).

Let t := (y-2z)/R? = cos 0, dt = sin 0df and recall that pr(dy) = 2rR?sin § df. From
rotation invariance property of P and Remark 2.2.5 one obtains that
Y-z y-z 2 2 '
P, (75 ) Pi(=5) pr(dy) pr(dz) = (47 R° x 27 R7) By, (t)P(t)dt
Sk ISk R R ~1

= (47R? x 2rR*) ——

Substituting this to the previous equation and referring to Lemma 2.4.10 for the R?-
dependence of the constants, we conclude the proof. ]

Lemma B.2. For every k € (0,00), 0 € [0,2] there exists C € (0,00) such that for
all R, N € N it holds

2 2 12
(A) BIXRI? ., < B2 C2,

(B) E|| Xr — XRNH?_,Q o S R2C2N-2,

(C) E|Xp— Xpn|?_os. < RECPN-%,
Ly""°(Sr)
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Proof. By definition it holds

> (+1),_, (+1), (+1),
BIX oy = S0+ Dy g WE gy GO D)
=0

=Sy (1 DY (g MDY

=0
(1) (1 5 8)

Mg

=0

Now, Item (A) follows from Lemma 2.4.10. To prove Item (B) we start off by writing

-4
E|Xr - Xrn|? . —Ell(l—AR) (X = XM T, p -

Lné

The above expression can be expanded by
T (1= Ag)=1=55) — 2T [ (1 — Ap)~1—r—3(1 — 2F
(1= A7) 2T (- Ag) T - )

+Tr <1 —Ap)T (1 - @5)2> :

which is equal to

Te((1- Ap) (1 - (1= T8)71Y)

N2
S @) <1 + l(l};”>_n_6_l (1 —(+ 1224]-\712))_1>2 |
1=0
It follows from the fact that Tr(A)+Tr(B) = Tr(A+ B). Observe that for all ¢ € [0, 2]
it holds 9
e
Hence,
EHXR — Xg NHL "S(5p) = Tr((l — AR)*1*”*5(1 _ (1 B AR/N2)71)2)

o0

N=20 (21 +1
SNETH(1- A7) = Y +<1)/22;1+K.
=

Now, Item (B) follows from Lemma 2.4.10. Thanks to Lemma B.9 the proof of
Item (C) is the same as the proof of Item (B). O
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Lemma B.3. Let (X,)nen, be a sequence of Gaussian random variables with val-
ues in a Hilbert space H with distributions N (my, Q). Assume that X, — X in
Lo(QY, Fyp: H). Then X is a Gaussian random variable with mean m = limy,_,o, my,
and covariance operator (Qh,h) := lim, oo (Qph, h).

Proof. Convergence in Lo implies convergence in law, hence pointwise convergence of
the characteristic functions. Considering that

E oi{Xn(@).f) _ gilmn.f)=5(@nf.f)

We observe that (m.,, f) and (Q,f, f) must converge for any fixed f and thus deter-
mine the mean m and covariance @) of the limiting characteristic function. From its
form we see that X is Gaussian. O

Remark B.4. Combing Lemma B.8 and Lemma B.2 one infers that Xg is a Gaussian
random variable with mean zero and covariance operator (Grh, h) := limy_,oo(Gr Nh, h).

Remark B.5. For all a,b € R and p > 1 integer, it holds that
@ = < Zla =0l (lal?~" + o).

To prove this, we use
p—1
a? —bP = (a — b) Zapflfkbk
k=0
and apply the Young inequality for products |a[P~ =% [p|F < %|a|(p_1_k)ﬁ + %|b|k‘i for

D= %, q= pfzik. It follows that

n—2

24+ (lal' + [p[")

=1

n—1
D la = < Cla—
=1

Lemma B.6. Let R € Ny. There exists a real-valued random variable Yr and C' €
(0,00) such that for all N € Ny it holds

(A) EY3 < C?,
(B) E(Yr — Yrn)? < C2N~Vn,
(C) BE(Yp — Yrn)? < C2N-Yn,

(D) E(Yry — Ypn)? < C?N—L.
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Remark B.7. Recall that n € 2N,, n > 4, is the degree of the polynomial P given
in Eq. (3.0.1) and the random wvariables Yr n and Ypn,Yr N were introduced in
Eq. (3.4.1) and Def. 6.3.12, respectively.

Proof. To prove Items (A) and (B) it is enough to show that for every m € {1,...,n}
there exists C' € (0,00) such that for all N, M € N, it holds

EXF% (Ls,) (Xih — Xir) (Ls,) < C*(N A M)
Let GR,N,M = KR,NGRKR,M' By Lemma 2.6.7
EXRN(Lsp)(XR'N — XR') (Lsg)

=l [ [ (G x5) = G 1) pr(dx)pr(dy).
Sk JSk
On account of Remark B.5 there exists C' € (0, 00) such that it holds

GE NN — GEnml < ClGrnn — Grnml ||Grvn™ " + |Gry ™

For every m € {1,...,n} from Holder’s inequality with 1/m + (m — 1)/m = 1, we
obtain that there exists C' € (0,00) such that for all N,M € N; and all x € Sg it
holds

[EXEN (L) (XN — Xihr) (Lsn)|
< CIGrNN =GN sz (IGRNN (T 62y +IGRN (T, (s2))
<C I(GrN,N — GRNM)(*s ')HLH(S%)(HGR,N,N(-, -)HZ‘"_(;%) +|Grnnm (e, )HL (SR))
C I(Gr.NN—GRrNM)(X, ’)HLn(SR)(HGR,MN(X, ')”Tn_(éR)H|GR,N,M( )HLn A )

where in the last step above we used the rotational invariance property of Gg v v and
Gr.ar- Note that C = (47R?)2=2m/") ¢ ¢ = (4rR?)™/"C. Evoking the rotational
invariance property combined with Lemma 2.3.14 there exist C', C' € (0, 00) such that
for all N € Ny it holds

I(GrnN = GrN ) (% )7, ) < CNGrNN = Grovar)(x, ')”ig”*”/"(s}%)

= rR) VO (T [GY KR N (Kry — Krar)?]) < C (N A M)™2/™,
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The last bound follows from the fact that

Tr (aggg+2>/n (K3 n (Kpy — KR,M)2)>
(20+1) ( 1 B 1 )2
(1+l(l+1)/R2)1+2/n 1+1(l+1)/(RN)? 1+1(1+1)/(RM)?

N (20 + 1 o
Z (1+10+1 /};2 1+2/n <(1+l(l+1)/R2)1/ (a2 4 N )>
=

[e.9]

S

o0

(20 +1)
2(NAM)2m Y .
= L+11+1) /R

The last sum is bounded as (1 + (I(I + 1))/(RN)?) > 1, n > 4. By an analogous
reasoning we obtain

G RN~ (% 2)IF, 5 < CIIGR NN, ')Hiénm/n(SR)
= (rRY) 1O (Te[GY T K ).

Observe that

Tr G(n+2 /nK i| i 2l+1) 1 4 <0
BN S (L+1(1+ 1)/R)H2m \1+10+1)/(RN)2 )~

for some constants C, C' independent of N and m. This proves (A) and (B). Thanks
to Lemma B.9 the above estimates are also valid when Xg y is replaced with X R,N
and Gg n,u is replaced with G’RN’M = IA(RNGRIA(R,M. Hence, (C) follows. To prove
Item (D) note that for every m € {1,...,n} there exists C' € (0, 00) such that for all
N e Ny and x € Sy it holds

m
L (SrR\SRr,N XSr\SR,N)

<N Gr NN (s T smsnnxsm) < C/N IGRN NG T, 5,

EXE'Nsp\spn) XEnIsp\snn) < GrR NN (%, *)
where in the last step we used the rotational invariance of G r,~N,N and the fact that

the volume of Si \ Sk n is bounded by C'/N. It holds

1GNNS 6 < CIGRN NG 50 < CIGRN N (X, ')”ig’l*”/"(SR)
= (4rR) ' C(TX[G " K v ]) < C.

This finishes the proof. ]
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Lemma B.8. Let m € Ny, p € [1,00), kK € (0,00) and L € [1,00). There exists
C € (0,00) such that for all Ry N € N, R > L, it holds

(4) Bl XR500 o i) <

(B) Ellyp(Xr — XR,N)HP

Proof. By Jensen’s inequahty it suffices to prove the statement for p € 2N,. Let
= (4/k) V 4. There exists C € (0,00) depending on p and x such that for all
R, N € Ny it holds

-1 K *
EH]RXRNHP R(R201/P) = < jvpwy, /q||L1(R2) [E((1—A)~ /2 XRN( )P HL (R2,0}%)

< OB = 8) PG XER (P12 vy

smeam < N

where the last bound is a consequence of Lemma 2.6.9. Recall that EXz v @ Xgp n =
GRrN(e,*), where Gr v = Krp NGrKR N. By Lemma 2.6.7

EfRXi's © X5 = m! GE v, GrN = (R ®IR)GRN(*,*).

Hence, by Fubini’s theorem and explicit formula for the kernel in terms of spherical
harmonics

E(1—A)™/? JrRXRN® (1—A)" w2 JRXRN
=m! (1-A)"2g(1-A)"?)GEy € C(R* x R?).

Since for F € C(R? x R?) it holds sup,cge F(x,2) < sup,cgzsup,cge F(z,y) we
obtain

”E((l - A) w/2 *XR N( ))ZHL (RQ,’lUi/q)

< ml st;pw ) (1= 2) @ 1) (1 (1 - A) G N) () @)
=ml! sgpw ( ) H(l ® (1 A)fn/Q)é?%N)('ay)”ng(R?)'

By Theorem 2.3.10 (B) there exists C' € (0, 00) such that for all R, N € N the above
expression is bounded by

sup wy/(y) [|(1® (1= A)™)GE n) (4. 9) | L r2)
yeR2

= sup (18 (1 - A) )@ ) (2. )

2 ,.1/a
r€R? Loo (R,w,77)

_ G .
= sup G N (@ ) o e 1/
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up to a multiplicative constant C, which depends on m. The first equality above
follows from the fact that for F' € C(R* x R?) it holds sup,cge sup,cge F(z,y) =
SUpyeg2 SUPer2 F(7,y). By Theorem 2.3.10 (B), since ¢ > 2/k, the above expression
is bounded by

S G <s G =S G m
5 G Vg, sty < S0 NG g, gy = S0 G G ) r

= sup |GrN (T, sp) < C 50D [|GRN (S )| ma—2)/ma
XESR XESR 2

(Sr)
= C(4nR*) ™2 [Tr(Grn(1 — Ag)™Ma=2/mag, \)™/2,

The first bound above is true because R > L. The second bound is a consequence of
the Sobolev embedding stated in Lemma 2.3.14. It holds

—2)/mgq o 1
Tr(Gr (1 — AR)(mq 2)/ Grn)="Tr <(1 ~ Ag)r2/ma(1 — (AR/NQ))‘l) .

Now, Item (A) follows from Lemma 2.4.10 applied with N = 1 and ' = 2/mgq. To
prove Item (B) we use exactly the same strategy as above with m = 1. There exists
C € (0,00) depending on p and x such that for all R, N € N, it holds

Ellyr(Xr - XR,N)Ilp = Ellyr(1 - Kr N)XRII

(R2 l/p) RQ 1/1’)

< Jorwy Y|, ee) [E((1 = A) /2531 = K .x) X(+)" I|L (22.01/%)

< CIE (1= 8)25(1 = Kra)Xa()) 127y -

where the last bound is a consequence of Lemma 2.6.9. It holds
E(jr(1 — Krn)Xr ® Jr(1 — Krn)XR) = (Jr © 7k) GrRN (%, *) -

Utilizing the result obtained in the previous part of the proof with m = 1 and replacing
GR,N — GR,N yields

) o 1 —(Ar/N?) \*
Tr (GR7N(1—AR)1 2/qGR,N> :Tr<(1—AR)1+2/q (1—((ARI£/N)2)> )

» 1
<3 (g )

The above expression is converging provided that 2/¢g > /2, which amount to the

restriction ¢ < 4/k. This concludes the proof. ]
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Lemma B.9. There exists C € (0,00) such that for all R, N € Ny it holds
1 (1-Ag)/N?
1- Ap/N?’ 1- Ap/N?
Remark B.10. Observe that for all R,N € N, it holds 1 — Ar/N? > 1. Given

the first bound in the statement of the lemma, for both cases when Ar/N? < 1 and
ARr/N? > 1, there is C € (0,00) such that the second bound holds.

|Krn| <C 1 - Kgpn|<C

Proof. Using Remark 2.4.6 one has IA(RJV = > 0@+ 1)Tr(IA(R7NPR71)7DR,l. Con-
sequently, by the triangle inequality for the commuting self-adjoint operators it is
enough to show that there exists C' € (0, 00) such that for all R, N € N} and [ € Ny

it holds .
(1+1(1+1)/R*N?)|Tr(Kr nPry)| < C,

) (B.1)
ITr((1 — Kpv)Pry)| < C(1+1(L+1))/R*N?,
where we used Remark 2.4.7. Using Remark 6.3.4 one has
- 1
Te(KrnPri) = ——p / N? W(NRO(x, ) Pi(x - ¥/ ) pr(dx) pr(dy)
4R Sk JSkr

=27 / ' (NR)?h(RN) Py(cos ) sin6df
0

=27 /1 h(8) Pi(cos(§/RN)) RN sin(f/RN)de,
0

where we used a change of variable #/ = NR®, the support property of the func-
tion h and the rotation invariance property of the whole expression. Observe that
RN sin(f/RN) < 6 and from Eq. (2.2.1) one has |P;(cos(f/RN))| < 1. This easily
verifies that |Tr(f( r.NPr;)| < C. From integration by parts and the support property
of the function h, one infers that there exists C’ € (0, 00) such that it holds

2

d—Q (sin6 Py(cosh))|do < C”.

4 d
/0 h(RNG)‘@(COSQPZ(COSO))— 0

The preceding bound combined with Eq. (2.2.2) implies that
' 27)(NR)?
(27) / (NR)? h(RN®) Py(cosf) sinddf < C m

0

This concludes the proof of the first bound in Eq. (B.1). Next, using that 27 [ 6|h(0)|d0 =
1, we obtain that

1
ITr((1 — Kpn)Pri)| = 27r/0 (0 — RN sin(6/RN) PZ(COS(G/RN))> h(6)dé.
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One rewrites the RHS of the above expression
o /0 1 <1 — RN/O sin(0/RN)[ — 1+ 1 - Pl(cos(Q/RN))]> 0 h(60)do.
Using Remark 2.2.2 one obtains
0<1-P(cos(9/NR)) <U(l+1)(1—cos(0/NR))/2 <I(l+1)(0/NR)?/4.

Combining the above bound with the elementary estimate 0 < 1—sin(f/NR)/(0/NR)
(§/NR)?/6 and the support property of the function h, one verifies the second bound
in (B.1) and finishes the proof. O

IN

C Proof of Lemma 4.3.9

From Thm 4.3.5 a mild L}(Sg)—valued solution of Eq. (4.3.3) on [0,T] is a function
¥\ € C([0,T), L3(Sg)) such that almost surely it holds

¢
W o (t, o) = e tQRN T +/ e =)QrN P (s,4))ds forall 0<t<T,
t ’ 0 gl

where 9% € Ly(Sg) and F(¥ \(s,#)) = P'(P% n + ZrN)(S, *)scrn) + (Ph n +
ZrN)(s,9))" tg(e) for all RN € Ny. Note that F' : Li(Sg) — L2(Sg) and
F : L3(Sr) — La(Sg) are locally Lipschitz. The latter fact follows from calcu-
lations similar to those in the discussion of Egs. (4.3.8)—(4.3.10) with the help of
Remark 2.4.15. Moreover, Theorem 4.3.8 implies that ¥ y € C([0, ), L}(SR)) is
the global mild solution to Eq. (4.3.3). To verify the statement, we shall first show
that %%N € C((0,00), L3(SR)), which implies Thy € C((0,00), Ly*(Sg)). Observe
that at ¢ = 0 we cannot have a better regularity than the one of the initial con-
dition. Using the fact that for all N € N, there are some ¢,¢ € (0,00) such that

1/3 ~ 1/3
R/’Ng(l—AR)ScQ]éNonegets

_ ~ 1/2
le™@mN 9% N llz3sm) < C||QR/,Ne RN o vlzyse < C vk nllisn

where C' € (0,00). The last bound follows from the fact that for all ¢ > 0, the map
x — 2%e” ' is uniformly bounded for all z > 0 by C’/t* for some C’ € (0,00). Note
that for all N € N there exists some C € (0, 00) such that it holds

t t
—(t—s 1/2 —(t—s
H /0 e (t )QR,N F(S, 0) ds”L%(SR) S C ||QR/,N /0 e (¢ )QR,N F(S, .) dSHLQ(SR)?
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where we wrote F'(s, ) := F (¥, y(s,+)) for brevity. Testing with ¢ € Dom( }{?\,)
and using the Cauchy-Schwarz inequality one infers that the right hand side of the
above expression can be bounded by

1/2 -s
HQ/ e E=IQRN F(s, ) ds| Ly(sp)

t
= sup [ {(6,QpN /O e (TSI QRN F(s,0) ds) (s |

l9llLy g <1

t

1/2  _—(4—
— Sup |/ <QR/7Ne (t S)QR,N(Z)7 F(SJ.)>L2(SR) dS|
||¢>HL2<SR)<1 0
1/2 —(t—s) Qr,~ d F
HQ O ro(sr) ds| sup [|F(r, )l Lo(sg)
||¢||L2(SR) <1 -Jo re[0,]

—tQrN _ ]
<C' swp |(Qfne

Q] <o,
lollysg) <1 Qr.N

where we used the Fubini theorem in the third line and C” € (0, 00) is some constant.
Observe that sup,cp g [F(r, *)||lL(sp) is bounded. This verifies that for all ¢ > 0,
the solution ?I%’N(t, +) takes values in L3(Sg). To proceed, we show that T]%,N €
C((0,00), L3(Sg)). To this end, fix ¢ > 0 and observe that the limit

lim He tQRN( -AtQrN _ 1

A ) VRN ln3em =0-

It follows from the semigroup property, the strong continuity of the semigroup e~ @r.~

and the fact that ||Ql/2 ~tQrN | Lo(SR)—La(sk) 18 bounded. Now we aim to show that

t
lim || / e (t=5)Qr.N (e_AtQR’N —1)F(s,+)ds
At—0 0

t+At
[ A B (s ) sy (CD)
is zero. To verify this claim observe that for s # ¢

B C
HQW —(t=9) Qr.N (o=AIQRN _ 1) F(s, M rasn) < ( (C.2)

t—s)l/2
is integrable, where C' € (0, 00). Moreover, for any fixed s # t the following limit

1/2 s _
Alimo HQ / —(t—s)Qr,N (e AtQrN _ 1) F(s, ')HLz(SR) (C.3)
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is zero, which gives the pointwise convergence of the integral. Combining Eqgs. (C.2)
and (C.3) from the dominated convergence theorem one shows that the first integral
in Eq. (C.1) tends to zero. Now consider the second integral in Eq. (C.1). One has

t+At (t-l,-At )Q
1) R (s, ) dsl a(s

[ voan(e) eSO Pt At = 5, -)dsl ey
Note that
X[0,a4(5) Q}{/jv e QRN Pt + At — 5, #)|| 1,50 < C Xpo,(s) s /2 (C.4)
Furthermore, one has

. /2 —sQgr,n _
lim (qg RN B(t + At .
A% 0 ”X[O,At}(s) RN € ( S, )

Lysg) =0- (C.5)

Combining Egs. (C.4) and (C.5) from the dominated convergence theorem one shows
that the second integral in Eq. (C.1) is zero. This finishes the proof that W}%,N €
C((0,00), L3(Sg). To proceed, we shall show that T n(t,e) € C1((0,00), Ly *(SRr)).
Using the fact that the desired derivative of e t@r.N ¢§«2,N is —Qp e t@rRN w%N, we
aim to show that

( (efAt QR,N — 1)
At

lim ||

—t g —
dimy + QR ) €O U 10y =0

One rewrites the above expression

1
(A1) /0 |QR Q2 et my =521 — 5) g\ dsll ey, (C6)

where we used Remark 2.4.5 with n = 1 to have

1
o AtQrRN _ 1 _ AtQrN + Q%N(At)z / e_SAtQRvN(l —s)ds.
0

Observe that due to the positivity of the spectrum of the elliptic operator Qg y there
is C' € (0, 00) independent of At such that

1 1
[ /0 e SMORN (1 — 5) ds|l Ly (s )= Lo(sp) < | /0 (1-s)ds|<C.  (CT)
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Note that HQE]G Q%N e 1QnN | Lo(Sk)—La(sk) 18 bounded. Thus, on account of Eq. (C.7)

and the dominated convergence one concludes that Eq. (C.6) tends to zero as At — 0,
ie., % € CY((0,00), Ly*(Sk)). Now we need to verify that

1 t t
; il —(t—s) Qr, —AtQrN _ . —(t—s) Qr, .
AI%I_I:O ”At /0 e BN (e BN — 1) F(s,)ds + Qrn /0 e BN F(s, )ds||L;3(SR)

0.

(C.8)
Consider the first integral in Eq. (C.8) and note that HQE}JG Qr.N e (t=5)QrN | Lo (Sr)—L2(SR)

1 t+AL
lim ||— / om AR P, ) ds — F(t, *)|| o35, =
t

At—0 " At

and || [} e SAQRN s are bounded. One shows that point-wise
0 L2(Sgr)—L2(Sr)

t 1
||QE,IJ/VQ QR,N/O o (t-9)Qnn (1 _/0 o s ALQRN ds) F(s, )| Lo

converges zero as At — 0. It follows from Remark 2.4.5 with n =0
1
e—AtQR,N 1= _QR,NAt/ e—sAtQR,N ds.
0

Hence, the first integral in Eq. (C.8) tends to zero as At — 0 by the dominated
convergence theorem. Now consider the second integral in Eq. (C.8). One has

1 t+At A
|— /t o~ (t+At=s)Qr N F(s,+)ds — F(t, ')HLQS(SR

At )

1 [ .
_ ||At/0 X0, (5) € @R Bt 4+ At — 5,+)ds — F(t, )| o5,

Applying the dominated convergence theorem as we did above and using continuity
of t — F(t,+) one shows that the above limit is zero. This verifies that ¥, \, €
C1((0,00), Ly *(Sg)) and concludes the proof.

D Proof of Lemma 5.1.3

Notice that in what follows from line to line C' might be different. There exists
C € (0,00) such that |ﬁ(w§1)| < (C/L)wy!, IV(v)| < (C/L) vy . Using the product
rule one gets |ﬁ(w§1vL)| < (C/L) |wi'vr|. Similatly, [A(wg'vr)| = |(Awp') g +
wp' (Avy) +2(6w§1) (Vo) < (C/L)? |wi'vr|. Consider Item (A) of Lemma 5.1.3.
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Using the integration by parts one gets

— (W, o (W' A)W) 1, g2y = (VU (vpw ™), VI) + (U
> (VT (vpw™ ") VT) — (T

> HV\IJH —1/2 1/2) -

Applying the Holder and the Young inequalities yields

C

_ C
— (W, up(wg A)W) g2y > (1 - or) ||V‘If||2 (w20 T

2L|| ||2 ( —1/2 1/2)
This finishes the proof of Item (A). To prove Item (B) note that

(U, v (—wp A)?T) = (¥, (vpwp!) Awy ' AD)
= A\I’ ”ULu)i1 ,w_lA\IJ + \I’,A vafl ,w_lA\If +2 6\11 . 6 /ULUJi1 ) _IA\P
R R R
(

> (AU (vpwg'), w T AW) — (¥, A(vpwy!), w LAWY — 2| (VT - V(vpwp!), w L AD))|

ST —f;uw i~ T g
STy~ SIAIE
Hence,
e c )
(U, vp(—wg A7) > (1 - 7 ﬁ)HA‘I’Hh(wélviﬂ)
R A X1

Observe that from the Holder and the Young inequalities one has

IV ey = g v PV EIE, = 37 (0,0, wior0;¥)
7j=1,2
<1 D7 (WL (=0)) (wgor) 90| + (W, (wior) (~A) )
7=1,2

C -

< T 2y IV v+ 1 A
C 1
< o 2 ey F IV [+ 5 N2 e IR ]
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In particular it holds

1 C
_ v 2 L v 2 2
(= gDV e S G ) N2, + 1208012, e
Consequently,
. (3 + 37) 1/2
N/ 2 < 2 2L i} 2 AT 2
921, oy < iy 100 i * 2y 1AW

provided that (1 — =) > 0. Therefore, one can rewrite Eq. (D.1) as follows

(W0 (—wR AP0 2 (1= 5 = 55 = 7 e IAYIE e

2
o) 1012, s
This finishes the proof of Item (B). To prove Item (C) consider

(U, v, (—wp ' A)PT) = —(AT (v wi'), wi' (Awy')AT)
—(WA(pwg"), wi (Awp)AT) — 2(VE - V(vpwy!), wip (Awz ) AT) . (D.2)

Consider the first term in the RHS of Eq. (D.2). Using integration by parts one has

—(AT(vwphHwp', Awp' AT) = (VA\II(va )wR ,VleA\If>
+ AUV (vpwph ) wi!, Vg AD)
+ (AV(vpwi ) Vwg!, Vog AT).
Hence,
—(AV(vwRhHwp!, Awpt AT) > (VA\I/(ULle)wR ,Vw R AT))
| (D.3)

—(AWV (vpwpHwpt, Vwgs AT))
—|<A\I'(vaR )VwR ,V[leA\IIM

Consider the first term in the RHS of Eq. (D.3). Utilizing the Holder and the Young
inequalities one writes

<€A\I/(va§1)wl_%l, 6[w§1A\IJ]>
> (VAU (vpwi?), VAT) — (VAT (vpwph)w ™!, (Vo ) AD)|
- C C
2 2 2
> [[VAW HLZ(wES/QUi/z) — 57 IVAY ”L2<w,;3/%;/2> = 57 1AYI (w2l

127



One treats the second term in the RHS of Eq. (D.3) similarly. It holds that

AWV (vpwphwit, Viwg AD))|
= |<AW(vag1)w;{1, (ﬁw;)mm + AWV (vpwpHwpt, wr VAD])|

C
- _LQHA ” ( —3/2 1/2) ||VA\IJ” ( —3/2 1/2) EHA\PHiQ(UJEB/QU}/2)

Moreover, one bounds the third term in the RHS of Eq. (D.3) as follows

(AY (v wR') Vg, 6[wglm]>|

CQ
AT w7y T ||VA‘1’HL w2y T ||A I, (W02

Hence, combining the above results one bounds Eq. (D.3)

— (AV(vpwpHw ™ Awp' AT)
3C 202  3C
(1 - 7)“VA\I'H2 —3/21&/2) - (ﬁ + i)HA\PHiQ(w};3/2U}/2) : (D-4)
Consider the second in the RHS of Eq. (D.2). Using the fact that
A(fgh) = (Af)gh+F(Ag)h+Fg(Ah)+2(V [)-(Vo)h+2(V [)-9(VR)+2[ (Vg)- (Vh)

one has

(TAvpwphwyt, (Awph)AD)
— <A\IIA(va§1)w§1, wﬁlA\Iw + (W(A)Z(vaﬁl)wgl,w}}lA‘M
+ (WA(vpwph) (Awgh), wp' AT) + AV - ﬁA(vaél) wpt, wpt AY)
+ 2V - Avpwzt) ﬁw;ll, wit AT + 2<\II§A(1}Lw§1) . ﬁw;zl, Wit AY).

Using the Holder and the Young inequalities one obtains

TA(Lwph)wit, (Awp')AD))|

C? 204 204 5
< ﬁHA‘I’”LQ(w;w%im) + F"\I’"Lz(wf3/2v§/2) + FHA‘I’H w2l

203 2C
T IV, orzie + A I 2y
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Combining the above results one bounds the second in the RHS of Eq. (D.2)
204 20% -
—1y - _
—[(WAwpwp Hw ™, (Aw™HAT)| > - || ¥ H ~3/2 1/2)_?” H;(wngim)

204 203 C’2
— (= + —= A2 . (D5

Cor+ g5+ TIAYE, e (D)
Consider the third term in the RHS of Eq. (D.2). It holds,

(VU - V(opwg w™, (Alwg' A¥])
= (VAU . 6(vaR Jw ™ wT AT 4+ (VI -ﬁA(vagl)w_l,w_lA\IO
+ (VU - V(opwph)(Aw ™), w  AW) + 2(AT A(vpwzpl)w ™! w  AD)

+2(VU A(vpwgt) - ﬁwgl,wglA\D + 2(AV ﬁ(va;{.l) : ﬁwél,w}}lA\P)

L c -
-1y, — -1
(V% - F(opwg ! (Mg AW < VAV o e

203 2 203 ¢ 4C? ¥

IV gy + Cp 4 op + T IV, oy

Therefore, one bounds the third term in the RHS of Eq. (D.2) as follows

—2(VV - V(vpwph)w™, (Aw™H)AW) > —*HVA‘I’HL (w12

4C3 = o 403 C 8C’ 5
- FHV‘I’HLQ(w;”/%%) —(—5 JEE A —)IAY p(w¥/201/2) (D.6)

Putting Egs. (D.4), (D.5) and (D.6) in Eq. (D.2) culminates in

(¥, UL(—w}}lA)?’\IU

6C° =
> (1= GIVAYE, iy = TP oy
2C4 5 11C%  6Cc®  20*
—le? sy Gt T T 4)\|A‘I’\|ig(w§3/2vyz)- (D.7)
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Now we aim to write \\V\I/\\iZ(w,g,/Qvl/Q) and HA\I/Hi2 R VERVES in terms of \|VA\I/||i2(w73/2U1/2)
R L R L R L

and ||‘1;Hi,2(w_3/2u1/2)' Consider
R L

1AW o oy = g™ o* AU, = (AV, (witer)AT)

< (VO [(=V)(wg o)]AV)| + [(VE, (wg’v)(=V AD))]

c - . .
< f HV\IIHL (w_3/2 1/2 HA\IIH —3/21)}‘/2) + Hv\I}HLg(w;S/sz/Q) HVA\IJHL2(1U}—%3/2D2/2)
C = 2 1 a2 e 2
S E ||V\P||L2(w§3/2v}/2)+ﬁ ||A\I’”L2(w§3/2vi/2)+§|’V\I[”L2(wl_23/2vi/2)+§”VA\I]HLz(w;f/Q’U}/Q)‘
Hence,

1AW, (o212

)
(1/ + L) = 2 %
< 222 IVW _ + —— VA\I/ _ . (D.8
> (1_%) H HLQ(wR3/2vi/2) (1 2L)|| || 3/21&/2) ( )
Observe that
— -3 2 1/2 _
VU2 oo e = w02 VUIR, = > (00, wiPv,.0;0)
Lo(wg™ "v;'7) =
< AT I(=0)) (wRPvn) |10, 9]) + (T, (wivr) (—A) D)
7=1,2
C o
< ZH\I]HLQ(ME3/2’U}/2)HV\I]HLQ(U)I_%B/Q’U}I/Q) + ||\II||L2(’LU_3/201/2)||A\I]||L2(w_3/20i/2)

C 2 = 2 1 2
< or (I e IV a5 (112 e HIARIE e |

One obtains

= 2
V¥ ”Lz(w;’/%y?)

(24 57)

1/2
<o )H I, —3/21};/2)+THA‘I’||§2(%;3/2U£/2)- (D.9)
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Observe that the preceding expression resembles Eq. (D.8) with the same coefficients.
Combining Egs. (D.8) and (D.9) one infers

(1/2 + %) 2 1/2 9
(1 - W)HV\I]HLQ(MI;?)/QU}/Q) + (1 - (1_7%)) HA‘I’HLQ(w;:’)/zUi/z)
(1/2+ 37) 012 1/2 )
<, ¥ - ———— [[VAV _ ,
>~ (1 — %) ” HLQ(wRB/zUi/z) + (1 _ %) || ||L2(“’R3/2Ui/2)

Now substitute Egs. (D.8) and (D.9) in Eq. (D.7). This finishes the proof.

E Proof of Remark 6.4.15

Recall the formula

Sna(zr. ) = 2(Rsin(a/R)(1 — (23 + 23)/4R?) + 21 cos(a/R), z2)
a2 1 cos(a/R) + (22 + 22) JAR2 (1 — cos(a/R)) — (z1/R) sin(a/R)
It is known that rotations on the sphere correspond to Mobius transformations on
the plane via the stereographic mapping. Specifically, let us write w = x1 + izs and

consider the transformation
, aw+b cos(a/(2R))w + 2Rsin(a/(2R))
cw +d —Ww + cos(a/(2R))
where a = cos(a/2R), b = 2R sin(a/2R), ¢ = —sin(a/2R)/2R and d = cos(a/2R)
such that ad — c¢b = 1. Set

N(w) :=a(w) + b= (ax; +b) +iaxs, D(w):=cw+d= (cx1+d)+iczs.

This implies that

o Nw) _ N@Dw) _
T D) T Dy T

where
o (az1 + b)(cz1 + d) + acx’ o x2
V7 22+ a3) + 2cdxy + a2 TP 222 4 23) + 2cdxy +d2
Using the facts that 2sin(a/2R) cos(a/2R) = sin(a/R) and cos(a/2R)%—sin(a/2R)? =
cos(a/R) one gets

(azy + b)(cxy + d) + acr’ = R sin(a/R)(1 z? + 23)) + z1 cos(a/R),

1
~ame

1
A(x? + 22) + 2cdxy + d* = 2 sin(a/2R)?(x? 4 23) + cos(a/2R)? — % sin(a/R).
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From the fact that cos(a/2R)? = $(1+ cos(a/R)) and sin(a/2R)? = 1(1—cos(a/R))

one rewrites the second relation

1

5 ((1 — cos(a/R) é(ﬁ +22) + (1 + cos(a/R)) — % sin(a/R)) .

This verifies that (z,2)) = Sra(x1,22). We write N(w) =: ciw + ¢o, D(w) =:
cow—c1, where the indices point to the limits to which the coefficients tend as R — oo.
Clearly, we have

1 =14+0(1/R?, co=a+O0(1/R?, co=O(1/R?).
Then, under the assumptions on the ranges of the parameter, stated in Remark 6.4.15,

N(w) w+a+O0(1/R?)
Dw) 1+ O(1/R?) =w+ta+tO(/R),

which covers the case a = 0 from this remark. Let us move on to the derivatives.
Consider the expression

Let O denote the derivative w.r.t. x1 or izg. We have

ON(w) _ (9D(w))N(w)

F = — -1
M=) T D
_a  alaw +c(12) . cw  claw +Co;) _O(1/R?).
cow—+c1  (cow+ep) cow+c1  (cow+ep)

due to the factor ¢y. We note that if we apply a second derivative to F', we will obtain
two types of terms: First, those involving dD(w), hence O(1/R?). Second, those
involving second derivatives of N(w) or D(w), hence zero. This reasoning extends to
higher derivatives.
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