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Summary

The study of asteroids is essential for understanding the formation and evolution of
the Solar System and other planetary systems. Analysing magnitude phase curves
helps determine properties like size, albedo, surface characteristics, and composition
of the objects. Traditional phase curves from dense ground-based observations are
high-quality but costly and time-consuming, limiting the number of asteroids studied
(Oszkiewicz et al., 2021). Sparse data from sky surveys like Gaia and ATLAS offer
extensive photometric measurements but lack the temporal resolution for good phase
curves on their own. This dissertation develops approaches to combine dense ground-
based data with sparse sky survey data to obtain high-quality magnitude phase curves
(Wilawer et al., 2022; Wilawer et al., 2024).

Gaia, though not dedicated to asteroid observation, provides numerous good-quality
photometric measurements for thousands of objects. Using Gaia Data Release 2 and
the combined dense ground-based data, I determined asteroid rotation periods and
created composite lightcurves. Dense ground-based data refined the lightcurve shapes,
and calibrated sparse GDR2 data were adjusted for amplitude to define phase curve
points. This method allowed for the determination of the slope parameter β of the
phase curve for several dozen objects, showing improvements over using sparse data
alone and yielding results consistent with the literature.

In another study, I combined ground-based data with data from the two-filter AT-
LAS sky survey. The ATLAS data, taken in two broad filters, enabled the comparison
of the wavelength dependency on the phase curve. Using a modified inversion method
(Muinonen et al., 2022), I obtained the parameters G1 and G2 of the photometric
function H, G1, G2 for several dozen asteroids, comparing them with albedo and tax-
onomic types from the literature. In many cases, particularly for S-type asteroids,
distinct domains of G1 and G2 were found for both filters. This was then explained in
the context of phase curve shape dependence on albedo for different taxonomic types.
Most of the results were consistent with known taxonomic types, and more probable
pole solutions were identified in a few cases. Likely classifications were proposed for
asteroids with unknown taxonomic types. The wavelength dependence, which refers
to how the observed brightness of an asteroid varies with the wavelength of light, was
most clearly observed for S-type asteroids.

In the context of exponentially increasing data and new, larger sky surveys, the
combined use of dense and sparse photometric data improves the accuracy of derived
phase curve parameters. This approach enables the accurate determination of phase
curve parameters for more objects and the prediction of taxonomic complexes with-
out spectroscopic observations. Additionally, it serves as a valuable tool for verifying
asteroid modelling results.
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Streszczenie

Badanie planetoid jest kluczowe dla zrozumienia procesów formowania i ewolucji Układu
Słonecznego oraz innych systemów planetarnych. Analiza krzywych fazowych pomaga określić
właściwości takie jak rozmiar, albedo, cechy powierzchniowe oraz skład dla tych obiektów.
Tradycyjne krzywe fazowe z gęstych obserwacji naziemnych są wysokiej jakości, ale kosztowne
i czasochłonne, co ogranicza liczbę badanych planetoid (Oszkiewicz et al., 2021). Rzadkie dane
z przeglądów nieba, takich jak Gaia i ATLAS, oferują obszerne pomiary fotometryczne, ale
brakuje im rozdzielczości czasowej, aby tego typu dane były wystarczajace do skonstruowania
dobrej jakosci krzywych fazowych. W tej rozprawie opracowałem metodę łączącą gęste dane
naziemne z rzadkimi danymi z przeglądów nieba w celu uzyskania wysokiej jakości krzywych
fazowych (Wilawer et al., 2022; Wilawer et al., 2024).

Gaia, mimo że nie jest dedykowana do obserwacji planetoid, dostarcza liczne pomiary
fotometryczne dobrej jakości dla tysięcy obiektów. Korzystając z katalogu Gaia DR2 połąc-
zonego z gęstymi obserwacjami naziemnymi, określiłem okresy rotacji planetoid i stworzyłem
złożone krzywe zmian blasku. Gęste dane naziemne pomogły okreslić kształt krzywych zmian
blasku, a skalibrowane rzadkie dane z Gaia DR2 zostały poddane korekcie na amplitudę,
co umożliwiło umieszczenie ich na odpowiednim miejscu na krzywej fazowej. Metoda ta
umożliwiła określenie parametru nachylenia β krzywej fazowej dla kilkudziesięciu obiektów,
pokazując poprawę w stosunku do wykorzystania tylko danych rzadkich oraz dając wyniki
zgodne z literaturą.

W kolejnym badaniu połączyłem dane naziemne z danymi z przeglądu nieba ATLAS,
prowadzonego w dwóch szerokopasmowych filtrach. Dane z przegladu ATLAS umożliwiły
porównanie krzywych fazowych uzyskanych dla różnych długości fali. Za pomocą zmody-
fikowanej metody inwersji Muinonen et al. (2022) uzyskałem parametry G1 i G2 funkcji fo-
tometrycznej H, G1, G2 dla kilkudziesięciu planetoid, a następnie porównałem je z albedo
i typami taksonomicznymi z literatury. W wielu przypadkach, szczególnie planetoid typu S,
znaleziono odrębne obszary dla G1 i G2 w obu filtrach. Zjawisko to zostało wytłumaczone
w kontekście zależności kształtu krzywej fazowej od albedo i typu taksonomicznego. Więk-
szość wyników była zgodna ze znanymi typami taksonomicznymi, a w kilku przypadkach
zidentyfikowałem bardziej prawdopodobne rozwiązania dla biegunów. Zaproponowałem też
potencjalne klasyfikacje dla planetoid o nieznanym typie taksonomicznym. Występowanie
zjawiska zależności kształtu krzywych fazowych od długości fali było najbardziej wyraźne dla
planetoid typu S.

W kontekście wykładniczo rosnącej ilości danych i nowych, większych przeglądów nieba,
połączone wykorzystanie gęstych i rzadkich danych fotometrycznych poprawia dokładność
parametrów krzywych fazowych. To podejście umożliwia dokładne określenie parametrów
krzywych fazowych dla większej liczby obiektów oraz przewidywanie kompleksów takso-
nomicznych bez potrzeby wykonywania obserwacji spektroskopowych. Dodatkowo, stanowi
cenne narzędzie do weryfikacji wyników modelowania planetoid.

Słowa kluczowe

planetoidy – małe ciała Układu Słonecznego – fotometria – krzywe fazowe – dane z przeglądów
nieba
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Introduction

1.1 Asteroid photometric studies

Asteroids are small, rocky, irregular-shaped bodies that are remnants left over from the early

formation of the Solar System about 4.6 billion years ago. They are a great source of in-

formation about the origins and evolution of planetary systems. In general, asteroids rotate

about their main axis of inertia, and their surface is covered by a regolith, which is composed

of dust and rocks of varying sizes. Figure 1 shows an image of the asteroid (4) Vesta, taken

by NASA’s Dawn spacecraft, illustrating the typical appearance and features observed in

photometric studies.

Currently, photometry is the most successful method for studying the physical parame-

ters of such objects. By analysing lightcurves (changes in brightness as a function of time),

one is able to determine the rotational period, estimate shape, and spin axes coordinates.

In addition, their phase curves give information about the variation of the disk-integrated

brightness over the phase angle (the angle between the Sun, the asteroid, and the observer).

The magnitude phase curves show that the brightness of an asteroid increases linearly with

decreasing phase angle for large angles to about 7◦ and exponentially for smaller phase angles.

At phase angles < 7◦, the so-called opposition effect is observed, which appears as a non-linear

increase in brightness (Muinonen et al., 2010a). This effect is primarily attributed to coherent

backscattering and shadow hiding, where the former involves constructive interference of light

waves, and the latter involves the reduction of shadows on the asteroid’s surface (Muinonen

et al., 2010b).

To describe this behaviour, several photometric models have been developed over the

years: Hapke’s (Hapke, 1963, 1966, 1981, 1984, 1986, 2002, 2008, 2012; Hapke & Wells,

1



Chapter 1. Introduction

Figure 1: Image of an asteroid (4) Vesta taken by NASA’s Dawn spacecraft. Image
credit: NASA/JPL-Caltech/UCAL/MPS/DLR/IDA

1981), Akimov’s (Akimov, 1975, 1979, 1988) and Shkuratov’s (Shkuratov et al., 2011). In

1985, the International Astronomical Union adopted the H, G photometric model developed

by Bowell et al. (1989), where H is the absolute magnitude defined as the apparent brightness

in the Johnson V-band observed at a zero-degree phase angle reduced to a distance of 1 AU

from both the Sun and the observer, and G is the slope parameter describing the shape of

the phase curve. Although the H, G magnitude system successfully describes the shape of

the phase curve over the wide range of phase angles, it does not accurately fit the opposition

effect, especially for very dark or bright objects (Belskaya & Shevchenko, 2000). Muinonen

et al. (2010a) proposed new H, G1G2 and H, G12 phase functions. The was further improved

by introducing H, G∗
12 (Penttilä et al., 2016) to use with low-quality data.

The photometric phase curve reveals key details about the characteristics of the asteroids’

surface, such as geometric albedo, composition, porosity, roughness, and grain size distribu-

tion. In particular, when asteroids are observed at phase angles greater than 7◦, the high

steepness of the phase curve indicates objects with low albedo and exposed regolith. In con-

trast, a flat phase curve suggests high-albedo asteroids with a clear presence of light scattering

in their regolith. Phase curves can be an alternative to spectra in determining taxonomic
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Chapter 1. Introduction

types. Figure 2 shows the phase curves for five main taxonomic types.

Figure 2: Phase curves for different taxonomic types. They can be used to constrain
the asteroid’s taxonomic classification. Adapted from Penttilä et al. (2016).

Traditionally, phase curves are derived from calibrated photometry dense lightcurves ob-

tained from targeted ground-based observations. Observations are influenced by the modula-

tion of the apparent magnitude resulting from the irregular shape and rotation of the asteroid,

as well as potential offsets arising from varying viewing geometry when combining data from

different apparitions to cover a wide range of phase angles. Examples of such targeted obser-

vational campaigns can be found in Oszkiewicz et al. (2021), Pravec et al. (2012), Shevchenko

(1997), and Shevchenko et al. (2010), Shevchenko et al. (2016), Shevchenko et al. (2021). Due

to the time-consuming nature of this approach, high-quality phase curves are available for

merely a few hundred objects.

On the other hand, phase curves for many asteroids can be obtained using sparse pho-

tometric measurements from various surveys, but they often come with large uncertainties

3



Chapter 1. Introduction

(Alvarez-Candal et al., 2022; Vereš et al., 2015).

A vast amount of photometric data is available from various space missions and sky

surveys. Gaia, a space-based observatory launched by the European Space Agency (ESA), is

designed to precisely map the positions and proper motions of stars in our Galaxy. Although

not primarily focused on asteroids, Gaia DR2 (Spoto et al., 2018) contains data for more than

14 000 asteroids, and Gaia DR3 (Tanga et al., 2023) provides data for more than 150 000

asteroids. Most of them were obtained at phase angles greater than 10◦. The upcoming full

data release of version DR4 is expected to provide data for 350 000 objects. The Sloan Digital

Sky Survey (York et al., 2000), is a ground-based project that has extensively mapped the

sky at multiple wavelengths, focussing on extragalactic objects. SDSS has contributed to the

asteroid research by observing almost 50 000 objects in our Solar System. TESS (Transiting

Exoplanet Survey Satellite), operated by NASA, searches for exoplanets by monitoring the

brightness of stars. Although it is primarily focused on exoplanets, TESS also captured over

10 000 000 data points for 42 000 asteroids (Woods et al., 2021). The number of asteroids

observed by the planned Large Synoptic Survey Telescope (LSST) sky survey will exceed

5 millions objects.

In addition, there are surveys that were designed with asteroid observations in mind.

Pan-STARRS (Panoramic Survey Telescope and Rapid Response System) (Chambers & Pan-

STARRS Team, 2018) was designed specifically to survey the sky, detect and track moving

objects, especially Near-Earth Asteroids (NEA) and Potentially Hazardous Asteroids (PHA),

Lincoln Near-Earth Asteroid Research (Stokes et al., 2000) which observed more than 150 000

asteroids, and Asteroid Terrestrial-impact Last Alert System (Heinze et al., 2018) providing

data for 580 000 asteroids in two distinct filters: cyan and orange.

1.2 The aim of the thesis

Traditional phase curve retrieval requires costly, time-consuming observations carried out over

months (typically, obtaining dense lightcurves from several months of observations for a single

object). These observations enable the determination of accurate phase curves. However, due

to the amount of time dedicated to each object, obtaining such phase curves for many objects

is very limited, if not impossible. This hinders population-level studies.

4



Chapter 1. Introduction

On the other hand, large sky surveys such as Gaia, ATLAS, or LSST, produce vast

amounts of data, allowing for the determination of phase curves for a large number of objects.

However, these surveys sample photometric lightcurves at random points, resulting in random

geometries. Therefore, phase curves determined based on survey data have been of low quality.

It is necessary to adapt the methods of determining phase curves to specific sky surveys and to

consider corrections for the amplitude of the lightcurves, asteroid’s shape, and the observing

geometry. Furthermore, these data are subject to various systematic and random errors and

are conducted in different filters. Additionally, some sky surveys do not produce data at small

phase angles and are not suitable for traditional modelling. Therefore, it was necessary to

develop and implement methods for determining phase curves tailored to these data.

The primary goal of this work was to develop new approaches for determin-

ing phase curves that are adapted to data from both sky surveys and traditional

ground-based observations, and to apply these methods to the available photo-

metric data. Novel methods and approaches are necessary to obtain phase curves

from such vast datasets with the best possible precision and accuracy.

In Chapter 2 I describe the methodology standards and software tools utilised in this

work. In Chapter 3 I present the results obtained from my studies and their corresponding

publications. In Chapter 4 I discuss the conclusions drawn from this research and propose

directions for future work.
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Methodology and software

2.1 Data reduction and photometry

Aperture photometry is a crucial first step in obtaining an asteroid phase curve. The process

begins with the reduction of raw FITS frames, including bias correction, dark subtraction, and

flat-fielding, to ensure accurate measurements. Figure 3 illustrates the impact of reduction

on raw FITS frames, showing the before and after effects of the reduction processes. Next, an

appropriate aperture size is selected to encompass the target asteroid’s flux, while an annulus

around the aperture is used to measure the background sky brightness. It is essential to

include comparison stars (the ones of known brightness) within the frame to calibrate the

asteroid’s brightness and account for atmospheric variations. By summing the pixel values

within the aperture and subtracting the background, we obtain the asteroid’s brightness.

This measured brightness is then converted to a standardised magnitude, providing the data

needed for phase curve analysis.

2.1.1 Photometry Pipeline

The Photometry Pipeline (PP) (Mommert, 2017) is an automated software suite designed for

the streamlined analysis of reduced data obtained from small to medium-sized observatories.

It facilitates the entire photometric process, from image registration to target identification,

with minimal human intervention. PP utilises well-established tools such as Source Extractor1

and SCAMP2 for source identification, aperture photometry, and image registration.

Key features of PP include:

1https://www.astromatic.net/software/sextractor/
2https://www.astromatic.net/software/scamp/
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Chapter 2. Methodology and software

(a) Raw frame. (b) Reduced frame.

(c) Bias frame. (d) Dark frame. (e) Flat frame.

Figure 3: Illustration of various types of FITS frames used in astronomical imag-
ing. (a) Raw FITS frame containing unprocessed astronomical data and instrumental
artefacts. (b) Reduced FITS frame corrected for bias, dark current, and flat-fielding,
resulting in accurate astronomical measurements. (c) Bias frame capturing the elec-
tronic offset or bias present in the camera’s sensor. (d) Dark frame recording the
thermal signal produced by the camera’s sensor in the absence of light. (e) Flat frame
capturing spatial variations in sensitivity across the camera’s sensor.

• automated aperture photometry utilizing curve-of-growth analysis;

• photometric calibration in various filters (e.g., ugriz, BVRI, JHK) based on catalogue

coverage;

• full support for photometry of moving targets;

• target identification based on tabulated positions, adjusted to both fixed and moving

targets;

• utilization of Gaia (DR1) astrometry for image registration.

Although PP has been primarily developed for asteroid observations, it is adaptable to

various types of imaging data. It is particularly well-suited for datasets with a field-of-view of

8



Chapter 2. Methodology and software

several arcminutes, ensuring an adequate number of background stars for reliable registration

and photometric calibration. The calibrated magnitudes produced by PP typically exhibit

accuracies within ≤ 0.03 mag, with astrometric accuracies around 0.3 arcsec relative to the

catalogues used in registration. Figure 4 illustrates the functionality of the PP by showcasing

detected light sources on a frame and the resulting lightcurve of an asteroid.

(a) All light sources detected by PP
in a single frame. (b) Final lightcurve of an asteroid produced by PP.

Figure 4: Illustration of the Photometry Pipeline functionality. (a) A frame showing
all detected light sources (marked with red circles). (b) The resulting lightcurve of an
asteroid, with relative magnitudes obtained using the Lowell Observatory Hall 42-inch
telescope. Errors arise from the calibration process using the Pan-STARRS catalogue.

During my doctoral studies, I had the opportunity to visit the Lowell Observatory in

2018 and work under the guidance of Dr. Michael Mommert. During my time there, I learnt

about the Photometry Pipeline software firsthand. M. Mommert showed me how to use the

software for analysing the brightness of asteroids, how to customise its settings, how to read

and analyse the output, how to debug occurring errors, and how to integrate it with different

telescopes. This experience was invaluable, as it allowed me to set up a local version of the

PP on the Astronomical Observatory Institute of Adam Mickiewicz University servers.

At the time being, the software widely used in the photometry process at the observatory

was the STARLINK3 package. The photometry process using this software has been refined

over the years in terms of parameter selection and the quality of the obtained results. However,

3https://starlink.eao.hawaii.edu/starlink/WelcomePage
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Chapter 2. Methodology and software

it was a semi-automated process — a set of auxiliary scripts required manual intervention,

which became a bottleneck as the influx of data increased.

In response to the growing volume of data for analysis, my efforts facilitated the automa-

tion of the photometry process within our institute, which is especially crucial considering

the increasing volume of data being processed and the development of new telescopes. My

main goal was to align the PP with our internal photometry standards while processing ob-

servational data gathered by the telescopes frequently used within our institute. Following

a series of comparison tests, doubling the automatic aperture size selected by PP emerged

as the solution to ensure consistent results. Furthermore, I had to create configuration en-

tries for the telescopes to enable PP to effectively process the data from them. The data

that needed to be provided in the telescope configuration included frame orientation, binning,

mapping keywords from FITS headers, and filter names. I established and tested configu-

rations for RBT/PST2 (Roman Baranowski Telescope/Poznań Spectroscopic Telescope 2 in

Arizona, USA), UBC (University of British Columbia telescope in Cerro Tololo, Chile), and

PIT (Poznań Imaging Telescope in Borowiec, Poland) telescopes. I conducted training ses-

sions to share my knowledge with interested colleagues, equipping them with the skills to

utilise PP in the research conducted at our institute effectively. The modified version of the

software is publicly available on my GitHub page4.

2.1.2 ATLAS6

I participated in the European Space Agency (ESA) grant: Service for Archival NEO Orbital

and Rotational Data Analysis (SANORDA), (Kluwak et al., 2021). The main objective of

SANORDA was to develop a service that provides access to archival orbital and photometric

data on near-Earth asteroids, offering users a convenient platform for data search and visu-

alisation. I was particularly involved in the development of the ATLAS6 format (Wilawer

and Kwiatkowski (2017); described here) and PCFit software (Wilawer (2018); described in

Section 2.2.3).

ATLAS6 is a file format designed for storing photometric data of asteroids. It was de-

signed on the foundations laid by the preexisting ATLAS4 and ATLAS5 formats used by

the Asteroid Photometric Catalog and Standard Asteroid Photometric Catalog, respectively

4https://github.com/wilawerek/photometrypipeline
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Chapter 2. Methodology and software

(Lagerkvist et al., 1987). In line with grant objectives, specific improvements were imple-

mented in the ATLAS6 format. Notably, the SANORDA service, primarily designed for Near

Earth Objects (NEOs), emphasised the need to accommodate dynamically changing observa-

tional geometries. To address this, the original DATA block of the ATLAS4 and ATLAS5 files

was augmented. The heliocentric Cartesian coordinates (x, y, z) of both the asteroid and the

telescope were integrated, facilitating correction of observations. Moreover, this enhancement

allows for the adjustment of observed asteroid brightness concerning the varying distance from

the Earth and the Sun. The centre of the reference frame was shifted from the Earth’s centre

to the topocentric position of the telescope for more accurate computations.

Additionally, this format has been adopted as the input format for PerFit software

(Kwiatkowski et al., 2009) used to accurately determine the rotation period of asteroids

based on photometric observations using Fourier series fitting.

2.1.3 PerFit

PerFit is a Python software utilised to determine the asteroid lightcurve shape and the synodic

rotation period. The software approximates the variations of the asteroid light V (t) using a

Fourier series, which depends on time t and period P . The equation used for modelling is:

V (t) = V +
n∑

k=1

(
Ak sin

2πk(t− t0)

P
+Bk cos

2πk(t− t0)

P

)
, (1)

where V is the average brightness for a single lightcurve, Ak and Bk are Fourier coefficients,

P is the synodic period, t is the time of a given observation, and t0 is the time of the first

observation in the provided dataset. Assuming the synodic period is a fixed value, the relation

is linear, so the fit can be performed using the least-squares method. This involves finding

the best-fitting parameters V , Ak, and Bk by minimising the value χ2, which measures the

goodness of fit. See Kwiatkowski et al. (2009) for a more detailed description.

In Wilawer et al. (2022) (detailed in Section 3.2), I customised the existing PerFit software

to suit the specific needs of my study. This involved adapting the software to effectively

manage a combination of sparse data from Gaia DR2 and dense ground-based data. In

addition, I refined the composite lightcurve plots to enhance their clarity and readability.
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2.2 Phase function fitting

Selecting the appropriate magnitude phase function is essential for accurate phase function

fitting, as it depends on the nature and quality of the observational data. This section covers

the magnitude phase functions and traditional phase curves as well as the methods I used in

my research to derive phase curves from sparse data.

2.2.1 Magnitude phase functions

The H, G phase function

To describe the magnitude-phase angle relationship, Bowell et al. (1989) proposed the H,G

photometric model, which was adopted by the International Astronomical Union (IAU) in

1985. In this model, H represents the absolute magnitude in the Johnson V filter observed

at a phase angle of 0◦, while G is the slope parameter that describes the shape of the phase

curve.

The model expresses the reduced observed magnitudes V (α) as follows:

10−0.4V (α) = a1ϕ1(α) + a2ϕ2(α)

= 10−0.4H [(1−G)ϕ1(α) +Gϕ2(α)],
(2)

where α is the phase angle, V (α) is the V magnitude reduced to unit distances from Earth

and Sun, and ϕ1(α) and ϕ2(α) are the basis functions normalized to unity for α = 0◦. These

functions are given by:

ϕ1(α) =w

(
1− 0.986 sinα

0.119 + 1.341 sinα− 0.754 sin2 α

)
+ (1− w) exp

(
−3.332 tan0.631

1

2
α

)
,

ϕ2(α) =w

(
1− 0.238 sinα

0.119 + 1.341 sinα− 0.754 sin2 α

)
+ (1− w) exp

(
−1.862 tan1.218

1

2
α

)
,

w =exp

(
−90.56 tan2

1

2
α

)
.

(3)
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The coefficients a1 and a2 can be derived from observations using linear least-squares

methods. The absolute magnitude H and the coefficient G are then calculated as follows:

H = −2.5 log10(a1 + a2), G =
a2

a1 + a2
. (4)

Despite this function accurately describing the phase function shape up to 120◦ phase

angle, it does not fit the opposition effect well for very dark and very bright objects.

The H, G1, G2 phase function

The H, G1, G2 phase function, a significant improvement over the H,G phase function, was

introduced by Muinonen et al. (2010a) and later adopted by the IAU in 2012. In this model,

the reduced observed magnitudes V (α) can be obtained from:

10−0.4V (α) = a1ϕ1(α) + a2ϕ2(α) + a3ϕ3(α)

= 10−0.4H [G1ϕ1(α) +G2ϕ2(α) + (1−G1 −G2)ϕ3(α)]
(5)

The basis functions ϕ1, ϕ2, ϕ3 are defined as follows:

• for 0◦ < α ≤ 7.5◦:

– ϕ1(α) = 1− 6α
π ;

– ϕ2(α) = 1− 9α
5π ;

– ϕ3(α) is defined using cubic splines defined in Table 2.

• for 7.5◦ < α ≤ 30◦:

– ϕ1(α) is defined using cubic splines defined in Table 1;

– ϕ2(α) is defined using cubic splines defined in Table 1;

– ϕ3(α) is defined using cubic splines defined in Table 2.

• for 30◦ < α ≤ 150◦:

– ϕ1(α) is defined using cubic splines defined in Table 1;

– ϕ2(α) is defined using cubic splines defined in Table 1;
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– ϕ3(α) = 0.

Values at intermediate phase angles are determined using cubic splines that pass through the

listed points, ensuring that the first derivatives are continuous at each point. The boundary

values used for the cubic splines are as follows: ϕ′
1(

π
24) = − 6

π , ϕ′
1(

5π
6 ) = −9.1328612 × 10−2,

ϕ′
2(

π
24) = − 9

5π , ϕ′
2(

5π
6 ) = −8.6573138× 10−8, ϕ′

3(0) = −1.0630097, ϕ′
3(

π
6 ) = 0.

Table 1: The basis functions ϕ1 and ϕ2 of the
H, G1, G2 phase function.

α [◦] ϕ1(α) ϕ2(α)

7.5 7.5× 10−1 9.25× 10−1

30.0 3.3486016× 10−1 6.2884169× 10−1

60.0 1.3410560× 10−1 3.1755495× 10−1

90.0 5.1104756× 10−2 1.2716367× 10−1

120.0 2.1465687× 10−2 2.2373903× 10−2

150.0 3.6396989× 10−3 1.6505689× 10−4

Table 2: The basis function
ϕ3 of the H, G1, G2 phase
function.

α [◦] ϕ3(α)

0.0 1
0.3 8.3381185× 10−1

1.0 5.7735424× 10−1

2.0 4.2144772× 10−1

4.0 2.3174230× 10−1

8.0 1.0348178× 10−1

12.0 6.1733473× 10−2

20.0 1.6107006× 10−2

30.0 0

Similar to the H, G photometric function, the coefficients a1, a2, a3 can be derived from

observations using linear least-squares. The absolute magnitude H and the coefficients G1

and G2 are calculated as follows:

H = −2.5 log10(a1 + a2 + a3),

G1 =
a1

(a1 + a2 + a3)
,

G2 =
a2

(a1 + a2 + a3)
.

(6)

This three-parameter photometric function is best used with high-quality observational

data, providing more accurate phase curve fits compared to the two-parameter H, G model.

The H,G12 phase function

In this model, the G1 and G2 parameters of the previous photometric function are replaced

by a single parameter, G12. The reduced observed magnitudes V (α) can be obtained from:
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10−0.4V (α) = L0[G1ϕ1(α) +G2ϕ2(α) + (1−G1 −G2)ϕ3(α)], (7)

where

G1 =


0.7527G12 + 0.06164, G12 < 0.2

0.9529G12 + 0.0216, G12 ≥ 0.2,

G2 =


−0.9612G12 + 0.6270, G12 < 0.2

−0.6125G12 + 0.5572, G12 ≥ 0.2,

(8)

and L0 is the disk-integrated brightness at a phase angle of α = 0◦. The basis functions ϕ1,

ϕ2, and ϕ3 are those of the H,G1, G2 photometric function. In this case, the coefficients L0

and G12 can be derived from observations using non-linear least-squares fitting.

The linear-exponential phase function

In addition to the phase functions described above, a linear-exponential model can also be

used to represent the magnitude-phase angle relationship. This model is particularly useful

for fitting data subsets with specific characteristics or limited observational data. The linear-

exponential function on magnitude scale is defined as:

−2.5 log ϕ(α) = −m0 exp−
α

α0
+m0 + β0α, (9)

where α is the phase angle, m0 is the amplitude and α0 is the width of the opposition effect,

and β0 is the slope parameter.

This model captures both the linear increase in brightness with phase angle and the non-

linear opposition effect observed at small phase angles, making it a versatile tool for analysing

photometric data.

2.2.2 Traditional approach using lightcurve maxima

Traditionally, asteroid phase curves are derived from dense relative photometry. Preferably

obtained at varying phase angles and approximately the similar viewing geometry to account
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for changes in brightness owing to aspect, irregular shape, and rotation, and possibly covering

data at α < 1◦ for best-quality phase curves. However, this is not always possible due to

geometric constraints. The first crucial step is to incorporate the light-time correction to

account for the time it takes for light to travel from the asteroid to the observer. This

correction can be calculated using the equation t0 = t − ∆
c , where t represents the time of

observing the object from the observer’s position, ∆ denotes the distance between the object

and the observer, and c denotes the speed of light.

The next step involves correcting the brightness of an object to a unit distance of 1 au

from the observer and the Sun resulting in reduced magnitudes: m0 = m − 5 · log10(∆ · r),

where m represents the relative brightness in magnitude, ∆ denotes the object’s distance from

the observer, and r indicates the object’s distance from the Sun.

The last correction to apply is the lightcurve amplitude correction, which accounts for

changes in brightness as a result of the rotation of an asteroid. This correction is necessary

to reduce the scatter on the phase curve. This correction ensures that the resulting phase

curves accurately represent the overall brightness variation of the asteroid as a function of

phase angle.

To perform the amplitude correction, the initial step involves applying Equation 1 to the

dataset. By modifying V , the dataset is shifted vertically, thereby reducing the dispersion

of brightness values. The least-squares method is used to achieve this optimal alignment,

ensuring an accurate fit on the y-axis. This adjustment aligns the brightness levels across

different observations, enhancing data consistency and comparability. With V determined,

Vmax can be calculated by adding half of the amplitude from the Fourier fit.

In constructing the phase curve, I opted to utilise the peak brightness instead of the aver-

age or minimum brightness of the lightcurve. This decision was based on the fact that peak

brightness values typically have smaller uncertainties than minima or mid-values. Addition-

ally, maxima are the least influenced by the amplitude variations of the lightcurve, which vary

with the phase angle (Dunlap et al., 1973; Sather, 1976). When merging data from various

oppositions, where the asteroid is observed from different aspects, the peak brightness is less

affected by changes in aspect compared to the mean brightness (Dunlap & Gehrels, 1969).

Using the brightness minima in creating phase curves may introduce significant errors due to

the typically lower signal-to-noise ratio at these points.
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In conclusion, after obtaining the maximum brightness for individual lightcurves, we pro-

ceed to construct a plot of Vmax(α), where α denotes the phase angle. Each lightcurve

contributes one point to the phase curve, allowing us to visualise the magnitude phase curve,

showcasing the asteroid’s brightness variation as a function of the phase angle. An example

of a phase curve is shown in Figure 5. These data are then fitted with various magnitude

phase functions.

Figure 5: An example of a magnitude phase curve for asteroid (2486) Metsahovi. Blue
dots represent Vmax derived from each lightcurve. Red, green, and blue lines represent
the fitted H, G; H, G1, G2; H, G12 magnitude phase functions respectively. Source:
(Oszkiewicz et al., 2021)

2.2.3 PCFit

During my doctoral studies, I was one of the main developers of PCFit (Wilawer, 2018).

It is a software written in Python whose task is to fit the traditional phase functions H, G;

H, G1, G2; and H, G12 to the observational data (Bowell et al., 1989; Muinonen et al., 2010a).

The input data should be saved in a modified .tab format used in the Kharkiv Asteroid

Magnitude-Phase Relations database (Shevchenko et al., 2010). The input file should contain

information about the asteroid’s number and name, observing time, ecliptic coordinates of

the asteroid, observation geometry, and object brightness in magnitudes. My modified .tab
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version requires an additional column with the name of the filter used during the observation.

Each row in the input file shall correspond to an observational night. The software individually

fits each of the phase functions to the data and calculates the absolute brightness H, and the

phase curve parameters corresponding to the given phase function. The final files consist of

a text file with parameter values and a plot depicting the input data and fitted functions.

Figure 5 shows a plot generated by PCFit.

This software was developed as part of the NEO Phase-curve Analysis Tool under the

European Space Agency grant: SANORDA. (Wilawer, 2018). The application of this software

is shown in Oszkiewicz et al. (2021).

2.2.4 Phase curves from mixed dense and sparse data

Traditional ground-based observations are conducted over several months, sometimes extend-

ing to half a year. These observations usually cover a significant portion or even the entire

rotation period of the target during a single night. However, this approach is feasible for

only a small set of targets. In contrast, sky surveys provide sparse data, offering only a few

observational points per day but for many objects. This introduces challenges in deriving

phase curves from such data alone. Since the observations are not specifically targeted, the

collected points are distributed randomly over time and in various geometric contexts. This

randomness makes it difficult to determine the rotational period and to create composite

lightcurves. To address these challenges and fully utilise the sparse data, a new method for

incorporating them into the phase curve was needed.

In Wilawer et al. (2022) I presented a method that I developed to successfully derive

phase curves using dense ground-based data combined with sparse data from Gaia DR2 (Gaia

Collaboration et al., 2016). In Wilawer et al. (2024) I combined dense lightcurves with sparse

ATLAS dual-band photometry.

Linear phase curves with Gaia DR2 data

Photometric data from Gaia DR2 consist of sparse measurements, with single brightness

observations distributed over long intervals. A phase curve derived solely from such points may

be prone to errors, as the observing geometry can change significantly over time, affecting the
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fitted phase function parameters. Correcting for these geometric changes requires knowledge

of the asteroid’s rotation period and lightcurve shape. At the time of the study, the Gaia

data had too few observational points to directly determine the lightcurve shape, making it

impossible to obtain a high-quality phase curve.

To address this, I used traditional dense differential observational data from ground-

based observatories during the Gaia epoch (2014-2016). This data was used to determine the

lightcurve shape and rotation period. Subsequently, Gaia data were overlaid on the derived

brightness curve to apply the necessary corrections.

I utilised PerFit software (described in Section 2.1.3) to determine the rotation period

and create a composite lightcurve using both dense and sparse data. Dense ground-based

observations helped estimate the shape of the lightcurve, allowing for amplitude corrections

to be applied to the sparse points and correctly placing them on the curve. This enabled

interpolation of the maximum brightness for each Gaia observation based on the fitted Fourier

series. The obtained maximum brightness values were then used to construct the phase curve.

Since Gaia observes asteroids at phase angles greater than 10◦, I fitted a linear function.

The parameters of this function allowed me to determine the slope parameter β. The results

obtained using this method are described in Section 3.2.

Bayesian lightcurve inversion using ATLAS data

The Bayesian lightcurve inversion method is a sophisticated statistical approach for deducing

the physical properties of asteroids from their observed lightcurves. It combines observational

data with prior knowledge to estimate model parameters, providing a probabilistic framework

that includes uncertainty quantification.

The forward model of asteroid light scattering utilises the Lommel-Seeliger surface reflec-

tion coefficient to describe the light scattering properties of the asteroid surfaces (Muinonen

et al., 2022). The Lommel-Seeliger reflection coefficient is given by:

RLS(µ, µ0, ϕ) = 2pϕ11(α)
1

µ+ µ0
,

µ0 = cosι,

µ = cosϵ,

(10)
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where p is the geometric albedo, α is the phase angle, ι is the angle of incidence, ϵ is the angle

of emergence, and ϕ is the azimuth angle with the Sun at ϕ = 0◦. The phase function ϕ11(α)

is expressed as:

ϕ11(α) =
ϕ(α)

ϕLS(α)
,

ϕLS(α) = 1− sin
1

2
α tan

1

2
α ln(cot

1

4
α),

ϕ11(0) = ϕ(0) = ϕLS(0) = 1

(11)

where ϕ is the phase function and ϕLS(α) is the phase function for a spherical asteroid with

isotropic single scattering ϕ11 = 1.

When using the convex shape model, the parameters of the asteroid forward model are

described by the vector:

P = (P, λ, β, φ0, s00, . . . , slmaxlmax , G1, G2)
T , (12)

where the parameters (unknowns) are: the rotation period, ecliptic pole longitude and lati-

tude, rotational phase, spherical harmonics coefficients and the two H, G1, G2 phase function

parameters.

The Bayesian inverse method is formulated in magnitude space, incorporating an observa-

tional error model. It employs a random walk Markov Chain Monte Carlo (MCMC) method

to characterise the multidimensional probability density of the free parameters. This involves

creating virtual observations by adding Gaussian random errors to the original observations

and using these to construct an MCMC proposal probability density based on least squares

solutions. (Muinonen et al., 2020; Muinonen et al., 2022)

Given the complexity introduced by photometry in multiple colours provided by ATLAS,

the method solves the inverse problem in two stages. First, it addresses the spin and shape

parameters using dense, differential ground-based photometry without modelling the photo-

metric phase function. A simplified two-parameter linear-exponential phase function is used

for these computations. Second, the method uses the derived spin and shape solutions in

an additional MCMC process that samples both the photometric parameters (G1, G2) and

the existing spin and shape parameters. This stage involves separate treatments for the cyan

and orange photometry, which ultimately yields MCMC samples of (G1cyan, G2cyan) and
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(G1orange, G2orange).

The process begins with the initial treatment of photometric lightcurves, classifying them

into differential or absolute, and further into dense or sparse categories. Dense lightcurves are

fitted with cubic splines, with the number of nodes determined statistically using the Bayesian

information criterion. Initial error models are assigned on the basis of the root-mean-square

(RMS) values of these spline fits for dense lightcurves, and initial values are set for sparse

lightcurves.

Following this, the spherical harmonics coefficients for the Gaussian surface density are

computed using the input axial ratios of a realistic ellipsoid. This is followed by comput-

ing least squares solutions using a simplified, fixed observational error model, which is then

iteratively refined to improve accuracy.

Virtual lightcurves are generated by adding Gaussian errors to the original lightcurves.

The least-squares solutions for these virtual lightcurves are computed, and these solutions

guide the random-walk MCMC computations, incorporating additional randomisation within

the parameter space.

In the final step, the sparse lightcurves in two colours are analysed using the spin and shape

solutions obtained from dense ground-based lightcurves through MCMC. MCMC samples

provide a statistical description of the parameters, allowing a robust estimation of the physical

characteristics of the asteroid.

During my research visit to the University of Helsinki, Professor Karri Muinonen in-

troduced me to this method and explained the functionality of the various modules of the

lightcurve inversion (LCI) software, previously applied only to the sparse data alone. We

discussed method modifications and established the best procedure to be used with the com-

bined dataset at hand. The first attempts to use the software for the Wilawer et al. (2024)

publication, which focused on comparing the results in two filters, led to refinements of the

computational methods and expansion of the software with new functionalities. Specifically,

we developed a procedure to integrate dense ground-based data, which define the asteroid

model, with sparse survey data used to determine the phase curve parameters. This included

treating ground-based and sparse data separately before combining them in the analysis.

These updates were vital for effectively handling three sets of observational data across dif-

ferent LCI modules: differential dense ground-based data and calibrated sparse data in cyan
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and orange filters from the ATLAS survey. The positive findings, discussed in Section 3.3,

represent a successful validation of the new software version.

This new approach, alongside with latest LCI version, can be applied to other sky surveys

that provide multi-filter data, allowing for even more in-depth analyses of the phase curve

parameters.

2.2.5 Supercomputer adaptation

Since the method described in Section 2.2.4 is computationally intensive, I performed all

calculations using the LCI software on the computer cluster at the Poznań Supercomputing

and Networking Center5 (PSNC, pol. Poznańskie Centrum Superkomputerowo-Sieciowe). I

personally adjusted and adapted the code to the supercomputer, which made it possible to

efficiently handle large-scale data processing and complex computations.

The LCI software consists of multiple modules responsible for successive stages of calcula-

tions, each accepting input files: configuration files, observational data, and (latter modules)

output files from previous steps. To ensure optimal performance, I conducted tests to fine-tune

the parameters for each step and prepared the necessary configuration files.

To automate the entire experiment, which involves a sequence of calculations for each

object, I wrote wrapper scripts in BASH. These scripts used the SLURM queueing system

implemented in the cluster, which allowed efficient job scheduling and resource management.

The wrapper scripts were responsible for triggering the subsequent LCI modules and managing

the input/output data. This automation allowed for the asynchronous processing of multiple

objects, significantly enhancing computational efficiency. By distributing the workload, I was

able to reduce the overall computation time and handle larger datasets.

Overall, the entire computation consumed over 170 000 hours of processor time. A detailed

flowchart of the experiment, distinguishing observational data (purple, cyan, and orange dia-

monds), input/output files (grey diamonds), the LCI modules used (green rectangles) and file

operations (grey rectangles) is presented in Figure 6. More detailed information regarding the

computational workflow can be found in Wilawer et al. (2024). This approach demonstrates

the effective utilisation of high-performance computing resources to tackle computationally

demanding tasks in astronomical research.

5https://www.psnc.pl/
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Figure 6: LCI computations flowchart. Detailed description in Section 2.2.5. Adapted
from Wilawer et al. (2024).
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Results

During my doctoral studies, I contributed to three significant publications, which illustrate

my advancement in the field and my scientific achievements during this period. The following

is a summary of these publications and findings.

3.1 Publication I: Oszkiewicz et al. (2021)

Oszkiewicz, D., Wilawer, E., Podlewska-Gaca, E., Kryszczyńska, A., Kwiatkowski, T.,

Troianskyi, V., Koleńczuk, P., Föhring, D., Galád, A., Skiff, B. A., Geier, S., Borczyk,

W., Moskovitz, N. A., Gajdoš, Š., Világi, J., Polcic, L., Kashuba, V., Benishek, V., &

Shevchenko, V. (2021). First survey of phase curves of V-type asteroids. Icarus, 357, 114158.

https://doi.org/https://doi.org/10.1016/j.icarus.2020.114158

This paper focuses on the analysis of magnitude phase curves for basaltic V-type asteroids,

which are regarded as integral components of planetary crusts and mantles, often dislodged by

collisional impacts, thereby containing valuable insights into the early stages of solar system

formation. The majority of these objects are situated within the inner Main Belt, specifically

within the Vesta family, named after the first discovered and largest asteroid of that type, (4)

Vesta. Asteroids exhibiting comparable spectral and dynamical characteristics to (4) Vesta

are termed Vestoids. Additionally, a small number of V-type asteroids have been identified in

the outer regions of the Main Belt as well as among Near-Earth Asteroids, characterized by

spectral properties.

We chose 20 V-type asteroids located outside the dynamical Vesta family, considering

observing conditions suitable for our team’s small- and medium-sized telescopes. Period

length was also a filtering criterion, prioritising objects with short rotational periods to enable
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the acquisition of complete lightcurves within a single observing night. As observations at

minimal phase angles are crucial, for several objects, we have obtained data across multiple

oppositions to ensure satisfactory phase angle coverage.

In this paper, we applied the traditional phase curve fitting (Section 2.2.2) with the

Photometry Pipeline (Section 2.1.1) PCFit software (Section 2.2.3). We found no evidence

for multiple clusters in the G1 and G2 phase curve parameter space for V-type asteroids. We

derived global G1 and G2 parameters that can be utilised to fit the phase curve of poorly

observed V-types. During the course of this study, I realised how time-consuming and object-

limited the traditional phase curve fitting approach is. This inspired me to investigate the

possibility of using survey data to maximise their precision.

3.2 Publication II: Wilawer et al. (2022)

Wilawer, E., Oszkiewicz, D., Kryszczyńska, A., Marciniak, A., Shevchenko, V., Belskaya, I.,

Kwiatkowski, T., Kankiewicz, P., Horbowicz, J., Kudak, V., Kulczak, P., Perig, V., &

Sobkowiak, K. (2022). Asteroid phase curves using sparse Gaia DR2 data and differential

dense light curves. Monthly Notices of the Royal Astronomical Society, 513 (3), 3242–3251.

https://doi.org/10.1093/mnras/stac1008

In this paper, I investigated asteroid phase curves derived from a combination of dense ground-

based differential data from the Astronomical Observatory Institute of Adam Mickiewicz

University database and sparse Gaia DR2 data. Previous approaches faced limitations due

to nature of the sparse data and inaccuracies in observations (Alvarez-Candal et al., 2022;

Oszkiewicz et al., 2021). To address this issues, I proposed a novel approach that integrates

sparse Gaia data with ground-based observations to enchance accuracy of phase curves. This

approach underscores existing challenges in accurately modelling phase curves due to sparse

data and observational limitations.

I selected data from both Gaia and ground-based observations to construct composite

lightcurves. The available ground-based observations spanned several decades, but for con-

sistency, only data from the Gaia DR2 era (2014–2016) were used. The asteroids chosen for

this study had both differential ground-based photometry and Gaia measurements obtained
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at at least three different phase angles.

In this work, I outline my phase curve fitting algorithm (detailed in Section 2.2.4), which

integrates differential ground-based photometry with absolute Gaia measurements. Fourier

series were used to fit composite lightcurves, and linear regression was applied to derive phase

slopes. This approach accounted for rotational brightness changes and complex lightcurve

morphologies.

As a result, I obtained composite lightcurves and linear functions fitted to the data for

26 asteroids. By comparing linear fits derived from ground-based photometry alone, ground-

based photometry combined with Gaia data, and raw Gaia data, and by analysing the reduc-

tion in scatter around the linear functions, I demonstrated the importance of incorporating

ground-based data into the sparse data for creating accurate magnitude phase curves.

Figure 7 displays a composite lightcurve that integrates Gaia observations (in black) and

ground-based measurements (in colour), along with the derived lightcurve shape (solid red

line). Figure 8 presents the linear part of the phase curve, featuring Gaia data and the

corresponding linear fits. The figure illustrates: Gaia data alone (in blue), Gaia data with

amplitude correction based on the literature (in green), derived by PerFit (in orange), and

adjusted derived period (in black). The residuals for each data set, indicating the goodness

of fit, are shown at the bottom, showcasing the improvements of combining dense and sparse

observations.

Additionally, for one object, we applied this method to combined calibrated ground-based

data in the Johnson V band and sparse Gaia data. The Gaia data were transformed to the

Johnson V band. This approach leverages the availability of sparse data along with dense

observations at small phase angles, allowing for an even better estimation of phase curve

parameters. The resulting phase curve is shown in Figure 9.

This method can now be applied to other objects in the Gaia catalogue, including those

in the upcoming Gaia DR4, provided that ground-based observations during the Gaia epoch

are available.
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3.3 Publication III: Wilawer et al. (2024)

Wilawer, E., Muinonen, K., Oszkiewicz, D., Kryszczyńska, A., & Colazo, M. (2024). Phase

curve wavelength dependency as revealed by shape- and geometry- corrected asteroid

phase curves. Monthly Notices of the Royal Astronomical Society, 531 (2), 2802–2816.

https://doi.org/10.1093/mnras/stae1282

In this study, I conducted a comprehensive analysis of phase curve G1 and G2 parameters

for 35 well-observed asteroids, focusing on their relationship with albedo and taxonomic clas-

sification. I employed a robust methodology (described in Section 2.2.4) using combined

ground-based and ATLAS sparse observational data to derive phase curve parameters cor-

rected for shape and geometry, allowing us to elucidate key insights into the photometric

behaviour of these celestial bodies, especially when taking two difference filters into account.

The analysis involved meticulous processing of observational data from cyan and orange

ATLAS filters, allowing us to discern wavelength dependence in the phase curve parameters.

By carefully examining the distribution of parameters G1 and G2 across different filters, I
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discovered systematic trends, particularly in S-complex asteroids, where we observed smaller

G2 values in the cyan filter due to lower albedo, resulting in steeper phase curves.

Furthermore, the investigation into double-pole cases involved detailed scrutiny of oppo-

sition effect amplitudes and slope values, enabling us to identify preferred pole solutions that

align with taxonomic classifications. This involved a rigorous comparison with theoretical

expectations and consideration of observational uncertainties to ensure the accuracy of the

conclusions. Figure 10 illustrates the phase curves and slope differences for asteroid (487)

Venetia, organised in a 2x2 grid. Each column represents one of the two pole solutions. The

top plots in each column show the phase curves in the cyan and orange filters, while the

bottom plots depict the differences in the slopes of these phase curves. The figure clearly

demonstrates that the two pole solutions result in distinct phase curves and colour slopes.

When combined with taxonomic and albedo comparisons, this evidence supports the second

pole as the preferred solution.

Additionally, our analysis of colour slope variation with phase angle underscored the im-

portance of considering observational uncertainties, particularly at small phase angles. Al-

though the results generally aligned with taxonomic classifications, we noted discrepancies for

some objects, suggesting potential misidentifications or influences of surface properties.

The difference in phase curve slopes for cyan and orange filters, particularly noticeable at

phase angles α < 7◦ within the opposition effect zone, approaches 0 at larger phase angles.

These variations indicate filter-dependent changes in the morphology of the phase curve. It

should be noted that the ATLAS catalogue contains limited data points at very small phase

angles where the opposition effect manifests. Consequently, the phase curve in this range is

extrapolated, introducing significant uncertainties. A more comprehensive study focussing on

this aspect of the phase curve is necessary to further explore the wavelength dependency of

magnitude-phase relationships and the effects of phase reddening and bluing.

In conclusion, this study contributes to the understanding of asteroid photometry by

providing detailed insights into the phase curve parameters and their relationships with tax-

onomic classifications and observational data. By elucidating wavelength dependence and

refining pole solutions, we enhance our knowledge of asteroid physical properties and their

implications for broader astronomical studies.
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During my Ph.D. studies, I participated in the derivation of accurate phase curves with the

traditional approach. This led me to the recognition of the limitations of this approach.

Next, I have developed and applied novel approaches for deriving magnitude phase curves

of asteroids by combining dense ground-based differential photometry with sparse data from

sky survey catalogues Gaia DR2 and ATLAS. This approach addresses the limitations of

the traditional approach to constructing phase curves, which heavily relies on dense, costly,

and time-consuming ground-based data collection. By leveraging the extensive, albeit sparse,

datasets provided by sky surveys, this method allows efficient and accurate determination of

phase curve parameters for an extensive number of asteroids.

The integration of Gaia DR2 data with ground-based observations has shown significant

improvements in the accuracy of derived phase curve parameters compared to the use of

sparse data alone. Correction for observation geometry and amplitude adjustments, facilitated

by dense lightcurve data, has proven essential in refining these parameters. The successful

determination of the slope parameter β for multiple objects, in accordance with the values of

the existing literature, validates the effectiveness of this combined data approach.

Further exploration with ATLAS data demonstrated the potential to investigate wave-

length dependency in phase curves, providing deeper insight into the asteroid composition

and surface properties. The application of the latest version of LCI software to this combined

dataset resulted in accurate H, G1, G2 photometric function parameters G1 and G2, with

distinct domains emerging for different taxonomic types, especially for C- and S-complex ob-

jects. Such a detailed analysis has been carried out for the first time in the field of asteroid

magnitude phase curve research. This method could be used as a valuable tool for validating

pole solutions as well as for taxonomic classification.

As the volume of astronomical asteroid data continues to grow exponentially, the methods
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presented in this work will facilitate extensive use of these datasets such as Gaia DR4 or LSST.

The next steps in the field involve refining these techniques to handle even larger datasets

and enhancing automation to further streamline the data processing pipeline. Applying these

methods to data captured using various filters, particularly narrowband filters, will enable

a more comprehensive exploration of wavelength dependency for different taxonomic classes.

The results obtained through this approach can then be compared with spectroscopic data for

validation and further insight. Moreover, determining phase curves derived from both visible

and infrared data could help investigate the reddening effect more effectively.

In conclusion, immersive volumes of data pose challenges that require optimised process-

ing to tackle their scale and complexity. The methodologies developed in this dissertation

represent a significant advancement in asteroid phase curve determination. They not only

refine the precision and efficiency of deriving phase curves but also open up new avenues for

research and discovery, utilising extensive datasets from upcoming sky surveys, and bring

phase curves research to the big data level.
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A B S T R A C T   

The V-type asteroids are of major scientific interest as they may sample multiple differentiated planetesimals. 
Determination of their physical properties is crucial for understanding the diversity and multiplicity of plane
tesimals. Previous studies have suggested distinct polarimetric behaviours for the V-type asteroids. Similarly to 
phase-polarization curves, asteroid phase-magnitude curves (hereinafter called “phase curves”) are also diag
nostic of surface and regolith properties, and can be used to unveil a variety of distinct behaviours. 

We present well determined phase curves for ~20 V-type asteroids for the first time. Their phase curve pa
rameters are consistent with those for moderate and high albedo asteroids. The computed median G12 parameter 
for the V-type asteroids is G12* = 0.14. We do not find substantial evidence for any clustering into distinct phase 
curve parameters groups. Only one asteroid (2763) Jeans shows exceptionally high G2 value. The derived median 
G12 may be used in single parameters fitting of V-type asteroids.   

1. Introduction 

Basaltic V-type asteroids are considered collisionally freed fragments 
of crusts and mantles of differentiated planetesimals, the building blocks 
of planets. Therefore they provide important constrains on dynamical 
and thermal processes in the early Solar System. 

Most of those objects are located in inner Main Belt primarily in the 
Vesta family and are considered the parent bodies of the howardite
–eucrite–diogenite (HED) meteorites. This has been evidenced through 
spectral (McCord et al. 1970; Consolmagno and Drake 1977; Binzel and 
Xu 1993; Burbine et al. 2001; Florczak et al. 2002; Cochran et al. 2004; 
Duffard et al. 2006; De Sanctis et al. 2011; Moskovitz et al. 2010; 

Hardersen et al. 2014) and dynamical studies (Carruba et al. 2005; 
Nesvorný et al. 2008). 

Around twenty V-type asteroids have been confirmed beyond 2.5 
AU, in the mid and outer main-belt (MOVs) (Lazzaro et al. 2000; Har
dersen et al. 2004; Roig et al. 2008; Moskovitz et al. 2008; Duffard and 
Roig 2009; Leith et al. 2017; Ieva et al. 2018; Medeiros et al. 2019; 
Migliorini et al. 2018). Majority of MOVs show spectral properties 
distinct from Vestoids (Hardersen et al. 2004; Leith et al. 2017; Ieva 
et al. 2018; Medeiros et al. 2019; Migliorini et al. 2018) and are 
dynamically unlikely to be parts of Vesta (e.g. Michtchenko et al. (2002); 
Roig et al. (2008)), and thus are known as non-Vestoids. For up to date 
review of the V-types and their relation to the differentiated 
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planetesimals we refer the reader to Burbine et al. (2017); Oszkiewicz 
et al. (2015). 

Whether some V-types in the inner main belt are unrelated to Vesta is 
yet to be evidenced and currently debated (Bottke et al. 2006; Nesvorný 
et al. 2008; Scott et al. 2009; Moskovitz et al. 2010; Wasson 2013; 
Oszkiewicz et al. 2017, 2019). Spectral separation of those objects may 
be ambiguous - as shown by ion irradiation experiments (Fulvio et al. 
2016) spectral slopes are strongly influenced by space weathering. 
Therefore additional physical parameters may have to be considered to 
distinguish non-Vestoids. 

Recently Gil-Hutton et al. (2017) studied the polarimetric curves of 
V-types and found a diversity of behaviours. Some of the V-type aster
oids in contrast to (4) Vesta showed a shallow polarimetric minimum 
and a small inversion angle. That group included asteroid (1459) Mag
nya - a known outer Main Belt non-Vestoid. Furthermore observations of 
(2579) Spartacus and possibly (3944) Halliday showed a large (24–26) 
inversion angle. It is worth noticing that (2579) Spartacus has unusual 
spectral properties as compared to other V-types (low bar area ratio - 
BAR Oszkiewicz et al. (2019)), (3944) Halliday was also spectrally 
observed but the BAR is not specified (Migliorini et al. 2017). Gil-Hutton 
et al. (2017) attributed those distinct polarimetric behaviours to 
different regolith particle sizes, however in general mineralogical 

differences cannot be excluded. 
The shape of asteroid phase-curves is also known to relate to surface 

properties, thus can provide an independent perspective. These curves 
describe the relation between asteroids brightness (reduced to 1 AU 
from the Sun and observer and corrected for lightcurve amplitude) and 
phase-angle (Sun-asteroid-observer angle). At low phase-angles lack of 
self-shadowing (among regolith particles) and the coherent backscat
tering mechanisms cause additional brightening, giving rise to the so 
called opposition effect (OE), see Muinonen et al. (2010b) for a review. 

Up to date several phase functions have been proposed to model that 
dependence. Still commonly used is the H,G phase function proposed by 
Bowell et al. (1989) and approved by the International Astronomical 
Union (IAU) in 1985. That theoretical function is based on the Lumme- 
Bowell photometric model (Lumme and Bowell 1981). Another popular 
photometric model is that by Hapke (1986) relating directly to topo
graphic roughness, regolith compaction and other surface parameters. 
The conversion between those two systems can be found in Verbiscer 
and Veverka (1995). Currently the IAU approved and recommended 
phase functions are the H, G1, G2 and H, G12 functions, empirically 
developed by Muinonen et al. (2010a) and extended by Penttila et al. 
(2016) to work with low-quality photometric data. The three parameter 
phase function (H, G1, G2) was designed to improve fits to the existing 
high quality data and the two parameter phase function deriving from it 
(H, G12) to better predict absolute magnitudes for objects having a small 
number of observations. Several other less common functions have been 
applied to both observational data and laboratory measurements (Aki
mov 1988; Shkuratov et al. 1994; Belskaya and Shevchenko 2000; 
Muinonen et al. 2002; Kaasalainen et al. 2003; Shkuratov et al. 2018) in 
the literature. 

Morphology of asteroid phase curves have been found observation
ally to link to surface properties. Amplitude and width of the opposition 
effect relates to asteroid geometric albedo2 (Belskaya and Shevchenko 
2000; Carbognani et al. 2019). Asteroids with moderate albedos (i.e. S 
and M types) display high OE amplitudes, whereas low- (i.e. P-, C- types) 
and high-albedo (E-types) objects show smaller amplitudes (Belskaya 
and Shevchenko 2000). 

In general, low-albedo objects exhibit steep phase curves, charac
terized by a small G slope parameter (H,G system), small G2 and large G1 
parameters in the (H,G1,G2) system, and large G12 parameter (H, G12 
system). High-albedo objects show large G slope and G2 parameter, 
small G1, G12 parameter and shallow phase curves (Oszkiewicz et al. 
2011, 2012; Shevchenko et al. 2016). 

Phase-curve parameters also vary for different taxonomic types 
(Harris and Young 1989; Oszkiewicz et al. 2011, 2012; Vereš et al. 2015; 
Shevchenko et al. 2016). That correlation was observed for a large 
number of asteroids having low-quality photometry (Oszkiewicz et al. 
2011, 2012; Vereš et al. 2015) as well as for smaller subset of objects 
having accurate measurements (Harris and Young 1989; Shevchenko 
et al. 2016). To better understand those correlations and the variability 
of the phase-curves within spectral classes, an increase in the number of 
high quality phase curves is needed. Especially new phase curves are 
required for asteroids from spectral classes with few or no phase-curves 
observed, such as the V class. 

More practically, phase-curves are used to derive absolute magni
tudes (which relate to asteroid diameters) and then predict apparent 
magnitudes. As shown by Pravec et al. (2012) absolute magnitudes 
available in large databases (such as MPCORB, Pisa AstDyS and JPL 
Horizons) computed based on sparse data can have a systematic error of 
0.1 mag for bright (H<10 mag) and 0.4–0.5 mag for faint asteroids. Part 
of that bias may be due to assumed constant G slope values (typically 
G=0.15 in the H,G system) for all objects. Furthermore absolute mag
nitudes vary between different apparitions (except for an ideal 

Table 1 
The observed asteroids with rotation periods from Oszkiewicz et al. (2020), 
geometric albedos, opposition dates, minimum phase angle observed and 
number of lightcurves.  

Asteroid Rotation 
period (h) 

pv Opp. dates αmin 

(deg) 
N 

(2442) 
Corbett 

11.456 ±
0.001 

0.26 ±
0.04 

2013.09.19, 
2015.01.14 

6.02 25 

(2486) 
Metsahovi 

4.4499 ±
0.0001 

0.27 ±
0.03 

2019.09.17 0.72 19 

(2566) 
Kirghizia 

4.4489 ±
0.0001 

0.26 ±
0.03 

2013.02.03, 
2015.10.10, 
2017.02.28 

1.95 28 

(2653) 
Principia 

5.5225 ±
0.0001 

0.26 ±
0.09 

2017.09.12, 
2019.01.13 

3.04 29 

(2763) Jeans 7.8020 ±
0.0001 

0.41 ±
0.08 

2016.11.30 2.42 15 

(2823) van 
der Laan 

2.6262 ±
0.0001 

0.32 ±
0.05 

2016.09.11 3.14 13 

(2912) 
Lapalma 

5.7106 ±
0.0001 

0.46 ±
0.05 

2018.01.12 2.75 8 

(3849) 
Incidentia 

2.7768 ±
0.0002 

0.40 ±
0.04 

2013.10.31, 
2019.03.29 

1.38 11 

(3869) 
Norton 

7.6034 ±
0.0001 

0.16 ±
0.03 

2013.11.23, 
2017.12.10 

0.80 22 

(4383) 
Suruga 

3.4074 ±
0.0001 

0.32 ±
0.04 

2017.02.22, 
2019.11.07 

4.28 26 

(4434) 
Nikulin 

2.8272 ±
0.0003 

0.35 ±
0.04 

2017.01.14, 
2018.04.24 

2.97 15 

(4692) 
SIMBAD 

2.7351 ±
0.0001 

0.36 ±
0.05 

2015.01.31, 
2017.11.23 

2.60 16 

(5037) 
Habing 

2.8290 ±
0.0001 

0.32 ±
0.07 

2018.08.16, 
2020.02.09 

2.02 26 

(5525) 1991 
TS4 

14.078 ±
0.001 

0.40 ±
0.05 

2014.09.03, 
2016.02.04, 
2019.01.02 

0.87 28 

(5754) 1992 
FR2 

8.9022 ±
0.0001 

0.28 ±
0.03 

2016.04.13, 
2017.10.26 

3.81 40 

(7558) 
Yurlov 

4.1157 ±
0.0001 

0.36 ±
0.11 

2013.09.28, 
2018.01.06, 
2019.05.25 

1.22 24 

(8761) Crane 2.6379 ±
0.0001 

0.36 ±
0.11 

2016.11.15, 
2018.03.26 

2.60 19 

(9481) 
Menchu 

3.0519 ±
0.0001 

0.20 ±
0.05 

2014.03.24 2.60 6 

(9531) Jean- 
Luc 

2.4999 ±
0.0001 

0.28 ±
0.05 

2018.11.24 5.30 22 

(27192) 
Selenali 

5.5741 ±
0.0001 

0.36 ±
0.11 

2015.10.28 3.09 10  

2 Geometric albedo - the ratio of asteroid brightness at zero phase angle to 
that of an idealized Lambertian disk having the same cross-section 
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homogeneous sphere) and depend on aspect angle, asteroid shape, pole 
orientation, and orbital inclination. Current recommendations, espe
cially for low quality data (0.3 mag scatter or more) or when insufficient 
measurements are available are to use separate G12*-parameters for 
different taxonomic classes (Penttila et al., 2016). Those parameters 
have been firmly established for E-, S/M-, C-, P-, and D-type asteroids. 
An extension into other asteroid classes is needed. In this article we 
provide the G12* value for the V-class, providing an incremental 
improvement to better prediction of their apparent magnitudes. 

High quality phase curves are available only for a small number of 
objects, mostly owing to time-demanding observations and up to 
recently lack of calibration stars in the field-of-view of telescopes mak
ing the process of obtaining relative magnitudes difficult. However 
thanks to large survey catalogues such as PanSTARSS, SDSS, APASS and 
Gaia lack of calibration stars is no longer a problem. Therefore most of 
the historical differential photometry can now be converted into relative 
magnitudes if the raw/reduced CCD frames are available or the com
parison stars are known. In this manuscript we re-reduce and re- 
calibrate historical data to derive an extended number of high quality 
asteroid phase-curves. 

In this study we investigate phase curve parameters for V-types 
outside the Vesta family and compare them with that of (4) Vesta to 
verify the existence of distinct groups of V-type asteroids in the phase- 
curve parameters space. Similar study was already proposed by 
Medeiros et al. (2018), but so-far no results have been published. 
Therefore this study constitutes the first statistical study of phase curves 
among the V-type asteroids. 

2. Target selection 

We have selected 20 V-type asteroid that lie outside the dynamical 
Vesta family. Further more the targets had to exhibit apparent magni
tudes and observing conditions (oppositions away from the Moon, away 
from the ecliptic plane, etc.) suitable for the small and moderate aper
ture telescopes accessible to our group. We focused mostly on objects 
with short rotational periods, such that the full lightcurve could be 
covered within one night. Due to weather constrains the minimal phase 
angle could not always be reached, thus for several targets we have 
obtained data in several oppositions. 

3. Data reduction and calibration 

The photometric data used for this paper have been collected with 
various telescopes during the years 2013–2020. The observing logs, bias, Ta
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Fig. 1. Distribution of the observed asteroids in G1, G2 parameters phase space 
among other asteroid types. Parameters for (4) Vesta are taken from Shev
chenko et al. (2016). 
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dark, and flat-field standard reduction were described in (Oszkiewicz 
et al. 2020) and will not be repeated here. A brief summary of the 
observing circumstances is given in Table 1. Most of the data had 
photometric accuracy of 0.05 mag or better and the determined periods 
resulted in uncertainties ranging from 0.0001 h to 0.00001 h, which are 
well sufficient for determination of phase curves. For most objects we 
have obtained good phase angle coverage, however for some (like 2442 
Corbett or 4843 Suruga) we were not able to accurately map the op
position spike. In Table 1 we listed the smallest phase angle reached for 
each object. Three objects were observed at a minimal phase angle less 
than 1, thirteen objects at less than 3, eighteen at less than 5 and two at a 
minimal phase angle larger than 5. 

Due to the large amount of the CCD frames, the aperture photometry 
measurements have been carried out with the Photometric Pipeline 
(Mommert 2017). Unfortunately, in some cases a semi-automatic 
approach was necessary. It was done with the AUTOPHOTOM aper
ture photometry program included in the Starlink package (Currie et al. 
2014).3 

For the phase curve creation we decided to calibrate all observations 
to the Johnson’s-Cousin’s RC band. Traditionally such phase curves are 
expressed in the V band but in many cases our observations were done in 
R and to make transformations more accurate we decided not to convert 
it further to V. 

The calibration of the instrumental magnitudes to RC band was done 
with the PanSTARRS DR1 (hereafter PS1) standard stars (Tonry et al. 
2012). The catalogue r-g colours were used to transform the original r 
magnitudes to RC band. This was done according to the transformation 
equations of (Chonis and Gaskell 2008). 

As we did not know the transformation equations between the 
instrumental magnitudes and the standard RC band we assumed they 
were identical if both the asteroid and the calibration star had solar 
colours of g′ − r′ = 0.45 ± 0.2, r′ − i′ = 0.14 ± 0.2. While most obser
vations were done in instrumental RC band, some were obtained in the 
SDSS r filter or even in a clear filter. The latter means the instrumental 
band was defined by the sensitivity of the CCD camera and for the front- 
illuminated chip was close to the broadened RC band. Such instrumental 
and standard star magnitudes discrepancy can usually introduce sub
stantial errors, but by limiting the choice of standard stars to those of 
solar colours it was greatly minimised. 

To check the accuracy of our transformations we selected the worst 
cases: for observations done in a clear filter we selected PS1 stars with 
colours close to limits of the assumed solar star intervals. In all cases the 
spread of the obtained calibrated RC magnitudes was within 0.01 mag 
which was at the level of the accuracy of instrumental magnitudes. As in 
practise we used a group of 3–9 PS1 solar type stars of slightly different 
colours we believe the accuracy of our calibration was limited by the 
accuracy of the aperture photometry. 

After transforming all calibrated magnitudes to unit distances of the 
asteroid from the observer and the Sun, we combined data obtained on a 
single night to form a lightcurve. Naturally, for the phase curve creation 
we had to use lightcurves observed at different solar phase angles. They 
were obtained at different dates before and after opposition, covering a 
time span of several months. To combine them we first had to derive a 
synodical period of rotation. This was done by fitting a Fourier series of 

the 4–6 order to the lightcurve data (which also included finding the 
relative magnitude shifts for data from different epochs) reduced to the 
unit distances from the Sun and the observer, and corrected for the light 
time. In cases when the lightcurve shape was more complicated we 
considered higher Fourier orders. This, however, had its shortcomings as 
the lightcurve shape used to slightly change with the phase angle and the 
overfitting appeared. 

In the analysis we first we used several lightcurves from a short time 
span to obtain the first approximation of the rotation period. It allowed 
us to add new lightcurves more distant in time. In the process the ac
curacy of the average synodical period increased so that we were able to 
combine lightcurves from several months in one fit. Such procedure 
allowed us to avoid period ambiguity and determine the relative shifts in 
magnitudes among the lightcurves caused by the phase angle changes. 
By making a simultaneous Fourier fit of all data we were able to also use 
incomplete lightcurves which did not cover the whole rotation cycle. 

Next, the maximum brightness, as defined by the Fourier fit, was 
determined and assumed as the asteroid brightness at the specified solar 
phase angle. Note that the simultaneous fit of all data allowed us to 
derive maximum brightness also for the partial lightcurves (for example, 
if for some epoch the data covered only the lightcurve minimum, the 
relative shift to the full composite could be used to get its maximum). 

For the phase curve creation we used the maximum rather than the 
average lightcurve brightness because the latter depends more on the 
lightcurve amplitude which in itself is a function of the phase angle 
(Dunlap et al. 1973; Sather 1976). Also, when combining data from 
different oppositions (at which the asteroid was observed at different 
aspects), lightcurve maxima are less effected by aspect changes than the 
means (Dunlap and Gehrels 1969). To illustrate that fact we simulated a 
set of lightcurves for a triaxial ellipsoid (a/b = 1.7, b/c = 1.2), scat
tering the light according to the Hapke function, with parameters typical 
for an average S-type asteroid (Kwiatkowski 1995). The change of aspect 
from 90◦ to 30◦, at the phase angle of 20◦, changed the maximum of the 
lightcurve (Max) by 0.2 mag, and the average of the lightcurve 
maximum and minimum (Max þ Min)/2 by as much as 0.6 mag. 

Since all our data have been calibrated to the RC band, the absolute 
magnitude H derived from them would also be expressed in RC. How
ever, to compare our absolute magnitudes to those of others it is possible 

Table 3 
Median phase curve parameters (and their standard deviations) and parameters 
derived from the simultaneous fit (together with their uncertainties) to all the V- 
type data.   

G G1 G2 G12 

Median 0.35 ± 0.09 0.2 ± 0.13 0.47 ± 0.07 0.14 ± 0.13 
Simult. 0.38 ± 0.01 0.27 ± 0.02 0.48 ± 0.01 0.13 ± 0.01  

Fig. 2. Simultaneous fit to all (except for Jeans) V-type data. Data from 
different asteroids and subsequent apparitions are denoted by markers and 
colours. The fitted parameters are: G1 = 0.27 ± 0.02, G2 = 0.48 ± 0.01, G12 =

0.13 ± 0.01, G = 0.38 ± 0.01. 

3 The Starlink software is currently supported by the East Asian Observatory. 
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to correct our results to the traditional V band using the average V − R 
colour of the V-type asteroids we observed. For most of them we found r 
− i colours in the SDSSMOC catalogue and converted them to V − R 
using the equation from Jester et al. (2005). From that we derived the 
average correction between R and V bands which resulted in the for
mula: HV = HR + 0.34, which can be used to transform HR to HV. 

Since our absolute magnitudes are derived from lightcurve maxima, 
and some users might prefer them to be referred to the lightcurve 
average values, in Table 2 we also provide lightcurve amplitudes, which 
can be used for the conversion. 

4. Results 

We fitted three phase functions to our data (the H,G phase function 
(Bowell et al. 1989); the H, G1, G2 and H, G12 functions (Muinonen et al. 
2010a)). All the fits were done in flux space as the functions are defined 
in the flux space and the data are of high quality. Fitting in the magni
tude space is recommended for data with large photometric scatter 
(>0.3 mag) due to biases arising in magnitude space (Penttilä et al. 
2016). We assumed the same single-point uncertainties for all the data, 
thus no weighing was applied. For the three parameter function (H, G1, 
G2) we used the constrained fitting presented in Penttilä et al. (2016), 
that is we imposed that 0 ≤ G1, G2, and 1 − G1 − G2 ≤ 1. For asteroids 
having data from multiple oppositions we used a simultaneous fit 
assuming the same slope parameters in all apparitions and different 
absolute magnitude values. This means that we fitted N + 1 parameters 
for the two parameter phase functions (H,G and H,G12) and N + 2 pa
rameters for the three parameter phase function (H,G1,G2), where N is 
the number of apparitions observed. Finally the data were plotted by 
shifting all phase curves to the brightest apparition. The shift is equiv
alent to the difference in absolute magnitudes between the apparitions. 
Combining data from multiple oppositions is a reasonable approach for 
small asteroids with homogeneous surface properties (all objects in this 
work have diameters < 10 km). It is however inadvisable for large ob
jects that may display on average different surface properties at various 
geometries and aspect angles. 

Generally we find that for our targets the H,G system tends to over 
estimate the H value with respect to the H,G1,G2 system and the H,G12 
underestimates. This is consistent with Carbognani et al. (2019) who 
found systematic biases in the derived absolute magnitudes from various 
phase functions (the H,G function, the H,G1,G2 and that of Shevchenko 
(1997)). In particular the Shevchenko (1997) function produced 
brighter results than both the H,G1,G2 and H,G systems. The obtained 
differences were found to be around 0.2 mag and non-negligible. Median 
difference between the absolute magnitude values derived from the H, 
G1,G2 and H, G12 systems in our data is 0.06 mag and between the H,G1, 
G2 and H,G absolute magnitudes is 0.08 mag. The differences grow with 
the minimal phase angle observed and are larger for phase curves with 
larger magnitude scatter (typically objects with small lightcurve 
amplitude). The largest differences are for 2442 Corbett for which we 
have not covered the opposition spike well (αmin > 6∘). Interestingly the 
difference between the absolute magnitudes derived from the two 
parameter systems (H,G and H,G12) seems to be systematic, stable 
around 0.1 mag and independent of the smallest phase angle covered 
and the data quality. 

The resulting fits are shown in Figs. 3 to 22 and the numerical values 
are presented in Table 2. For reference we also list phase-curve pa
rameters derived by other authors (Waszczak et al. (2015); Oszkiewicz 
et al. (2011); Vereš et al. (2015)). It should be however noted that phase- 
curve parameters derived from sparse data can be used in a statistical 
sense, but can be misleading when it comes to single objects. The un
matched slope parameters in Table 2 between the different authors and 

in some cases between the parameters derived from different opposi
tions by the same author strongly highlight the need for high quality 
phase-curves for single objects and for detailed studies. 

Several factors make the detailed comparison of the phase curve 
parameters especially challenging. Correction for lightcurve amplitude 
varies between authors from no correction at all to fitting simple sinu
soidal function to sparse data, selecting the maximum observed points 
from fragmental data to the removal of the actual lightcurve amplitude 
determined from dense lightcurves. Furthermore the phase curves may 
refer to the mean or maximum brightness on the lightcurves. Often 
different authors provide absolute magnitudes from different filters, the 
Johnson V or R are the most common. The data are fitted in magnitude 
or in flux space using linear or non-linear fitting algorithms (sometimes 
with constrains put on the best fit parameters), which may introduce 
large difference Penttilä et al. (2016) for sparse scattered data. Different 
reduction procedures including different stellar comparison stars or 
details such as selection of solar analogues may also play a role in the 
resulting parameters. Lastly the derived parameters may correspond to 
different apparitions and thus may not be directly comparable. 

In Fig. 1 we show the distributions of the G1, G2 parameters for our 
objects. All the derived slope parameters are consistent with slopes of 
moderate and high geometric albedo objects typical for V-type asteroids 
including (4) Vesta, for which albedo can vary from ~ 0.28 to ~ 0.35 
(Cellino et al. 2016) depending upon the epoch of observation, due to 
the known albedo heterogeneity of Vesta’s surface, confirmed by in situ 
imaging by the Dawn space mission. The G1, G2 parameters of all the 
asteroids, (except for one object) are clustered around the G1, G2 values 
for the largest V-type asteroid (4) Vesta. There is no obvious separation 
into distinct groups of different phase curve parameters for the V-types. 
Gil-Hutton et al. (2017) showed a variety of polarimetric behavious 
among the V-types. The difference in polarimetric parameters was 
attributed to difference in regolith particle size. Shape of asteroid phase 
curves is also dependant on regolith particle size, thus similar diversity 
should also be visible in phase-curve parameters. However we do not 
find significant evidence for such a variety in the V-type phase curve 
parameters space. Only one asteroid ((2763) Jeans, a spectrally 
confirmed V-type by Moskovitz et al. (2010) has G1, G2 parameters that 
are more consistent with the taxonomic E-type objects. This finding 
should be confirmed in an independent opposition. It should be pointed 
out that (2763) Jeans also has a very high geometric albedo of pv =

0.412 ± 0.079 (Masiero et al. 2011; Mainzer et al. 2016). 
Penttilä et al. (2016) recommended that low-quality phase curves 

should be fitted with phase functions with G12* parameter fixed ac
cording to taxonomic type. That parameter was however not given for 
the V-type class. We estimated it here. Median phase curve parameters 
and those deriving from the simultaneous fit (except for Jeans) are 
summarised in Table 3. The simultanious fit to all the data is shown in 
Fig. 2. The derived values can be used in single parameter phase function 
to fit low quality V-type phase curves. 

The derived median G1, G2 values are close to that of (4) Vesta shown 
in Shevchenko et al. (2016). The median G value differs from that ob
tained for (4) Vesta by other authors. For example Hasegawa et al. 
(2014) observed (4) Vesta during the 2006 opposition and derived phase 
curves in the B, R and z’ bands. The resulting H, G parameters were HB =

3.96 ± 0.01 mag and GB = 0.30 ± 0.02, HR = 2.82 ± 0.01 mag and GR =

0.29 ± 0.01, and Hz
′ = 3.08 ± 0.02 mag and Gz

′ = 0.25 ± 0.01. Those 
data were later utilised by Fornasier et al. 2011 in connection with 
Rosetta spacecraft photfometry obtained in 2010 at a high phase angle 
(α = 52◦). They obtained photometric phase-curve of (4) Vesta and 
estimated the H(R) = 2.80 ± 0.01 and G = 0.27 ± 0.01. The discrepancy 
between the median G value (H,G phase function) derived by us and that 
of Vesta (Fornasier et al. (2011)) could be due to different surfaces 
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sampled. 

5. Summary 

We have derived well-determined phase-curve parameters for 20 V- 
type asteroids for the first time. The fits are derived based on high- 
quality data obtained by us. We estimated medium G, G1,G2,G12 slope 
parameters. The estimated medium G12 can be used in fitting low- 
quality V-type phase curves with a single parameter phase functions 
described in Penttilä et al. (2016). 

We do not find substantial evidence for separation into two or more 
distinct slope-parameters V-type groups. Phase curve parameters for all 
(except for one) objects are clustered around that of (4) Vesta. One 
asteroid ((2763) Jeans) shows exceptionally high G2 value which should 
be verified in another opposition. 

Further work should be conducted to determine slope parameters of 
more V-types, including larger sample overlap with objects observed by 
Gil-Hutton et al. (2017) to confirm the diversity of the V-type popula
tion. Obtaining phase curves of non-Vestoids (such as those in the mid 
and outer Main Belt) may also help clarify if the variety of polarimetric 
behaviours found by Gil-Hutton et al. (2017) is due to particle size or 
mineralogical differences. Particular focus should be put to obtain high 
quality data at small phase angles and best at multiple oppositions to 

derive high accuracy phase-curve parameters. 
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Appendix A. Phase curves for individual objects  

Fig. 3. Phase curves of asteroid (2442) Corbett derived based on data obtained in the 2013 and 2015 oppositions.  

Fig. 4. Phase curves of asteroid (2486) Metsahovi derived based on data obtained in the 2019 opposition. 
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Fig. 5. Phase curves of asteroid (2566) Kirghizia derived based on data obtained in the 2013, 2015 and 2017 opposition.     

Fig. 6. Phase curves of asteroid (2653) Principia derived based on data obtained in the 2017 and 2018/19 opposition.    

Fig. 7. Phase curves of asteroid (2763) Jeans derived based on data obtained in the 2016/17 opposition. 
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Fig. 8. Phase curves of asteroid (2823) van der Laan derived based on data obtained in year 2016.     

Fig. 9. Phase curves of asteroid (2912) Lapalma derived based on data obtained in year 2017/18.     

Fig. 10. Phase curves of asteroid (3849) Incidentia derived based on data obtained in the 2013 and 2019 oppositions. 
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Fig. 11. Phase curves of asteroid (3869) Norton derived based on data obtained in 2013/2014 and 2017/18 opposition.     

Fig. 12. Phase curves of asteroid (4383) Suruga derived based on data obtained in 2017 and 2019 opposition.     

Fig. 13. Phase curves of asteroid (4434) Nikulin derived based on data obtained in years 2017 and 2018. 
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Fig. 14. Phase curves of asteroid (4692) SIMBAD derived based on data obtained in year 2014/15 and 2017.     

Fig. 15. Phase curves of asteroid (5037) Habing derived based on data obtained in year 2018 and 2019/20.     

Fig. 16. Phase curves of asteroid (5525) 1991 TS4 derived based on data obtained in year 2014, 2016 and 2018/19. 
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Fig. 17. Phase curves of asteroid (5754) 1992 FR2 derived based on data obtained in year 2016 and 2017/18.     

Fig. 18. Phase curves of asteroid (7558) Yurlov derived based on data obtained in year 2013, 2018 and 2019.     

Fig. 19. Phase curves of asteroid (8761) Crane derived based on data obtained in years 2016, 2018. 
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Fig. 20. Phase curves of asteroid (9481) Menchu derived based on data obtained in year 2014.  

Fig. 21. Phase curves of asteroid (9531) Jean-Luc derived based on data obtained in year 2018/2019.  

Fig. 22. Phase curves of asteroid (27192) Selenali derived based on data obtained in year 2015.  
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A B S T R A C T 

The amount of sparse asteroid photometry being gathered by both space- and ground-based surv e ys is growing exponentially. 
This large volume of data poses a computational challenge owing to both the large amount of information to be processed and 

the new methods needed to combine data from different sources (e.g. obtained by different techniques, in different bands, and 

having different random and systematic errors). The main goal of this work is to develop an algorithm capable of merging 

sparse and dense data sets, both relative and differential, in preparation for asteroid observations originating from, for example, 
Gaia , TESS , ATLAS, LSST, K2 , VISTA, and many other sources. We present a no v el method to obtain asteroid phase curves by 

combining sparse photometry and differential ground-based photometry. In the traditional approach, the latter cannot be used 

for phase curves. Merging those two data types allows for the extraction of phase-curve information for a growing number of 
objects. Our method is validated for 26 sample asteroids observed by the Gaia mission. 

Key words: minor planets, asteroids: general – catalogues – techniques: photometric. 

1  I N T RO D U C T I O N  

Asteroid phase curves describe the dependence of asteroid brightness 
on the geometry of scattering determined by the phase angle, namely 
the angle between the directions to the observer and the Sun as 
seen from the asteroid. Phase curves are of general interest because 
they allow us (1) to probe the surface properties (such as regolith 
particle size, surface roughness, porosity) of asteroids; (2) compute 
the absolute magnitude, which is related to the asteroid size and 
albedo; and (3) determine various physical properties of asteroids, 
for example the taxonomic type (Shevchenko et al. 2016 ; Oszkiewicz 
et al. 2021 ). 

Typical asteroid magnitude phase curves are linear in the phase 
angle range 8 ◦–40 ◦ and become non-linear at larger angles, where 
they are influenced by surface roughness on the topographic scale. At 
small phase angles, the so-called opposition effect is observed, which 
appears as a non-linear increase of the asteroid brightness towards op- 
position. According to our current knowledge, the opposition effect 
is formed by coherent back-scattering and shadow-hiding effects, 
the linear part is determined by the shadow-hiding effect and the 
contribution of single-particle scattering, and at large phase angles 
a contribution of the shadow-hiding effect appears at all roughness 
scales (e.g. Muinonen et al. 2002 ). Shadow hiding is caused by 
single scattering, and the effect is more pronounced for dark surfaces 
and less evident for bright surfaces, where multiple scattering is 

� E-mail: wilawerek@amu.edu.pl 

more dominant. The coherent back-scattering mechanism dominates 
for high-albedo surfaces. This explains the strong dependence of 
phase-curve behaviour on the albedo of the asteroid (Belskaya & 

Shevchenko 2000 ). The linear phase slope can be used for a reliable 
estimation of the albedo of asteroids from phase-curve measurements 
(Belskaya & Shevchenko 2018 ; Belskaya & Shevchenko 2000 ; 
Oszkiewicz et al. 2021 ; Shevchenko et al. 2021 ). The phase-curve 
behaviour also depends on wav elength. F or moderate- and high- 
albedo asteroids whose albedos increase with wavelength, so-called 
phase-reddening is observed (see Reddy et al. 2015 ). 

Se veral adv anced photometric models have been proposed to 
describe phase curves: Hapke’s (Hapke 1963 , 1966 , 1981 , 1984 , 
1986 , 2002 , 2008 , 2012 ; Hapke & Wells 1981 ), Akimov’s (Akimov 
1975 , 1979 , 1988 ) and Shkurato v’s (Shkurato v et al. 2011 ). Ho we ver, 
owing to the limited accuracy of photometric observations, in most 
cases empirical phase functions with only two to three parameters 
are used to fit phase curves. The H , G phase function was developed 
by Bowell et al. ( 1989 ) and adopted by the International Astronom- 
ical Union (IAU) in 1985. Ho we ver, with increasing numbers of 
observations it became clear that the H , G function o v erestimates 
the absolute magnitude of low-albedo objects and underestimates it 
for high-albedo objects. Therefore, two new H , G 1 , G 2 and H , G 12 

functions were proposed by Muinonen et al. ( 2010 ). The system 

was later impro v ed by Penttil ̈a et al. ( 2016 ). A new H , G 

∗
12 system 

was proposed to supersede the previous H , G 12 function. In the new 

model, one linear function of first degree is used to describe the 
dependence of G 1 and G 2 , in contrast to the two functions used 
before. Furthermore, the use of one-parameter phase functions was 
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proposed for objects with a small number of observations and/or low- 
quality photometry. In these functions, only the absolute magnitude 
H is fitted, and the G 1 , G 2 parameters are assumed for each taxonomic 
type, for example as in Shevchenko et al. ( 2016 ). For observations 
obtained at phase angles greater than 8 ◦ (such as those obtained by 
for example the Gaia mission), only the linear part of the phase curve 
can be fitted. The directional coefficient β of the linear function is 
correlated with the geometric albedo (Belskaya & Shevchenko 2018 ). 

Traditionally, phase curves are derived from relative photometry 1 

dense light curves that are obtained from targeted ground-based 
observations. Currently, these high-quality phase curves are available 
for a few hundred asteroids, and the increase in the number of 
objects is small (Shevchenko et al. 2016 ). This is mostly due to 
the time-consuming nature of these observations and to the careful 
planning and calibration required to obtain them (Shevchenko 1997 ; 
Shevchenko et al. 2002 , 2016 ; Pravec et al. 2012 ; Oszkiewicz et al. 
2021 ). Those standard observations allow us to account for changes 
in brightness owing to aspect (if enough data are gathered and the 
shape can be determined), irregular shape, and rotation. The latter 
is often referred to as the light-curve amplitude correction (LC-AC 

hereafter). Owing to the fact that light-curve morphology changes 
with phase angle and the minima are usually more affected than the 
maxima, the maximum of light curves is typically used to construct 
phase curves (Shevchenko et al. 2002 ). On the other hand, phase 
curv es deriv ed from sparse photometry available from surv e ys are 
numerous but often burdened with large uncertainties. This is mostly 
caused by not accounting for the rotational brightness modulation 
(LC-AC) and manifests as a large spread of points around the fitted 
phase function. 

The application of phase functions to large amounts of sparse 
photometry data was started a decade ago. By processing a large 
amount of photometric data from the Lo well Observ atory photomet- 
ric data base, Oszkiewicz et al. ( 2011 ) found a homogeneity of phase- 
curve parameters in asteroid families and studied the distribution of 
these parameters for various taxonomic classes (Oszkiewicz et al. 
2012 ). Similar studies were performed by Vere ̌s et al. ( 2015 ) using 
the Pan-STARRS data and by Waszczak et al. ( 2015 ) using the 
Palomar Transient Factory survey data. Recently, Mahlke, Carry & 

Denneau ( 2021 ) and Ďurech et al. ( 2020 ) confirmed the wavelength 
dependence of phase-curve coefficients using the sparse ATLAS 

dual-band photometry. That effect has been studied since the 1970s 
(Millis, Bowell & Thompson 1976 ; Miner & Young 1976 ; Gradie, 
Veverka & Buratti 1980 ; Gradie & Veverka 1986 ; Reddy et al. 2012 ; 
Sanchez et al. 2012 ). Alvarez-Candal et al. ( 2021a ) derived phase 
curves in the Sloan Digital Sky Survey (SDSS) bands for about 12 
000 asteroids, but did not study the wavelength dependence in detail. 

Colazo & Duffard ( 2020 ) determined the H , G parameters for 
about 4000 asteroids observed by the Gaia mission and available in 
the DR2 catalogue. They noted that the standard mean G slope value 
( G = 0.15) currently used by the Minor Planet Center differs from the 
value observed for the Gaia data set. Yoshida et al. ( 2020 ) presented 
o v er 40 000 phase curves obtained from serendipitous observations 
of asteroids present in the data from the Tomo-e Gozen transient 
surv e y aimed at detecting young supernovae. Lin et al. ( 2020 ) fitted 
the H , G phase function to about 1000 near-Earth asteroids observed 

1 By relative photometry we understand brightness measurements tied to a 
set of standard stars. Absolute photometry, as provided by Gaia , is tied to a 
laboratory source. Differential photometry results from the direct comparison 
of asteroid and stellar images present in the same field of view and is not tied 
to any particular magnitude scale. 

by the Zwicky Transient Facility and assigned them a taxonomic 
type based on the G slope value. 

Currently, the accuracy of phase curves derived from sparse 
photometry is very limited, and we need new approaches to achieve 
better accuracy. Muinonen et al. ( 2020 ) presented a method for 
the simultaneous inversion of rotation periods, pole orientations, 
shapes, and phase-curve parameters using Bayesian statistics. The 
method was applied to three asteroids having numerous data in the 
Gaia DR2 catalogue. Other efforts are ongoing. Martikainen et al. 
( 2021 ) combined the Gaia data with the sparse and dense-in-time 
photometry from the Database of Asteroid Models from Inversion 
Techniques (DAMIT) to perform conv e x inv ersion and ellipsoid 
inversion and derived the linear slopes for about 20 asteroids. 
Alvarez-Candal et al. ( 2021b ) used Bayesian statistics to account for 
rotational modulation in the SDSS multi-filter photometry. Colazo, 
Duffard & Weidmann ( 2021 ) fitted the H , G phase function to the 
Gaia DR2 data combined with relative photometry from the Asteroid 
Photometric Catalogue (Lagerkvist et al. 1995 ). 

With the increasing amount of sparse photometric data, there is 
clearly a need for computationally efficient methods that can process 
large data volumes and at the same time reduce the uncertainty of 
the determined phase-curve parameters. This can be achieved by 
merging multiple measurements that are diverse in nature, which 
gives auxiliary knowledge unobtainable from sparse data alone. 
In this work, we present a new approach for obtaining asteroid 
phase curves from various information sources: combining the 
absolute but sparse Gaia data and data from ground-based differential 
photometry. Although straightforward, this approach has not yet been 
fully explored in the literature. In comparison to other works, it 
allows rotational brightness changes and complicated light-curve 
morphologies to be accounted for. The method presented here can 
be extended to other sparse photometric surveys. 

In Section 2 we describe the data sources used in this study, and in 
Section 3 we consider the phase-curve fitting algorithm. The results 
are presented in Section 4 , the discussion in Section 5 , and a summary 
and plan for future work in Section 6 . 

2  DATA  SOURCES  

We use traditional differential ground-based photometric observa- 
tions gathered at the Astronomical Observatory Institute of Adam 

Mickie wicz Uni versity in Pozna ́n and absolute Gaia measurements. 
Combining these different data types (differential, dense-in-time 
photometry, and sparse but absolute photometry) allows us to account 
for the rotational component in the sparse photometry (through the 
inclusion of well-determined periods and higher than second-order 
Fourier series determined from ground-based differential photome- 
try) and to derive the phase slope ( β) parameter. 

Routine asteroid photometric observations have been performed 
at Pozna ́n Observatory since the 1990s, and thus decades of asteroid 
photometric observations are available. However, for the purpose of 
this work, we select only observations obtained in the Gaia DR2 
era to ensure similar aspect angles and viewing geometries; that is, 
we use observations obtained in the years 2014–2016. Furthermore, 
we use only observations of asteroids that have both differential 
ground-based photometry and Gaia measurements obtained for at 
least three different phase angles. The observing log for these objects 
is summarized in Table 1 , in which we include rotational periods, 
aspect changes, time ranges of observations, the number of dense 
light curves, the number of Julian days of Gaia observations, and the 
number of transits registered by Gaia for each asteroid. 
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Table 1. The columns present: the observed asteroid, the rotation period taken from Marciniak et al. ( 2015 , 2018 , 2019 , 2021 ) and 
Shevchenko et al. ( 2021 ), the aspect change during the period of observation, the minimum phase angle observed by Gaia , the number 
of partial light curves obtained from ground-based telescopes, the number of Julian days of Gaia observations, and the number of 
transits registered by Gaia . 

Asteroid Rotation period Aspect change Period of observations αmin N ground N Gaia N transit 

(h) ( ◦) ( ◦) 

(70) Panopaea 15 .812 – 2014-08-14–2015-02-11 18 .03 15 6 14 
(108) Hecuba 14 .255 7 2015-03-05–2015-12-20 12 .58 10 9 15 
(109) Felicitas 13 .194 40 2015-05-01–2016-02-24 20 .31 13 5 6 
(159) Aemilia 24 .493 9 2015-01-08–2015-10-23 12 .51 11 9 27 
(195) Eurykleia 16 .527 6 2014-09-24–2015-05-30 15 .1 8 6 9 
(202) Chryseis 23 .671 10 2014-08-30–2015-01-21 13 .65 9 3 4 
(202) Chryseis 23 .666 9 2015-09-07–2016-04-04 18 .75 10 5 8 
(260) Huberta 8 .2895 10 2014-09-12–2015-02-07 13 .9 11 4 6 
(301) Bavaria 12 .240 17 2015-03-01–2015-12-24 16 .8 9 10 14 
(305) Gordonia 12 .893 7 2014-08-08–2015-02-11 13 .26 13 5 5 
(329) Svea 22 .777 15 2014-07-30–2015-02-06 16 .82 11 3 4 
(362) Havnia 16 .923 10 2015-07-01–2016-02-28 21 .2 6 6 8 
(380) Fiducia 13 .716 7 2015-07-02–2016-02-27 20 .3 8 6 9 
(439) Ohio 37 .46 16 2014-08-21–2015-02-06 13 .55 12 5 10 
(483) Seppina 12 .723 9 2014-09-17–2015-04-17 14 .31 5 6 7 
(483) Seppina 12 .721 12 2015-11-09–2016-05-09 14 .78 5 3 3 
(501) Urhixidur 13 .174 12 2014-09-11–2015-04-29 13 .6 10 7 10 
(537) Pauly 16 .301 10 2015-11-15–2016-05-20 12 .07 8 7 9 
(552) Sigelinde 17 .143 8 2015-05-04–2016-02-20 12 .52 5 11 20 
(611) Valeria 6 .982 11 2014-08-29–2015-02-13 16 .17 3 4 6 
(618) Elfriede 14 .799 12 2014-08-28–2015-01-21 14 .09 12 3 6 
(618) Elfriede 14 .799 12 2015-09-06–2016-04-28 14 .97 6 4 6 
(653) Berenike 12 .488 14 2015-02-23–2015-10-28 17 .35 7 6 8 
(666) Desdemona 14 .617 7 2014-11-06–2015-08-19 13 .34 18 9 14 
(666) Desdemona 14 .617 13 2016-01-14–2016-07-23 13 .59 9 5 6 
(667) Denise 12 .683 15 2014-12-29–2015-10-25 11 .14 6 9 18 
(667) Denise 12 .683 4 2016-03-08–2016-08-31 12 .5 9 3 5 
(723) Hammonia 5 .4349 – 2014-08-08–2015-02-03 14 .32 17 5 14 
(727) Nipponia 5 .0692 – 2014-10-25–2015-05-29 21 .83 5 4 6 
(780) Armenia 19 .898 17 2015-02-20–2015-10-28 13 .66 24 8 13 
(834) Burnhamia 13 .874 6 2014-09-20–2015-05-31 11 .24 10 9 17 
(834) Burnhamia 13 .879 8 2015-11-15–2016-05-19 13 .47 7 5 6 

For all asteroids, we verified the aspect changes based on all 
available models (usually two) and reported the largest aspect change. 
The aspect changes calculated with ISAM (Interactive Service for 
Asteroid Models) (Marciniak et al. 2012 ) were less than 15 ◦ for most 
of the observed objects during the observation period. In many cases, 
the aspect change of the objects is smaller than the uncertainties in 
the spin-axis coordinates. Light curves and periods for all asteroids 
except for (611) Valeria and (727) Nipponia were taken from 

Marciniak et al. ( 2015 , 2018 , 2019 , 2021 ) and Shevchenko et al. 
( 2021 ). Observing circumstances for 611 and 727 are summarized 
in Table A1 . 

We also used sparse, but absolute Gaia photometry (Prusti et al. 
2016 ). The Gaia mission provided photometric data of millimagni- 
tude accuracy for about 14 000 asteroids (DR2) (Brown et al. 2018 ; 
Spoto et al. 2018 ). Most objects were observed at phase angles in 
the range 5 ◦ < α < 30 ◦, and thus Gaia does not co v er the opposition 
area. Typically, observations obtained during transits in two Gaia 
fields of view are separated by 106.5 min and thus can be reduced to 
two points on a light curve during a single rotation. Those two points 
are reduced to a single point on the phase curve, as the change of the 
phase angle between two Gaia transits is ne gligible (e xcept for near- 
Earth objects). In the current catalogue (DR2), the total number of 
observations for a particular asteroid is very low. As a consequence, 
sparse data points alone are not enough to obtain reasonable-quality 

phase curves. Therefore, merging with other data sources and/or 
information is necessary. Here, we focus on merging diverse data 
sets, as indicated in Table 1 . 

From the Gaia catalogue, we extracted the following columns 
for our 26 objects: number mp , indicating the asteroid number; 
epoch utc , the observing time; and g mag , the brightness in the 
G band and the corresponding flux g flux with its uncertainty 
g flux error . A constant value of 2455197.5 d needs to be added 
to epoch utc . The G magnitude error is estimated as: 

g magerr = −2 . 5 log 10 

(
g flux + g fluxerr 

g flux 

)
. (1) 

Each asteroid data are divided into oppositions based on solar 
elongation at the date of observation. One opposition comprises data 
from 0 ◦ to 360 ◦ solar elongation. Each asteroid opposition contains 
Gaia observations from at least three separate Julian days (typically 
there are two transits per Julian day) and at least one observing night 
from ground-based observatories co v ering all phases of the rotational 
period. 

3  PHASE-CURVE  FITTING  A L G O R I T H M  

The differential ground-based photometry is composed together with 
absolute Gaia measurements to determine the rotational phases at 
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which the Gaia points were obtained. The common fit allows for 
interpolation of the maximum brightness from the fitted Fourier 
series. The interpolated maximum brightnesses for the Gaia points 
taken at different phase angles are then used in the construction of 
phase curves. 

Similarly, the synthetic light curves generated from asteroid shape 
models can be composed with the Gaia data. This approach is, 
ho we ver, burdened with (1) uncertainty arising from propagating 
the uncertainty of the rotation period, and thus an inability to prop- 
erly determine the rotational phase, and (2) light-curve amplitude 
uncertainties arising from shape models accuracy. This problem is 
minimized in our approach by the requirement for the same epoch 
for the dense and sparse photometry. 

Generally, differential photometry can be re-calibrated to the 
Gaia G band, using one of the all-sky photometric catalogues. 
This, ho we ver, could possibly introduce unwanted systematic effects 
owing to the difference between photometric bands of Gaia and 
ground-based observations. These systematic effects are not well 
established at the moment and thus are impossible to correct for. 

In this work we focus on composing together the differential 
ground-based photometry with the Gaia absolute photometry. We 
outline our procedure below. 

First, we use the PERFIT program (Kwiatkowski et al. 2021 ) to fit 
the standard Fourier series to the combined differential and absolute 
photometry. We determine the shape of the composite light curve and 
synodic period. We usually use 4–6 orders of the series; ho we ver, 
sometimes higher orders are required. The fitted function is 

V ( t) = V + 

n ∑ 

k= 1 

(
A k sin 

2 πk( t − t 0 ) 

P 

+ B k cos 
2 πk( t − t 0 ) 

P 

)
, (2) 

where V is the average brightness for a single light curve, A k and 
B k are the Fourier series coefficients, P is the synodic period, t is 
the time of observation, and t 0 is the time of the first observation. 
F or a fix ed synodic period, that relationship is linear and can be 
fitted using a least-squares method. The fitted parameters become V 

(separate for each light curve), A k and B k . A range of synodic periods 
is scanned to produce a plot of the quality of the fit (measured by 
χ2 per degree of freedom) versus the trial period and to find the best 
matching solution. 

Provided that the data are relative or absolute in nature, the V plus 
half of the peak-to-peak amplitude (obtained from the Fourier fit) 
determines the maximum brightness ( V max ). We thus further select 
only the V max originating from absolute Gaia data and use these to 
construct phase curves. Because Gaia observes asteroids mostly at 
phase angles away from opposition, only the linear part of the phase 
curve can be obtained. We thus use linear regression to fit the light- 
curve amplitude-corrected Gaia data. If relative photometry covering 
small phase angles is available (either dense or sparse from ground- 
or space-based observatories), full phase functions can be fitted. 
Therefore, this approach is capable of combining both dense and 
sparse data, relative, absolute and differential, providing a powerful 
tool for future-generation surv e ys. 

In addition, because the largest uncertainties in correcting for light- 
curve amplitude arise from uncertainties in the synodic period, we 
perform an additional calibration step. That is, we sample the rotation 
period within the estimated uncertainty and select the period that 
leads to the smallest χ2 of the linear phase-curve fit. 

Figure 1. Upper panel: composite light curve for asteroid (202) Chryseis 
combining Gaia observations (black bold) and ground-based observations 
(coloured) with a derived light-curve shape (solid red line). Bottom panel: 
linear part of the phase curve for asteroid (202) Chryseis. The original Gaia 
data reduced to 1-au distance and a linear fit to these are shown in blue. Light- 
curve amplitude-corrected Gaia data based on the literature, the derived and 
adjusted periods and corresponding fits are shown in green, orange and black, 
respecti vely. Error bars sho w the uncertainty of the brightness in magnitude. 
Residuals are shown at the very bottom. 

4  RESULTS  

4.1 Gaia data and differential ground-based photometry 

We fitted the linear part of the phase curves to 32 different oppositions 
of 26 asteroids that met the selection criteria described in Section 2 . 

In Figs 1 to 3 , we present composite light curves and final 
linear functions fitted to the light-curve-corrected data for asteroids 
(202) Chryseis, (301) Bavaria and (305) Gordonia (plots for the 
other asteroids can be found in the Supporting Information available 
online). The Gaia data nicely complement the ground-based dense 
differential light curves. LC-AC depends on the rotation period. The 
three linear functions shown were fitted to the data with LC-AC 

derived based on periods from Marciniak et al. ( 2015 , 2018 , 2019 , 
2021 ) and Shevchenko et al. ( 2021 ) (green), a period found using 
Fourier series (orange), and a period that minimizes the linear phase 
function residuals (black). The fit to the raw DR2 data is shown 
in blue. Generally, the LC-AC linear functions are similar, as the 
periods are usually consistent within hundredths of an hour. A linear 
fit to the raw Gaia data (without the LC-AC) clearly can produce 
erroneous and sometimes ev en ne gativ e (physically incorrect) phase 
slopes ( β). Furthermore, the scatter around the linear functions is 
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Figure 2. As Fig. 1, but for (301) Bavaria. 

significantly reduced (e.g. from ∼0.15 to ∼0.02 mag in Fig. 3 ) 
compared with the linear function fitted to the unprocessed Gaia 
data. The reduction is larger for asteroids with high light-curve 
amplitude. This highlights the need for LC-AC when using sparse-in- 
time photometry. The reduction of the scatter is worse for asteroids 
with lower-quality light curves and for objects for which there is a 
gap in the co v erage of the full rotational period. The linear LC-AC 

functions (Figs 1 to 3 ) correspond to light-curve maxima, and thus 
are usually shifted vertically compared with the raw Gaia data fit. 
The marked uncertainties in Figs 1 to 3 include only the single- 
point photometric uncertainty of the Gaia measurements and do 
not include the uncertainty arising from the propagation of synodic 
period uncertainty or synodic period changes. 

The resulting β phase-slope values are listed in Table 2 along with 
the period that resulted in the best-fitting curve, Tholen taxonomic 
type (Neese 2010 ), and geometric albedos taken from the AKARI 
(Usui et al. 2011 ), IRAS (Tedesco et al. 2004 ), and WISE (Mainzer 
et al. 2019 ) catalogues. Data from different oppositions were fitted 
separately. The phase-slope v alues deri ved from different apparitions 
are typically within 1 σ uncertainty of each other. The differences 
may arise from different aspect angles and irregularities of the shape. 
Further uncertainties may originate from errors in photometry, period 
estimation and LC-AC. 

Fig. 4 shows the correlation between the linear slope β derived in 
this work and the geometric albedo. The solid black line represents 
the relationship β = 0.016 − 0.022log p V found by Belskaya & 

Shevchenko ( 2018 ) for the V -band slopes, and the shaded areas 

Figure 3. As Fig. 1 , but for (305) Gordonia. 

represent 1 σ , 2 σ and 3 σ error envelopes. The solid red line represents 
the function we fitted to the Gaia G magnitudes, which is different 
for every albedo source: 

βAKARI = 0 . 025 − 0 . 013 log p V , 

βIRAS = 0 . 022 − 0 . 015 log p V , 

βWISE = 0 . 025 − 0 . 013 log p V . 

(3) 

We plot only points for which the accuracy is better than 20 per cent. It 
can be seen that our results are in good agreement with Belskaya & 

Shevchenko ( 2018 ). The relationships derived in equation ( 3 ) are 
for the Gaia G band. Owing to the sparse nature of the data, we 
consider these relationships to be rough estimates. Obtaining better 
relationships is not possible because it will probably never be possible 
to use the the sparse data to impro v e the results based on accurate 
dense photometry. 

4.2 Simulation of uncertainties 

We checked how the time separation between dense and sparse obser- 
vations (in assumption, differential and relativ e, respectiv ely) and the 
noise of the dense observations affect the value and uncertainty of the 
derived slope parameter β. We selected the asteroid (159) Aemilia 
to perform our simulation, as it has the largest light-curve amplitude 
among our objects. 

First, using observational data, we derived the mean JD time of 
ground-based data and set it to be the middle date of a week. Then we 
used ISAM to generate full synthetic light curves for three randomly 
chosen nights in a week and added 0.01-, 0.03- and 0.05-mag random 

Gaussian noise to them. 
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Table 2. Period used for composite light curves, geometric albedos from AKARI (Usui et al. 2011 ), IRAS (Tedesco et al. 2004 ), and 
WISE (Mainzer et al. 2019 ), linear slopes coefficients derived from the light-curve-corrected Gaia data, and Tholen taxonomic type from 

Neese ( 2010 ). In cases where there were a few entries for a given object in a given albedo catalogue, the entry with the lowest albedo 
uncertainty was taken. 

Asteroid Period p v Phase slope Taxonomic type 
(h) AKARI IRAS WISE [ mag 

deg ] 

(70) Panopaea 15 .8078 0.05 ± 0.002 0.07 ± 0.004 0.038 ± 0.007 0.0283 ± 0.0070 C 

(108) Hecuba 14 .2587 0.213 ± 0.007 0.192 ± 0.035 0.148 ± 0.013 0.0325 ± 0.0082 S 
(109) Felicitas 13 .1915 0.086 ± 0.003 0.06 ± 0.003 0.036 ± 0.009 0.0252 ± 0.0079 GC 

(159) Aemilia 24 .4822 0.059 ± 0.003 0.061 ± 0.003 0.064 ± 0.014 0.0382 ± 0.0042 C 

(195) Eurykleia 16 .5269 0.055 ± 0.002 0.053 ± 0.002 0.051 ± 0.008 0.0388 ± 0.0052 C 

(202) Chryseis 23 .6645 0.245 ± 0.007 0.178 ± 0.023 0.232 ± 0.037 0.0399 ± 0.0101 S 
(202) Chryseis 23 .6717 0.245 ± 0.007 0.178 ± 0.023 0.232 ± 0.037 0.0347 ± 0.0002 S 
(260) Huberta 8 .2883 0.054 ± 0.002 0.034 ± 0.005 0.044 ± 0.01 0.0408 ± 0.0186 CX: 
(301) Bavaria 12 .2435 0.06 ± 0.002 0.056 ± 0.003 0.057 ± 0.007 0.0363 ± 0.0046 –
(305) Gordonia 12 .8929 0.234 ± 0.008 0.169 ± 0.01 0.238 ± 0.036 0.0323 ± 0.0023 S 
(329) Svea 22 .7646 0.049 ± 0.001 0.037 ± 0.002 0.039 ± 0.007 0.0117 ± 0.0143 C 

(362) Havnia 16 .9327 0.062 ± 0.002 – 0.061 ± 0.008 0.0308 ± 0.0134 XC 

(380) Fiducia 13 .7205 0.053 ± 0.002 0.051 ± 0.002 0.066 ± 0.005 0.0150 ± 0.0081 C 

(439) Ohio 37 .4550 0.037 ± 0.001 0.036 ± 0.002 0.042 ± 0.004 0.0430 ± 0.0078 X: 
(483) Seppina 12 .7219 0.172 ± 0.004 0.136 ± 0.007 0.184 ± 0.066 0.0401 ± 0.0103 S 
(483) Seppina 12 .7207 0.172 ± 0.004 0.136 ± 0.007 0.184 ± 0.066 0.0604 ± 0.0148 S 
(501) Urhixidur 13 .1738 0.079 ± 0.002 0.068 ± 0.004 0.052 ± 0.009 0.0399 ± 0.0051 –
(537) Pauly 16 .3019 0.283 ± 0.008 0.239 ± 0.05 0.322 ± 0.03 0.0127 ± 0.0129 DU: 
(552) Sigelinde 17 .1532 0.051 ± 0.002 0.034 ± 0.003 0.036 ± 0.005 0.0438 ± 0.0025 –
(611) Valeria 6 .9788 0.115 ± 0.003 0.091 ± 0.005 0.124 ± 0.008 0.0362 ± 0.0050 S 
(618) Elfriede 14 .7980 0.06 ± 0.002 0.058 ± 0.007 0.05 ± 0.005 0.0583 ± 0.0174 C 

(618) Elfriede 14 .7974 0.06 ± 0.002 0.058 ± 0.007 0.05 ± 0.005 0.0463 ± 0.0039 C 

(653) Berenike 12 .4876 0.173 ± 0.006 0.177 ± 0.011 0.085 ± 0.017 0.0858 ± 0.0435 S 
(666) Desdemona 14 .7686 0.105 ± 0.006 0.095 ± 0.005 0.095 ± 0.015 0.0638 ± 0.0375 –
(666) Desdemona 14 .6148 0.105 ± 0.006 0.095 ± 0.005 0.095 ± 0.015 0.0353 ± 0.0020 –
(667) Denise 12 .6840 0.062 ± 0.003 0.057 ± 0.003 0.062 ± 0.01 0.0401 ± 0.0037 –
(667) Denise 12 .6840 0.062 ± 0.003 0.057 ± 0.003 0.062 ± 0.01 0.0455 ± 0.0037 –
(723) Hammonia 5 .4351 0.294 ± 0.031 0.121 ± 0.017 0.352 ± 0.048 0.0145 ± 0.0052 –
(727) Nipponia 5 .0692 0.212 ± 0.01 0.141 ± 0.018 0.479 ± 0.053 0.0863 ± 0.0175 DT 

(780) Armenia 19 .8799 0.046 ± 0.002 0.047 ± 0.002 0.039 ± 0.003 0.0423 ± 0.0114 –
(834) Burnhamia 13 .8753 0.082 ± 0.007 0.068 ± 0.004 0.071 ± 0.008 0.0403 ± 0.0035 GS: 
(834) Burnhamia 13 .8764 0.082 ± 0.007 0.068 ± 0.004 0.071 ± 0.008 0.0252 ± 0.0061 GS: 

Next, to simulate Gaia observations, for three randomly selected 
days in each of the following 10 weeks, we generated a synthetic 
light curve, picked a single observing point, and assigned a sigma 
equal to 0.003 (the median of all Gaia points sigma). Finally, we 
created 30 different data sets containing all possible combinations of 
differently noised synthetic ground-based data mixed with simulated 
Gaia points from 1 to 10 weeks apart from dense ground-based ones. 
We performed the calibration and phase-curve fitting described in 
Section 3 on all data sets. The obtained light curves and phase curves 
can be found in the Supporting Information available online. Fig. 5 
shows the dependence of the β parameter and its uncertainty on the 
time span between observations. 

First, the dependence of the data-separation time-span on the slope 
uncertainty is non-linear and relies on the number of rotations in the 
separation time span, the period uncertainty, and the phase difference 
created by the difference in the synodic and sidereal periods and the 
rotational phase of the sparse data. In addition, based on this single 
simulation, we recommend that the dense observations should not 
have σ values larger than 0.03 mag. 

5  D ISC U SSION  

The largest source of uncertainty in phase-curve studies based 
on sparse data arises from the lack of or an inaccurate LC-AC, 

as the sparse data randomly sample light curves of generally 
unknown shape, rotation period and amplitude. Therefore phase 
curves constructed from sparse photometry commonly have a large 
scatter around the fitted phase function. Naturally, the scatter is 
larger for objects with a large light-curve amplitude, which for 
some objects can reach even > ∼1 mag (Warner, Harris & Pravec 
2009 ). Absolute magnitudes derived from the scattered phase curves 
typically correspond to light-curv e-av eraged brightnesses. Moreo v er, 
the average is taken from points that are not uniformly sampled o v er 
the rotation period but depend on surv e y cadence, and this may 
introduce biases into the derived phase-curve parameters. 

F or e xample, Oszkiewicz et al. ( 2011 ) and Mahlke et al. ( 2021 ) did 
not correct for light-curve amplitude for the majority of their data. 
The estimated absolute magnitudes from Oszkiewicz et al. ( 2011 ) 
thus correspond to brightness averages over randomly sampled 
light curves from multiple oppositions, and those by Mahlke et al. 
( 2021 ) to randomly sampled light curves over a single opposition. 
Waszczak et al. ( 2015 ) simultaneously fitted phase curves together 
with the rotational component (using second-order Fourier series fits 
representing simple ellipsoidal shapes) using sparse photometry from 

the Palomar Transient Factory. Vere ̌s et al. ( 2015 ) used sinusoidal fits 
to describe light curves composed of sparse data and to determine the 
maximum brightness. That approach does not take into account the 
changes in synodic period or complicated light-curve morphology. 
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Figure 4. Correlation between the slope of asteroid phase curves and the 
albedo. The black line with the envelope depicts β = 0.016 − 0.022log p v 
with 1 σ , 2 σ and 3 σ (Belskaya & She vchenko 2018 ), the red line sho ws a 
function fitted to the data points, and the points are objects from this study. 

Alvarez-Candal et al. ( 2021a ) used Bayesian statistics to account 
for possible light-curve amplitudes and periods. Their study did not 
consider aspect changes in different oppositions and was based on 
a few data points per object, resulting in large uncertainties. Colazo 
et al. ( 2021 ) combined mean magnitudes (averaged over photometric 
measurements obtained by Gaia , given that there was more than one 
transit per Julian day) with ground-based relative V -band photometry 
from Lagerkvist et al. ( 1995 ). The ground-based data were obtained at 
different epochs and thus at different aspects compared with the Gaia 

Figure 5. Data-separation time-span dependence for synthetic observations 
of asteroid (159) Aemilia. The plot shows changes of the slope value β
(upper) and its uncertainty (bottom) depending on the time-distance of sparse 
observations. The inset graphs are close-up views of the range 1–4 weeks. 

data. In the Gaia DR2 documentation, the brightest measurements 
among photometric points obtained on a single night are selected for 
phase-curve analysis. In general, approximate light-curve correction 
methods could lead to a larger spread in points around the phase 
function and thus to higher phase-curve parameter uncertainties. 

Muinonen et al. ( 2020 ) and Martikainen et al. ( 2020 ) used a 
comple x conv e x inv ersion method that allows for accurate LC- 
AC. Ho we ver, if no dense light curves are available around the 
sparse data, the correction may similarly be inaccurate owing to 
model uncertainties. Moreo v er, if the shapes are deriv ed based on 
sparse photometry they may not accurately reflect the light-curve 
morphology at Gaia epochs. Furthermore, because most asteroids 
have a poorly constrained shape and dimension along the z -axis, 
the transformation to the equatorial viewing geometry applied by 
the authors may introduce additional uncertainties (Bartczak & 

Dudzinski 2019 ). 
In this work, we have presented an alternative to the methods 

mentioned abo v e. The approach presented here is straightforward, 
computationally efficient, and has not yet been explored in the 
literature. Our approach allows for the incorporation of differential 
photometry, which traditionally is unusable for the construction of 
phase curves. The requirement of dense photometry close in time 
to the sparse measurements reduces the spread of data around the 
fitted phase function. In comparison to other works, this allows us 
to account for the complicated shape of the light-curve morphology 
beyond the second order of Fourier series, as often simplified in 
previous works. Because phase curves are derived from data from 

single oppositions, the resulting absolute magnitudes and phase- 
curve parameters correspond to that opposition. 

This method should be used for asteroids for which the aspect 
changes are slow, which is generally the case for main-belt objects. 
As a precaution, we show a phase curve derived for asteroid 
(109) Felicitas in Fig. 6 , which had a large aspect change of 40 ◦. 
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Figure 6. As Fig. 1, but for (109) Felicitas. 

Figure 7. Full phase curve of (260) Huberta with fitted H , G , H , G 1 , G 2 and 
H , G 12 phase functions (solid, dashed and dotted lines, respectively). 

There is almost no reduction of the original scatter around the linear 
phase curve. 

In addition, we would like to point out that by combining calibrated 
ground-based observations with sparse data, a full phase curve 
can be obtained and phase-function parameters can be determined. 
As an example, we created a phase curve for the object (260) 
Hammonia combining ground-based V -filter data from Shevchenko 
et al. ( 2021 ) and data from Gaia DR2 (Fig. 7 ). Gaia magnitudes 
have been transformed to V Johnson–Cousins magnitudes using the 
transformation from Busso et al. ( 2018 ) and the colour index V-R 

Table 3. Phase-function parameters for 
(260) Huberta. 

H , G H = 8 . 99 + 0 . 02 
−0 . 03 

G = 0 . 20 + 0 . 02 
−0 . 05 

H , G 1 , G 2 H = 9 . 00 + 0 . 02 
−0 . 03 

G 1 = 0 . 69 + 0 . 08 
−0 . 09 

G 2 = 0 . 12 + 0 . 05 
−0 . 04 

H , G 12 H = 9 . 01 + 0 . 01 
−0 . 01 

G 12 = 0 . 66 + 0 . 13 
−0 . 01 

taken from Shevchenko et al. ( 2021 ). The obtained phase function 
parameters are summarized in Table 3 . 

Generally, having accurate models and data close in time to the 
sparse data would be best for reducing the phase-curve uncertainties. 
Our method, by reproducing the complicated light-curve shape, 
reduces the uncertainty due to rotation and shape. Ho we ver, it still 
cannot reproduce the changes in the synodic period, which can be 
obtained from models. Both spin/shape models and Fourier fits suffer 
from the propagation of synodic period uncertainty. The rotational 
phase uncertainty increases linearly with time (Bartczak & Dudzinski 
2019 ). Thus, composing sparse data with dense light curves that 
have been obtained at a very different epoch may result in a large 
rotational phase discrepancy and thus induce additional errors in the 
interpolation of maximum brightness. Thus, having data very close 
in time to the sparse photometry will best reduce these sources of 
uncertainty. 

Aspect changes also influence phase curves. Traditionally, phase 
curves are obtained for objects with small aspect changes (most 
main-belt objects) to a v oid the uncertainties induced by aspect. 
The method of Martikainen et al. ( 2021 ) proposed computing so- 
called reference phase curves, namely phase curves in the equatorial 
geometry (often referred to as aspect-corrected). These, ho we ver, 
suffer from additional uncertainties arising from the shape models, 
which typically have large uncertainties in the z -axis. The use of 
dense absolute and relative photometry could help with this problem. 
These types of data can help us to constrain the axial ratio, and thus 
also impro v e the z -axis uncertainty. 

6  SUMMARY  A N D  F U T U R E  WO R K  

Because the number of photometric measurements for asteroids is 
growing exponentially in time, it is important to develop methods 
capable of combining these distributed data. In this work, we have 
presented an efficient method that is able to produce phase curves 
from combined dense and sparse photometry, and the rotational 
brightness modulation is accounted for. Moreo v er, we hav e shown 
that differential photometry (unusable for the construction of tradi- 
tional phase curves) can be utilized with sparse data, aiding the light- 
curve correction. Furthermore, increasing the number of sparse data 
will allow for the combination of different data sets into ‘denser’ 
light curves, which in turn will provide a higher quality of phase 
curves. 

In the future, we plan to develop a large photometric data base 
combining sparse and dense photometry from various publicly 
available data sources. This will include absolute, relative, and 
differential photometry. 

Combining a larger amount of data will allow for a more accurate 
determination of phase function parameters for a large number of 
asteroids. This in turn will lead to a better determination of asteroid 
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sizes, albedos, and other surface properties that are correlated with 
phase-curve parameters. Furthermore, poorly understood problems 
such as phase-curve parameters relation to taxonomy, wavelength 
dependence, and aspect angle dependence can be studied given a 
large data base containing impro v ed phase curves. 
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SUPPLEMENTARY FIGURES

The graphs shown in Fig. 1 to 28 and in Table 1 consist
of two parts: upper and bottom. Upper part is a composite
lightcurve for a given asteroid combining Gaia observations
(black bold) and ground-based observations (color) with a
derived lightcurve shape (solid red line). Bottom part shows
a linear part of the phase curve. Original Gaia data reduced
to 1 au distance and a linear fit to those is shown in blue.
Lightcurve amplitude corrected Gaia data based on litera-
ture, derived and adjusted period and corresponding fits are
shown in green, orange and black respectively. Error bars
show uncertainty of brightness in magnitude. Residuals are
shown at the very bottom.
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Figure 2. (108) Hecuba
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Figure 4. (195) Eurykleia
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Figure 6. (260) Huberta
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Figure 8. (362) Havnia
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Figure 9. (380) Fiducia
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Figure 10. (439) Ohio
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Figure 11. (483) Seppina
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Figure 12. (483) Seppina
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Figure 13. (501) Urhixidur
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Figure 14. (537) Pauly
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Figure 15. (552) Sigelinde
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Figure 16. (611) Valeria
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Composite lightcurve of 618 Elfriede

8.80

8.85

8.90

8.95

9.00

9.05

9.10

9.15

9.20

Re
du

ce
d 
G 
m
ag
 i
tu
de
 [m

ag
]

(618) Elfriede

origi al data
fit β=0.0442±0.0035
literature
fit β=0.0455±0.0045

Fourier Series
fit β=0.0460±0.0042
best period
fit β=0.0463±0.0039

14 15 16 17 18 19
α [o]

(0.1
0.0
0.1

re
sid

ua
ls

Figure 17. (618) Elfriede
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Figure 18. (618) Elfriede
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Composite lightcurve of 653 Berenike

9.9

10.0

10.1

10.2

10.3

10.4

10.5

Re
du
ce
d 
G 
 
ag
ni
tu
de
 [ 
ag
]

(653) Berenike

original data
fit β=0.0541(0.0556
literature
fit β=0.0895(0.0424

Fourier Series
fit β=0.0835(0.0442
best period
fit β=0.0858(0.0435

17.5 18.0 18.5 19.0 19.5
α [o]

)0.1
0.0
0.1

re
sid
ua
ls

Figure 19. (653) Berenike
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Figure 20. (666) Desdemona
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Figure 21. (666) Desdemona
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Figure 22. (667) Denise
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Figure 23. (667) Denise
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Composite lightcurve of 723 Hammonia
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Figure 24. (723) Hammonia
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Figure 25. (727) Nipponia
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Composite lightcurve of 780 Armenia
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Figure 26. (780) Armenia
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Composite lightcurve of 834 Burnhamia
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Figure 27. (834) Burnhamia
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Figure 28. (834) Burnhamia
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Table 1: Set of figures same as Fig. 1 showing how the time separation (rows) between dense and sparse observations (in
assumption, differential and relative, respectively) and the noise (columns) of the dense observations affects lightcurves and
phase curves for simulated data of (159) Aemilia.
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Table 1: Set of figures same as Fig. 1 showing how the time separation (rows) between dense and sparse observations (in
assumption, differential and relative, respectively) and the noise (columns) of the dense observations affects lightcurves and
phase curves for simulated data of (159) Aemilia.

σ = 0.01 σ = 0.03 σ = 0.05

3
w
ee
k
s

0.00 0.25 0.50 0.75 1.00
Rotation phase

−0.10

−0.05

0.00

0.05

0.10

Di
ffe

re
nt

ia
l m

ag
ni

tu
de

0.00 0.25 0.50 0.75 1.00
Rotation phase

−0.1

0.0

0.1

Di
ffe

re
nt

ia
l m

ag
ni

tu
de

0.00 0.25 0.50 0.75 1.00
Rotation phase

−0.1

0.0

0.1

Di
ffe

re
nt

ia
l m

ag
ni

tu
de

−0.10

−0.05

0.00

0.05

0.10

Re
du

ce
d 

G 
m

ag
. [

m
ag

]

14.6 14.7 14.8 14.9
α [o]

−0.1
0.0
0.1

re
s

−0.1

0.0

0.1

Re
du

ce
d 

G 
m

ag
. [

m
ag

]

14.6 14.7 14.8 14.9
α [o]

−0.1
0.0
0.1

re
s

−0.1

0.0

0.1

Re
du

ce
d 

G 
m

ag
. [

m
ag

]

14.6 14.7 14.8 14.9
α [o]

−0.1
0.0
0.1

re
s

4
w
ee
k
s

0.00 0.25 0.50 0.75 1.00
Rotation phase

−0.10

−0.05

0.00

0.05

0.10

Di
ffe

re
nt

ia
l m

ag
ni

tu
de

0.00 0.25 0.50 0.75 1.00
Rotation phase

−0.1

0.0

0.1

Di
ffe

re
nt

ia
l m

ag
ni

tu
de

0.00 0.25 0.50 0.75 1.00
Rotation phase

−0.1

0.0

0.1

Di
ffe

re
nt

ia
l m

ag
ni

tu
de

−0.1

0.0

0.1Re
du

ce
d 

G 
m

ag
. [

m
ag

]

15.6 15.8 16.0 16.2
α [o]

−0.1
0.0
0.1

re
s

−0.15
−0.10
−0.05

0.00
0.05
0.10Re

du
ce

d 
G 

m
ag

. [
m

ag
]

15.6 15.8 16.0 16.2
α [o]

−0.1
0.0
0.1

re
s

−0.2

−0.1

0.0

0.1

Re
du

ce
d 

G 
m

ag
. [

m
ag

]

15.6 15.8 16.0 16.2
α [o]

−0.1
0.0
0.1

re
s

MNRAS 000, 000–000 (0000)



18

Table 1: Set of figures same as Fig. 1 showing how the time separation (rows) between dense and sparse observations (in
assumption, differential and relative, respectively) and the noise (columns) of the dense observations affects lightcurves and
phase curves for simulated data of (159) Aemilia.
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Table 1: Set of figures same as Fig. 1 showing how the time separation (rows) between dense and sparse observations (in
assumption, differential and relative, respectively) and the noise (columns) of the dense observations affects lightcurves and
phase curves for simulated data of (159) Aemilia.
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Table 1: Set of figures same as Fig. 1 showing how the time separation (rows) between dense and sparse observations (in
assumption, differential and relative, respectively) and the noise (columns) of the dense observations affects lightcurves and
phase curves for simulated data of (159) Aemilia.
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A B S T R A C T 

We investigate the photometric properties of 35 well-observed asteroids using dense ground-based and sparse ATLAS survey data. 
Focusing on two-colour photometric phase functions, derived using inverse methods, we explore the wavelength dependence. 
Our study reveals distinct ( G 1 , G 2 ) domains for cyan and orange filters, especially among some S-complex asteroids. For other 
asteroids, substantial uncertainties pre v ail, or their distributions of phase curve parameters overlap, precluding definitive conclu- 
sions on wavelength dependence. Notably, for S-complex objects, the effect appears systematic, characterized by lower G 2 values 
in the cyan filter. The effect can be explained by considering the known geometric albedo correlation: higher albedo corresponds 
to flatter, whereas lower albedo corresponds to steeper phase curves. In the case of equal albedo, asteroids with red spectral 
slopes have a more pronounced opposition effect in red and asteroids with blue spectral slopes in blue filters. We explore the 
variation of slope differences of orange and cyan phase curves with phase angle. For most asteroids, the largest nominal variation 

is observed at phase angles < 10 

◦. This suggests that the phase colouring for the orange–cyan colour slope is more pronounced 

at small phase angles. Through meticulous analysis of the opposition effect amplitudes, we also pinpoint preferred rotational 
pole solutions. We identify inconsistencies between phase curve parameters and spectral types in specific cases. The shape- and 

geometry-corrected phase curves signify an important advancement in studying asteroid photometric behaviour and may offer 
a deeper understanding of surface and regolith properties previously obscured by these effects, such as surface roughness. 

Key words: techniques: photometric – minor planets, asteroids: general – catalogues. 

1  I N T RO D U C T I O N  

Asteroids are small rocky bodies in our Solar System. In general, 
the y hav e an irre gular shape, are co v ered by re golith, and typically 
rotate about their principal axis of inertia. 

Over the years, asteroid photometry has been a successful tech- 
nique for the study of these objects. On one hand, asteroid light curves 
allow us to calculate the rotation periods of asteroids and estimate 
their shapes and states of spin. On the other hand, by studying their 
phase curves, one can determine the variation of the disc-integrated 
brightness in time and phase angle (the Sun-asteroid-observer angle). 

Various phase function models have been developed to describe 
this dependence. The H , G phase function (Bowell et al. 1989 ) 
was adopted by the International Astronomical Union in 1985. 
The H , G system works well for describing phase curves in wide 
phase angle ranges, but cannot accurately fit the opposition effect, 
especially for very dark or bright objects (Belskaya & Shevchenko 
2000 ). The IAU decided to replace the old H , G system with the 
H , G 1 , G 2 system (Muinonen et al. 2010b ) as their recommended 
tool in 2012. Penttil ̈a et al. ( 2016 ) introduced a two-parameter 
function known as H , G 

∗
12 . This function was designed to address 

potential bias issues that could arise when utilizing the existing 

� E-mail: wilawerek@amu.edu.pl 

H , G 1 , G 2 fitting procedure, especially when dealing with low- 
accuracy observations that exhibit significant variations in mag- 
nitude. None the less, there are situations in which the quantity 
of observations is limited, making it challenging to employ either 
the three-parameter or two-parameter model. In such instances, the 
authors suggest employing a one-parameter H -function. To e x ecute 
this fitting, average values of the G 1 and G 2 or G 12 parameters are 
employed based on the object’s taxonomic class. Several photometric 
models have been introduced to provide a better representation 
of phase curves: Hapke’s (Hapke 2002 , 2008 , 2012 ), Akimov’s 
(Akimov 1975 , 1979 , 1988 ), and Shkurato v model (Shkurato v et al. 
2011 ). 

The photometric phase curve can provide valuable insight into 
the asteroid’s surface properties, including geometric albedo, com- 
position, porosity, roughness, and the distribution of grain sizes. For 
instance, when observing asteroids at phase angles greater than 10 ◦, 
steep phase curves are indicative of objects with low albedo and 
e xposed re golith. Conv ersely, flat phase curv es may suggest high- 
albedo objects with a significant amount of light scattering within 
their regolith (Oszkiewicz et al. 2012 ). 

At smaller phase angles, we observe the so-called opposition 
effect, characterized by a non-linear increase in asteroid brightness 
as it approaches phase angles close to zero. According to our current 
understanding, two primary mechanisms contribute to this phe- 

© 2024 The Author(s) 
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nomenon: shadow-hiding and coherent backscattering (Muinonen 
et al. 2010a ). Shadow-hiding occurs as an asteroid approaches solar 
opposition because shadows cast by surface irregularities become 
less visible from the observer’s perspective. In contrast, coherent 
backscattering is a phenomenon where light beams taking different 
optical paths to reach the observer interfere constructively. This 
effect becomes particularly pronounced as the asteroid approaches 
solar opposition and dominates in the case of high-albedo surfaces 
(Belskaya & Shevchenko 2000 ; Muinonen et al. 2002 ; Dlugach & 

Mishchenko 2013 ). 
By comparing the colour indices (or spectra) of an object taken at 

the different phase angles, one can observe a phase-colouring effect 
also called wavelength dependency . Specifically , for most objects, 
with increasing phase angle, the brightness observed at longer wave- 
lengths decreases less significantly than at shorter wavelengths, thus 
a reddening effect is observed. This behaviour was observed in many 
Solar System objects such as Moon (Gehrels, Coffeen & Owings 
1964 ), asteroids (Clark et al. 2002 ; Reddy et al. 2012 ; Schr ̈oder et al. 
2012 ; Li et al. 2013 ; Le Corre et al. 2023 ), or comets (Fornasier 
et al. 2020 ). A similar effect was recently found by Ayala-Loera 
et al. ( 2018 ) and Alvarez-Candal et al. ( 2019 ) for transneptunian 
objects (TNOs). The authors found a strong anticorrelation between 
the absolute colour H V –H R and the corresponding photometric phase 
function slope differences. In particular, the redder objects were 
found to have steeper phase curves in the R filter, whereas the bluer 
objects had steeper phase curves in the V filter. 

Additionally, the photometric phase curve can act as an indicator 
of an asteroid’s taxonomic type, especially when spectral data are 
unavailable (Penttil ̈a et al. 2016 ; Shevchenko et al. 2016 , 2021 ). 
This connection between phase curve shape and taxonomy has been 
e xtensiv ely inv estigated. Lagerkvist & Magnusson ( 1990 ) conducted 
a comprehensive analysis, determining absolute magnitudes and 
parameters for 69 asteroids using the H , G magnitude system. They 
calculated mean values of the G parameter for the S, M, and C 

taxonomic classes, highlighting the variability of the G parameter 
across these classes. Harris & Young ( 1989 ) examined mean slope 
parameter values for different taxonomic groups, contributing to 
the understanding of this relationship. Oszkiewicz et al. ( 2012 ) 
approximated the G 12 distributions for taxonomic comple x es using 
a Gaussian distribution and concluded that while G 12 is related to 
surface characteristics, it is often insufficient to uniquely assign 
a taxonomic complex to individual asteroids. However, in some 
instances, G 12 values can provide clues about asteroid taxonomic 
comple x es, with the C complex being the most distinguishable. 
Shevchenko et al. ( 2016 ) determined the parameters of the H , G 1 , 
G 2 magnitude systems for the main asteroid types. In more recent 
w ork, Mahlk e, Carry & Denneau ( 2021 ) investigated the feasibility 
of conducting taxonomy based on photometric systems H , G 1 , G 2 , 
and H , G 

∗
12 , using data from Asteroid Terrestrial-impact Last Alert 

System (ATLAS; Heinze et al. 2018 ). Their study concluded that 
the H , G 

∗
12 model, when applied to serendipitous observations, 

does not ef fecti v ely cate gorize target taxonomy. Conv ersely, the 
parameters characterizing H , G 1 , G 2 phase curves contain substantial 
taxonomic information, even when observations are sparse. For 
example, asteroid classifications characterized by medium to high 
albedo, such as S-, M-, and E-types, tend to cluster in regions of 
small photometric slopes, while low-albedo B-, C-, D-, and P-types 
present much larger slopes. 

Traditionally, asteroid photometry was performed with ground- 
based telescopes, organizing e xtensiv e observational campaigns to 
obtain densely sampled light curv es. F or e xample, Groenev eld & 

Kuiper ( 1954 ) initiated a thorough investigation of the brightness of 

asteroids at the McDonald Observatory, which led to the publication 
of a ten-part scientific series. In the fifth paper in this series, 
Gehrels ( 1956 ) sets out to find an accurate magnitude–phase relation, 
especially for small phase angles. The author decided to work with 
the asteroid (20) Massalia since during his observations, it reached 
phase angle values very close to zero. Years later, Gehrels & Tedesco 
( 1979 ) published the absolute magnitudes and phase coefficients 
of 60 asteroids observed in surv e ys at McDonald and Palomar 
Observ atories (v an Houten et al. 1970 ). Harris & Young ( 1983 , 
1989 ), on the other hand, reported 85 phase curves obtained in an 
e xhaustiv e observing campaign at the Table Mountain Observatory. 
Oszkiewicz et al. ( 2021 ) presented well-determined phase curves for 
20 V-type asteroids for the first time. A limitation of this practice 
(construct phase curves from dense light curve data) is the fact 
that it is rather time-consuming to extend it to a sample of several 
thousand asteroids. Specifically, Pravec et al. ( 2012 ) and Shevchenko 
et al. ( 2022 ) obtained catalogues of phase curve parameters for 583 
and 400 objects, respectively, over observing campaigns spanning 
approximately three decades each. 

Nowadays, thanks to large photometric surv e ys, a vast amount of 
data on asteroid populations is available. For example, the catalogue 
of Solar System objects of Gaia DR2 (Spoto et al. 2018 ) and DR3 
(Riello et al. 2021 ; Tanga et al. 2023 ) contains more than 160 000 
objects, even though the mission was not designed to observe Solar 
System objects, but to observe stars in the Milky Way. Gaia DR2 
contains observations of 14 000 asteroids, while Gaia DR3 has data 
on 156 801 asteroids. On the other hand, the Sloan Digital Sky 
Surv e y (York et al. 2000 ) was a photometric and spectroscopic 
surv e y designed to study extragalactic objects. The final version 
of the Moving Object Catalogue (MOC; Ivezi ́c et al. 2001 ) includes 
471 569 objects in our Solar System (out of which 104 449 were 
linked to known asteroids), obtained from December 2001 to March 
2007. The Transiting Exoplanet Survey Satellite ( TESS ) mission 
(Woods et al. 2021 ), designed to find exoplanets around nearby stars, 
provided more than 10 million observations of some 42 000 Solar 
System objects. In addition, there are also surv e ys designed to study 
asteroids, such as Lincoln Near-Earth Asteroid Research (LINEAR; 
Stokes et al. 2000 ), Pan-STARRS (Chambers & Pan-STARRS Team 

2018 ), and the aforementioned ATLAS. 
Several authors conducted research on phase curves using sparse 

data gathered from surv e ys, including the ones mentioned abo v e 
and others. Oszkiewicz et al. ( 2011 ) employed recalibrated data 
from the Minor Planet Center to fit phase curves for approximately 
500 000 asteroids. Waszczak et al. ( 2015 ) applied a combined rotation 
and phase function model to fit 54 296 sparsely sampled asteroid 
light curves from the Palomar Transient Factory survey. Vere ̌s et al. 
( 2015 ) employed a Monte Carlo technique to calculate the absolute 
magnitudes and slope parameters of 240 000 asteroids observed by 
the Pan-STARRS1 telescope. Ďurech et al. ( 2020 ) studied the phase 
curves of 2750 asteroids by applying the light curve inversion to 
ATLAS data. Mahlke et al. ( 2021 ) retrieved the absolute magnitudes 
and slope parameters of 94 777 asteroids in two photometric bands 
using Bayesian parameter inference. Alvarez-Candal et al. ( 2022 ) 
processed the SDSS multifilter photometry to obtain ∼15 000 phase 
curves in various photometric bands. 

Ho we ver, these v ast catalogues also have a disadvantage: the fact 
that they contain sparse data, results in poorly constrained viewing 
geometry of the object at the time of observation. The consequence 
of this lack of information is that the points of maximum brightness 
at each epoch will not necessarily correspond to the maximum of 
the light curv e. Therefore, the y would not constitute a consistent 
data set if one wants to compare phase curves of different asteroids 
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(Martikainen et al. 2021 ). Furthermore, Shevchenko et al. ( 2022 ) 
found systematic biases in absolute magnitudes derived based on 
sparse surv e y data as compared to precise ground-based photometry 
and Jackson et al. ( 2022 ) demonstrated the influence of the asteroid 
shape on the derived phase curves. 

One solution to take advantage of the strengths (and o v ercome 
the disadvantages) of both types of data is to combine them. This 
type of analysis has already been carried out in the past. Colazo, 
Duffard & Weidmann ( 2021 ) combined Gaia sparse photometry 
with dense data from the Asteroid Photometric Catalogue (APC; 
Lagerkvist et al. 1995 ), using the mean of the Gaia magnitudes in 
the case of more than one transit per Julian day. One limitation 
of this approach is that the APC photometric data pertain to light 
curves published up to 1993, whereas the Gaia DR2 observations 
span from 2014 to 2016. Consequently, we are constructing phase 
curves using data obtained under different observing geometries. 
On the other hand, Wilawer et al. ( 2022 ) introduced a method for 
deriving asteroid phase curves by combining sparse photometric 
data with differential ground-based photometry. They utilized sparse 
photometry data from Gaia and differential photometry data from the 
Astronomical Observatory Institute of Adam Mickiewicz University 
in Pozna ́n collected during the Gaia DR2 era, ensuring similar aspect 
angles and viewing geometries (observations conducted between 
2014 and 2016). The differential ground-based photometry, along 
with absolute Gaia measurements, was integrated to determine 
the rotational phases corresponding to the Gaia data points. The 
interpolated maximum brightness values from Gaia data points taken 
at various phase angles were then employed in constructing the phase 
curves. 

In this paper, we combine dense ground-based observations 
with sparse ATLAS photometry. It is worth noting that ATLAS 

magnitudes are absolute and ground-based photometry is differen- 
tial. Moreo v er, the y might co v er different ranges of phase angles, 
requiring different phase function models (Muinonen et al. 2022 ). In 
order to merge both data sets and obtain phase curves suitable for 
direct comparisons between objects, we calculate the phase curve of 
a spherical object with surface properties equi v alent to that of the 
asteroid thus removing the effects of shape and viewing geometry 
(Muinonen et al. 2020 , 2022 ; Martikainen et al. 2021 ). 

In this work, we determine phase curves of 35 asteroids based on 
a combined dense ground-based and sparse surv e y data using the 
method of Muinonen et al. ( 2020 , 2022 ). In Section 2 , we discuss the 
data utilized in this study. Section 3 summarizes the phase curve 
computation method and its adaptation to a supercomputer. The 
results are presented in Section 4 and the conclusions are presented 
in Section 5 . 

2  DATA  

In this work, we use dense differential ground-based data for deriving 
asteroid models and to generate the proposal density for the sidereal 
rotational period and spin axes coordinates. Next, the sparse ATLAS 

data were used to calculate the phase function parameters assuming 
fixed shapes. Such set of data sources was chosen because ATLAS 

data alone are not sufficient to determine an accurate model with the 
precision required for this research. 

We utilized differential ground-based photometric observations 
collected at the Astronomical Observatory Institute of Adam Mick- 
ie wicz Uni versity in Pozna ́n. Our primary focus is on determining 
the parameters of the photometric phase functions H , G 1 , G 2 . 
Therefore, our criteria for selecting the asteroids we investigated 
in this work included having a well-defined object model, accurately 

Figure 1. Transmission curves for cyan and orange ATLAS filters 
(Rodrigo & Solano 2020 ). 

determined periods and pole coordinates, as well as the availability 
of photometric data used to establish this model. These accurate 
parameters are required to remo v e the influence of the object shape 
and the observing geometry from the phase curves. After re vie wing 
the literature, we selected 35 asteroids from 11 publications: Hanus 
et al. ( 2013 ), Kryszczy ́nska ( 2013 ), Marciniak et al. ( 2008 , 2009a , b , 
2011 , 2012 , 2018 , 2019 , 2021 ), and Oszkiewicz et al. ( 2019 ). 

For deriving phase curve parameters, we made use of the ATLAS 

surv e y photometry. The ATLAS sky survey aims to detect near-Earth 
asteroids (NEAs) and consists of a total of four telescopes located 
at Haleakal ̄a (operational since 2015) and Mauna Loa (operational 
since 2017) in Hawaii, El Sauce Observatory in Chile, and Sutherland 
Observing Station in South Africa (both operational since 2022) 
(Heinze et al. 2018 ). Observations are conducted using two distinct 
filters: cyan (420–650 nm) and orange (560–820 nm). The precise 
transmission characteristics of these filters are depicted in Fig. 1 . 
Since its inception, the ATLAS surv e y has observ ed o v er 150 000 
asteroids. We obtained dual-band photometric data from the ATLAS 

Solar System Catalogue (SSCA T) V ersion 1 (Denneau et al. 2022 ). 
After filtering the data for objects outside our area of interest, we 
were left with a total of 78 299 observation points. Typically, for a 
given object, the number of observations in the orange filter is three 
times greater than in the cyan filter. 

The software we used for our calculations required us to format 
our observational data in the manner used by the DAMIT data base 
(Durech, Sidorin & Kaasalainen 2010 ). This necessitated adding the 
Sun’s and Earth’s ecliptic asteroid-centric Cartesian coordinates ( x , y , 
z) in au to the original ATLAS photometric data for each observation 
point. 

Table 1 contains a summary of the data used for the completed 
calculations, presenting the rotation period, pole solutions, data 
source, the number of dense ground-based observations, as well as 
the number of observations, and the minimum and maximum phase 
angle for each ATLAS filter. 

3  M E T H O D S  

3.1 Asteroid forward model 

The Lommel–Seeliger surface reflection coefficient is utilised for the 
modelling of light scattering in asteroid surfaces (Muinonen et al. 
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Table 1. Period, ecliptic longitude ( λ), and latitude ( β) for one or two pole solutions, data origin, number of ground-based dense light curves, number of 
observations, minimum and maximum phase angles in cyan and orange ATLAS filters. 

dense cyan orange 
Asteroid Period λ1 β1 λ2 β2 Reference n lc n obs αmin αmax n obs αmin αmax 

[h] [ ◦] [ ◦] [ ◦] [ ◦] [ ◦] [ ◦] [ ◦] [ ◦] 

(73) Klytia 8.283 070 44 83 266 68 1 21 214 1.56 23.18 995 1.05 23.24 
(94) Aurora 7.226 191 58 16 242 4 2 21 241 2.71 20.33 650 3.15 20.22 
(127) Johanna 12.799 530 98 −60 261 −70 3 33 285 4.65 22.75 806 1.05 22.85 
(159) Aemilia 24.47 8690 139 68 348 59 4 45 298 1.22 20.74 1003 1.22 20.73 
(174) Phaedra 5.750 249 266 5 2 36 297 1.08 23.76 655 0.89 24.06 
(195) Eurykleia 16.521 780 101 71 352 83 5 51 272 2.18 21.35 768 2.34 21.35 
(202) Chryseis 23.670 200 94 −49 261 −34 6 70 233 2.29 20.32 760 2.48 20.90 
(219) Thusnelda 59.710 600 300 −66 6 116 226 1.47 32.79 790 1.25 32.82 
(223) Rosa 20.277 200 22 18 203 26 6 58 231 1.25 19.56 896 0.32 20.17 
(301) Bavaria 12.240 900 226 70 46 61 5 30 248 2.75 23.37 891 1.57 23.26 
(335) Roberta 12.027 130 105 48 297 54 5 52 213 2.42 28.28 919 0.26 28.39 
(350) Ornamenta 9.180 410 184 −29 7 37 272 8.12 21.64 777 4.76 21.62 
(352) Gisela 7.480 082 16 −40 201 −43 8 26 218 2.91 30.73 894 1.59 30.72 
(355) Gabriella 4.828 994 159 88 341 83 3 16 217 1.38 25.76 975 1.93 25.75 
(377) Campania 11.664 400 47 67 196 66 1 34 185 3.23 23.50 917 0.77 23.51 
(378) Holmia 4.440 425 130 60 286 76 1 13 284 1.75 21.86 906 1.04 23.68 
(380) Fiducia 13.717 200 202 44 21 34 5 37 269 2.81 25.09 833 1.15 25.11 
(435) Ella 4.622 802 59 64 247 58 3 18 232 2.06 28.90 919 1.24 28.91 
(468) Lina 16.478 380 74 68 255 68 5 40 218 0.89 23.40 860 0.07 23.53 
(483) Seppina 12.720 980 356 60 127 47 6 56 268 2.48 18.21 935 1.81 18.20 
(487) Venetia 13.341 330 78 3 252 3 4 34 237 5.08 23.62 827 2.22 23.94 
(501) Urhixidur 13.172 030 49 84 262 66 6 61 310 5.49 21.23 775 5.61 21.24 
(538) Friederike 46.739 900 328 −59 168 −58 5 98 270 2.88 21.79 934 0.96 22.03 
(747) Winchester 9.414 807 166 −44 296 −61 9 44 213 5.00 29.27 771 4.46 29.47 
(770) Bali 5.818 942 68 50 262 45 8 21 275 0.56 31.42 644 0.13 31.47 
(771) Libera 5.890 423 64 −78 7 20 196 4.28 28.95 952 2.69 29.16 
(800) Kressmannia 4.460 971 156 56 328 59 8 28 220 0.94 32.24 724 0.53 32.23 
(834) Burnhamia 13.875 940 77 60 256 69 5 32 303 0.96 22.85 865 1.14 23.23 
(849) Ara 4.116 391 10 −25 223 −40 9 20 235 5.07 23.00 878 5.47 22.98 
(923) Herluga 29.728 200 218 −68 334 −53 6 51 175 5.08 27.22 883 2.16 27.61 
(995) Sternberga 11.195 110 27 −20 222 −26 6 75 249 1.99 27.74 976 1.61 27.76 
(1088) Mitaka 3.035 300 125 −53 285 −66 8 20 254 3.30 31.70 664 2.34 31.68 
(1130) Skuld 4.807 640 25 42 200 36 10 28 238 1.02 33.83 658 0.28 34.07 
(1219) Britta 5.575 565 164 −79 8 25 231 3.44 28.88 737 0.44 29.09 
(2579) Spartacus 3.636 028 312 −57 113 −60 11 37 204 2.74 29.47 727 2.86 29.67 

Notes . List of references: 1. Marciniak et al. ( 2008 ); 2. Marciniak et al. ( 2011 ); 3. Marciniak et al. ( 2012 ); 4. Marciniak et al. ( 2018 ); 5. Marciniak et al. ( 2019 ); 
6. Marciniak et al. ( 2021 ); 7. Marciniak et al. ( 2009b ); 8. Kryszczy ́nska ( 2013 ); 9. Marciniak et al. ( 2009a ); 10. Hanus et al. ( 2013 ); 11. Oszkiewicz et al. ( 2019 ). 

2022 ): 

R LS ( μ, μ0 , φ) = 2 p� 11 ( α) 
1 

μ + μ0 
, 

μ0 = cos ι, 

μ = cos ε, (1) 

where p is the geometric albedo, α is the phase angle, ι and ε are 
the angles of incidence and emergence, respectively, measured from 

the outward normal vector of a surface element, and φ denotes the 
azimuth angle, with the Sun at φ = 0 ◦. The phase function � 11 is 
expressed as the ratio 

� 11 ( α) = 

� ( α) 

� LS ( α) 
, 

� LS ( α) = 1 − sin 1 2 α tan 1 2 α ln ( cot 1 4 α) , 

� 11 (0) = � (0) = � LS (0) = 1 , (2) 

where � LS is the phase function corresponding to a spherical asteroid 
with isotropic single scattering � 11 = 1. The definition of � by 
equation ( 2 ) implies that � can then be modelled using the H , G 1 , 

G 2 photometric phase function (Muinonen et al. 2010b ), optimized 
to describe the observed disc-integrated phase curves of asteroids. 

Alternatively, we can make use of a three-parameter linear- 
exponential model for � on the magnitude scale, supported by the 
observ ational e vidence that asteroid phase curves tend to be linear 
at moderately large phase angles outside the angular regime of the 
opposition effect, 10 ◦ ≤ α ≤ 50 ◦: 

− 2 . 5 lg � ( α) = −m 0 exp 

(
− α

α0 

)
+ m 0 + β0 α, 

0 ◦ ≤ α ≤ 50 ◦, (3) 

where m 0 and α0 are the amplitude and angular width of the 
opposition ef fect, respecti vely, and β0 is a slope parameter expressed 
in [mag/rad] (Muinonen et al. 2020 ). In the linear-exponential model 
of equation ( 3 ), the photometric slope at α = 20 ◦ equals 

βS (20 ◦) = β0 + 

m 0 

α0 
exp 

(
−20 ◦

α0 

)
. (4) 

A useful two-parameter model follows by fixing α0 to a reasonable 
value (e.g. α0 = 3 ◦), leaving m 0 and β0 as free parameters. 
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In this work, we derive the H , G 1 , G 2 phase function in two 
colours, cyan (subscript c) and orange (subscript o), and, typically, 
for each asteroid we have two symmetrical pole solutions (subscripts 
1 and 2), giving us four pairs of parameters, ( G 1c 1 ,G 2c 1 ), ( G 1o 1 ,G 2o 1 ), 
( G 1c 2 ,G 2c 2 ), and ( G 1o 2 ,G 2o 2 ). In deriving the spin and shape solutions 
using dense ground-based lightcurves, the results are independent of 
the phase function. For simplicity, there we use the two-parameter 
linear-exponential phase function. 

In the case of the conv e x shape model, the parameters (unknowns) 
of the forward model are 

P = ( P , λ, β, ϕ 0 , s 00 , . . . , s l max l max , G 1 , G 2 ) 
T , (5) 

where the parameters are, respectively, the rotation period, ecliptic 
pole longitude, ecliptic pole latitude, rotational phase at a given 
epoch t 0 , the ( l max + 1) 2 − l 2 min spherical harmonics coefficients 
s 00 , . . . , s l max l max for the Gaussian surface density of the shape l max and 
l min denoting the maximum and minimum degrees), and the two H , 
G 1 , G 2 phase function parameters. Here, the rotational phase ϕ 0 and 
the real-valued s 00 are fixed as ϕ 0 is accounted for by the spherical 
harmonics coefficients, and the asteroid size information is omitted. 
Consequently, the total number of free parameters equals 

N P = ( l max + 1) 2 − l 2 min + 4 . (6) 

3.2 Inverse methods 

The formulation of the inverse problem in terms of Bayesian 
inference in magnitude space, together with the observational error 
model, is described in detail by Muinonen et al. ( 2022 ). Likewise, 
a random walk Markov chain Monte Carlo method (MCMC) for 
characterizing the multidimensional probability density of the free 
parameters is thoroughly assessed by Muinonen et al. ( 2020 ). They 
give an MCMC proposal probability density based on the least 
squares solutions for virtual observations that they derive from the 
original observations by adding Gaussian random errors. 

The present inverse problem includes a new MCMC processing 
method, due to the photometry in two colours requiring a separate 
treatment. Whereas the optimum solution would comprise sampling 
the spins, shapes, and photometric phase functions in several colours 
simultaneously using all existing observations, we have introduced a 
method that solves the inverse problems in two parts. First, we solve 
the inverse problem concerning the spin and shape parameters for the 
dense, differential ground-based photometry, without modelling the 
photometric phase function (using the linear-exponential model just 
to enable the computations). Secondly, we use the spin and shape 
solutions of the previous part in an additional MCMC treatment 
that samples both the photometric parameters ( G 1 , G 2 ) and the 
spin and shape parameters. For sampling ( G 1 , G 2 ), we make use 
of independent uni v ariate Gaussian proposal densities for G 1 and 
G 2 . At the same time, we sample the spin and shape parameters from 

the existing set of MCMC solutions. We carry out the processing 
separately for the cyan and orange photometry and obtain MCMC 

samples of ( G 1c , G 2c ) and ( G 1o , G 2o ). The present approach filters the 
spin and shape solutions for each colour. Compared to the optimum 

solution outlined abo v e, the cav eat is the fact that not all e xisting 
data points are utilized to obtain the best possible spins and shapes. 
Ho we v er, we e xpect that ( G 1c , G 2c ) and ( G 1o , G 2o ) are treated in a 
satisf actory w ay with the present method. 

The workflow of the inverse problem solution is described in 
Fig. 2 . Initial spin parameters are taken from the literature (Table 1 ) 
and the initial shape parameters are entered as realistic ellipsoid axial 
ratios. The entire processing begins with an initial treatment of the 

photometric light curves (LCSPLI). The light curves are classified 
as differential or absolute, and as dense or sparse (based on the 
initial rotation period), resulting in four classes of data. Cubic spline 
fits with statistically determined numbers of nodes (based on the 
Bayesian information criterion) are provided for dense light curves. 
Initial error models are assigned for the different classes of light 
curves on the basis of the RMS values of the spline fits to the dense 
light curves and input values for the sparse light curves. 

Thereafter, the initial spherical harmonics coefficients of the 
Gaussian surface density are computed from the Gaussian surface 
density of the ellipsoid described by the input axial ratios (CXI -1). 
The next steps are the computation of the least squares solution with 
a simplified and fixed observational error model (CXI 01) and the 
iterative simultaneous refinement of the least squares solution and 
the error model (CXI 02). The output of the latter step constitutes the 
key to the forthcoming processing. 

The large numbers of least squares solutions are then computed 
for the virtual light curves produced by adding Gaussian errors to 
the original light curves, involving a modification of the error model 
to account for the increased errors (CXI 03). These virtual solutions 
are then utilized in the random walk MCMC computations (CXI 05). 
Additional randomization using the Gaussian probability density is 
introduced along a line in the parameter phase space connecting two 
virtual solutions. 

As described abo v e, the sparse light curv es in two colours are 
finally treated with the help of MCMC spin and shape solutions 
from dense ground-based light curves (CXI 06). Finally, parameter 
statistics are computed in order to describe the MCMC solutions 
obtained (MCSTAT). 

3.3 Adaptation to a supercomputer 

The method described in Section 3 is highly demanding in terms 
of computational power. Consequently, all our calculations using 
LCI software were e x ecuted at the Pozna ́n Supercomputing and 
Networking Center (PCSS). LCI comprises multiple modules, and 
output files from one module are often used as input files for the 
subsequent module. To streamline the computations, we created 
BASH wrapper scripts that invoke the respective LCI modules step 
by step and o v ersee file management. 

The entire course of a single experiment (a set of computations for 
a given object, with the initial period and pole positions specified, 
for the cyan and orange ATLAS filters) is depicted in Fig. 2 . The 
red rounded rectangles define the starting and ending points of a 
workflow diagram. The rectangular elements represent steps in the 
process or actions to be taken: the green elements correspond to LCI 
modules, while the grey ones signify operations on files. It should be 
noted that the CXI 05, which modifies the content of the par.out file, 
and the CXI 06 steps are e x ecuted in parallel N = 5 times, after which 
the output files ( mcmc1.out and mcmc2.out ) from all CXI 06 threads 
are consolidated into single files, subsequently serving as input files 
for MCSTAT. Trapezoids indicate inputs or outputs of data within a 
workflow process. Among them, the following are notable: purple 
represents dense observations (used in steps from LCSPLI through 
CXI 05), cyan represents sparse ATLAS data in the cyan filter, and 
orange represents sparse ATLAS data in the orange filter (both of the 
latter two are used in CXI 06). Furthermore, the CXI 06 step requires 
modification of the par.out file generated in the CXI 02 step. In the 
CXI 06 step, there is a change in the fitted photometric function from 

linear-exponential to H , G 1 , G 2 . As a result, the initial parameter 
values of the phase curve need to be altered in the par.out file. 
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Figure 2. LCI computations flowchart. The red rounded rectangles define the starting and ending points of a workflow diagram. The rectangular elements 
represent steps in the process or actions to be taken: the green elements correspond to LCI modules, while the grey ones signify operations on files. Solid lines 
with arrows connect input and output files with their respective processes, while dashed lines indicate the step-by-step computational process, and dotted lines 
represent the copying of output files, serving as input files for the subsequent process. 
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Solid lines with arrows connect input and output files with their 
respective processes, while dashed lines indicate the step-by-step 
computational process, and dotted lines represent the copying of 
output files, serving as input files for the subsequent process. 

For each asteroid, for both spin vectors (when applicable), we 
conducted an e xtensiv e analysis by generating 1000 virtual least 
squares solutions. Subsequently, 5000 MCMC samples were gen- 
erated for each of the ATLAS filters based on these solutions. It is 
important to note that this study imposed significant computational 
demands, requiring more than 170 000 hours of computations. Due to 
time constraints on the cluster, a portion of the calculation remained 
unfinished, as the time required for completion exceeded the specified 
maximum time limit for a single job. 

4  RESU LTS  

We obtained pairs of G 1 and G 2 photometric phase function pa- 
rameters in both cyan and orange ATLAS filters, typically for 
two symmetric pole solutions. The results, along with the Tholen 
taxonomic class (supplemented by SMASSII when not available) 
from the Planetary Data System (Tholen 1989 ; Bus & Binzel 2002 ; 
Neese 2017 ) and the geometric albedos from the Asteroid Catalog 
using AKARI (Usui et al. 2013 ), are summarized in Table 2 . Both 
supplementary catalogues were chosen because their data co v ered 
the largest portion of our asteroids set out of available catalogues. 
Furthermore, AKARI albedos have lower uncertainties for the objects 
studied compared to IRAS (Tedesco et al. 2004 ) and NEOWISE 

(Mainzer et al. 2019 ). 
We illustrate the results for three different example asteroid cases 

(figures for the remaining objects are given in the supplementary 
material available online). Figs 3 , 6 , and 9 show the derived 
distributions of the parameters G 1 and G 2 in the cyan and orange 
filters for two symmetric sets of initial pole coordinates, together with 
the mean values and their standard deviations for each distribution 
(crosses). Figs 4 , 7 , and 10 show the phase curves for the mean 
v alues deri ved from the G 1 and G 2 distributions, while the absolute 
magnitude H is set to 0. The bottom row of these figures illustrates 
the colour slope. The colour slope was derived as the difference of the 
deri v ati ves of the photometric phase function H , G 1 , G 2 with respect 
to the phase angle in the orange and cyan filters. Shaded envelopes 
represent 1 σ uncertainties. By comparison of slopes in both filters, 
one can observe a reddening or blueing effect at small phase angles 
(solid red and dashed blue lines on the plots, respectively). Note that, 
at phase angles larger than 10 o , the colour slope value is almost zero, 
so the effect is negligible. The effect may be more pronounced for 
phase curves in filters that are more separated in wavelengths. 

Figs 5 , 8 , and 11 show G ⊥ 

= 

1 
2 ( G 1 + G 2 ) and G ‖ = 

1 
2 ( G 1 −

G 2 ) parameters values computed from mean values of G 1 and G 2 

parameters with uncertainties for two pole solutions in cyan and 
orange ATLAS filters. Dotted blue and dashed red diagonal lines 
indicate consecutive values of parameters G 1 and G 2 , respectively, 
while the solid green line shows consecutive G 12 values. 

Asteroid (73) Klytia (Figs 3 , 4 , and 5 ) exhibits a Gaussian-like 
distribution of the parameters G 1 and G 2 . The noticeable differences 
in accuracy and the size of the distributions are caused by a significant 
disparity in the number of observations in the cyan filter (214) and the 
orange filter (995). Both of the initial pole coordinates lead to similar 
and realistic phase function parameter values, well in agreement 
with the spectral S-type. A maximum absolute colour slope of about 
0 . 06 mag 

deg 
is observed for a phase angle of 0.26 ◦. 

Asteroid (435) Ella (Figs 6 , 7 , and 8 ) shows less constrained distri- 
butions; ho we ver, the majority of the probability mass is concentrated 

within a well-defined Gaussian-like region. The distribution of the 
G 1 and G 2 parameters for the two different passbands are clearly 
separated from each other, highlighting the colour dependence of 
the phase curve. Both sets of initial pole coordinates produce 
identical and realistic values for G 1 and G 2 in the respective filters. 
Additionally, the maximum colour slope of approximately 0 . 18 mag 

deg 

occurs at a phase angle of 0.25 ◦. 
The asteroid (487) Venetia (Figs 9 , 10 , and 11 ) shows a strongly 

non-Gaussian distribution for the cyan filter and more constrained 
in orange. Additionally, the values of the G 1 and G 2 parameters 
obtained for the two initial pole coordinates differ significantly from 

each other, resulting in distinct phase curves and a colour slope of 
as high as 0 . 65 mag 

deg 
. Marciniak et al. ( 2018 ) highlight that the pole 

solution with λ = 252 ◦ and β = 3 ◦ (right column in Fig. 9 ) is the 
preferred solution. Our results show an unrealistic opposition effect 
for the first solution and therefore are consistent with Marciniak et al. 
( 2018 ) and complement the preferred solution. This is the only case 
in our current study where the obtained phase curv es e xhibit such 
significant differences between the pole coordinates. 

Based on the combined results obtained for all asteroids, 3 
conclusions can be drawn: 

(i) Some of the MCMC results are particularly good in separating 
the different G 1 , G 2 domains for different filters highlighting the 
phase curv e wav elength dependence. Most of the asteroids fitting this 
category belong to the S-complex [e.g. (73) Klytia, (174) Phaedra, 
(352) Gisela, (355) Gabriella, (378) Holmia, (483) Seppina, (770) 
Bali, (771) Libera, (800) Kressmannia, (995) Sternberga]. For other 
asteroids, significant uncertainties persisted or their distributions 
of phase curve parameters overlapped, making it difficult to draw 

definitiv e conclusions re garding wav elength dependence. F or the 
studied S-types, this effect appears to be systematic, with smaller G 2 

values observed in the cyan filter. This phenomenon can be elucidated 
by taking into account the established albedo correlation: objects with 
higher albedos display flatter phase curves, whereas those with lower 
albedos demonstrate steeper phase curv es. Specifically, S-comple x 
asteroids have lower albedos in the cyan filter than in the orange 
filter, leading to steeper phase curves in the cyan filter. In contrast, 
for C-complex asteroids, the disparities in albedos between the two 
filters are less significant, posing a greater challenge in distinguishing 
the effect in the phase curve parameter space. 

(ii) For double-pole cases, where the corresponding G 1 , G 2 do- 
mains o v erlapped for the two poles, we only indicate that they were 
determined correctly, even if the poles remain uncertain. 

(iii) In double-pole cases, if the corresponding domains of G 1 , G 2 

differ, the parameters align with the pole solution. This may suggest 
the possible existence of a preferred pole solution (as described in 
the case of (457) Venetia, more on this in further detail later). 

We further explore the relationship between the parameters G 1 

and G 2 , in relation to the taxonomic classes of Tholen (Tholen 
1989 ) as shown in Fig. 12 . The black curve illustrates the theoretical 
relationship between the parameters G 1 and G 2 as presented in 
Muinonen et al. ( 2010b ). The dashed lines represent the boundaries 
for realistic phase curve parameters. The upper boundary is derived 
from G 1 + G 2 ≤ 1, the lower boundary assumes that the opposition 
effect is not greater than a factor of 2, thus G 1 + G 2 ≥ 1 

3 . Two 
solutions (for asteroids (487) Venetia and (849) Ara) lie outside those 
boundaries and thus correspond to the less preferred rotational pole. 
Furthermore, one can observe a division into two clusters correspond- 
ing to objects with steep and shallow photometric slopes (low- and 
high-albedo objects). These clusters correspond to two broad classes, 
namely the C-complex and the S-complex, encompassing asteroids 
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Table 2. Computed mean values G 1 and G 2 with associated uncertainties from both cyan and orange ATLAS filters, obtained using one or two pole solutions 
(described in Table 1 ). The Tholen taxonomic class, supplemented by SMASSII (indicated by an asterisk) when not applicable, is referenced from (Neese 2017 ), 
and albedo values are sourced from the AKARI mission catalogue (Usui et al. 2011 ). 

cyan orange 
G 1 G 2 G 1 G 2 

Asteroid Taxa Albedo Solution 

(73) Klytia S 0.217 ± 0.006 1 0.321 ± 0.077 0.320 ± 0.024 0.349 ± 0.029 0.358 ± 0.009 
2 0.288 ± 0.058 0.349 ± 0.019 0.347 ± 0.028 0.368 ± 0.009 

(94) Aurora CP 0.053 ± 0.003 1 0.114 ± 0.091 0.376 ± 0.039 0.588 ± 0.141 0.282 ± 0.037 
2 0.590 ± 0.120 0.085 ± 0.040 0.813 ± 0.168 0.061 ± 0.043 

(127) Johanna CX 0.065 ± 0.002 1 0.453 ± 0.174 0.114 ± 0.040 0.528 ± 0.057 0.158 ± 0.017 
2 0.460 ± 0.185 0.120 ± 0.042 0.491 ± 0.071 0.150 ± 0.025 

(159) Aemilia C 0.059 ± 0.003 1 0.627 ± 0.076 0.091 ± 0.029 0.684 ± 0.047 0.081 ± 0.017 
2 0.620 ± 0.065 0.075 ± 0.026 0.561 ± 0.037 0.116 ± 0.013 

(174) Phaedra S 0.187 ± 0.005 1 0.359 ± 0.056 0.392 ± 0.016 0.125 ± 0.031 0.428 ± 0.010 
(195) Eurykleia C 0.055 ± 0.002 1 0.381 ± 0.048 0.182 ± 0.016 0.671 ± 0.073 0.105 ± 0.023 

2 0.543 ± 0.106 0.129 ± 0.033 0.746 ± 0.085 0.069 ± 0.026 
(202) Chryseis S 0.245 ± 0.007 1 –0.049 ± 0.076 0.435 ± 0.019 0.043 ± 0.039 0.443 ± 0.011 

2 0.169 ± 0.066 0.346 ± 0.017 0.133 ± 0.050 0.418 ± 0.013 
(219) Thusnelda S 0.184 ± 0.006 1 0.368 ± 0.049 0.301 ± 0.017 0.173 ± 0.030 0.396 ± 0.007 
(223) Rosa X 0.037 ± 0.002 1 0.798 ± 0.122 0.061 ± 0.046 0.967 ± 0.056 –0.002 ± 0.025 

2 0.807 ± 0.124 0.086 ± 0.045 1.023 ± 0.055 –0.034 ± 0.026 
(301) Bavaria C ∗ 0.060 ± 0.002 1 0.442 ± 0.091 0.147 ± 0.025 0.719 ± 0.067 0.085 ± 0.021 

2 0.387 ± 0.078 0.164 ± 0.022 0.709 ± 0.065 0.086 ± 0.020 
(335) Roberta FP 0.055 ± 0.002 1 0.878 ± 0.220 –0.003 ± 0.074 0.966 ± 0.091 0.001 ± 0.027 

2 0.725 ± 0.168 0.110 ± 0.051 0.775 ± 0.081 0.136 ± 0.023 
(350) Ornamenta C 0.058 ± 0.002 1 0.191 ± 0.143 0.190 ± 0.027 0.391 ± 0.189 0.175 ± 0.033 
(352) Gisela S 0.249 ± 0.008 1 0.144 ± 0.063 0.411 ± 0.014 0.194 ± 0.028 0.420 ± 0.007 

2 0.225 ± 0.057 0.397 ± 0.014 0.146 ± 0.028 0.432 ± 0.008 
(355) Gabriella S ∗ 0.207 ± 0.010 1 0.285 ± 0.048 0.339 ± 0.015 0.301 ± 0.032 0.352 ± 0.007 

2 0.313 ± 0.049 0.340 ± 0.016 0.300 ± 0.034 0.350 ± 0.008 
(377) Campania PD 0.057 ± 0.002 1 0.447 ± 0.097 0.139 ± 0.029 0.711 ± 0.053 0.084 ± 0.017 

2 0.403 ± 0.083 0.206 ± 0.022 0.553 ± 0.040 0.130 ± 0.014 
(378) Holmia S 0.261 ± 0.009 1 0.241 ± 0.039 0.325 ± 0.013 0.341 ± 0.027 0.288 ± 0.009 

2 0.239 ± 0.042 0.328 ± 0.015 0.295 ± 0.026 0.314 ± 0.008 
(380) Fiducia C 0.053 ± 0.002 1 0.478 ± 0.136 0.176 ± 0.032 0.662 ± 0.064 0.154 ± 0.016 

2 0.581 ± 0.103 0.152 ± 0.026 0.751 ± 0.094 0.123 ± 0.025 
(435) Ella DCX 0.106 ± 0.003 1 0.811 ± 0.074 0.169 ± 0.028 0.584 ± 0.042 0.165 ± 0.013 

2 0.814 ± 0.068 0.167 ± 0.027 0.626 ± 0.043 0.152 ± 0.013 
(468) Lina CPF 0.059 ± 0.002 1 0.800 ± 0.123 0.030 ± 0.048 0.638 ± 0.032 0.116 ± 0.014 

2 0.732 ± 0.100 0.057 ± 0.038 0.619 ± 0.031 0.121 ± 0.014 
(483) Seppina S 0.172 ± 0.004 1 0.159 ± 0.049 0.279 ± 0.016 0.235 ± 0.035 0.308 ± 0.009 

2 0.178 ± 0.056 0.268 ± 0.017 0.266 ± 0.038 0.291 ± 0.009 
(487) Venetia S 0.239 ± 0.008 1 –0.140 ± 0.208 0.372 ± 0.023 0.626 ± 0.069 0.337 ± 0.015 

2 0.382 ± 0.161 0.372 ± 0.024 0.210 ± 0.058 0.439 ± 0.012 
(501) Urhixidur unknown 0.079 ± 0.002 1 0.260 ± 0.083 0.149 ± 0.021 0.092 ± 0.139 0.192 ± 0.027 

2 0.255 ± 0.079 0.160 ± 0.026 0.475 ± 0.254 0.111 ± 0.053 
(538) Friederike unknown 0.064 ± 0.002 1 0.459 ± 0.091 0.157 ± 0.029 0.630 ± 0.051 0.129 ± 0.020 

2 0.442 ± 0.084 0.165 ± 0.026 0.709 ± 0.050 0.100 ± 0.019 
(747) Winchester PC 0.052 ± 0.002 1 0.519 ± 0.144 0.063 ± 0.046 0.571 ± 0.098 0.079 ± 0.028 

2 0.556 ± 0.217 0.063 ± 0.062 0.768 ± 0.163 0.039 ± 0.040 
(770) Bali S 0.304 ± 0.010 1 0.172 ± 0.041 0.467 ± 0.016 0.129 ± 0.023 0.461 ± 0.009 

2 0.167 ± 0.046 0.471 ± 0.017 0.139 ± 0.021 0.450 ± 0.008 
(771) Libera X 0.141 ± 0.008 1 0.223 ± 0.123 0.296 ± 0.018 0.408 ± 0.062 0.331 ± 0.009 
(800) Kressmannia S 0.202 ± 0.008 1 0.373 ± 0.043 0.274 ± 0.014 0.263 ± 0.029 0.370 ± 0.009 

2 0.363 ± 0.048 0.264 ± 0.016 0.259 ± 0.025 0.363 ± 0.008 
(834) Burnhamia GS: 0.082 ± 0.007 1 0.601 ± 0.064 0.150 ± 0.029 0.577 ± 0.035 0.173 ± 0.013 

2 0.584 ± 0.060 0.158 ± 0.027 0.550 ± 0.035 0.189 ± 0.013 
(849) Ara M 0.287 ± 0.013 1 –0.005 ± 0.176 0.336 ± 0.013 0.077 ± 0.102 0.429 ± 0.019 

2 0.366 ± 0.188 0.318 ± 0.023 0.119 ± 0.062 0.292 ± 0.007 
(923) Herluga unknown 0.037 ± 0.002 1 0.552 ± 0.234 0.036 ± 0.061 0.878 ± 0.108 0.020 ± 0.031 

2 0.567 ± 0.223 0.089 ± 0.051 0.883 ± 0.112 0.047 ± 0.031 
(995) Sternberga unknown 0.134 ± 0.006 1 0.575 ± 0.079 0.274 ± 0.019 0.159 ± 0.025 0.400 ± 0.006 

2 0.496 ± 0.074 0.259 ± 0.020 0.098 ± 0.023 0.395 ± 0.007 
(1088) Mitaka S 0.276 ± 0.034 1 0.642 ± 0.120 0.227 ± 0.020 0.632 ± 0.059 0.333 ± 0.013 

2 0.450 ± 0.122 0.300 ± 0.016 0.583 ± 0.037 0.395 ± 0.012 
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Table 2 – continued 

cyan orange 
G 1 G 2 G 1 G 2 

Asteroid Taxa Albedo Solution 

(1130) Skuld unknown 0.244 ± 0.033 1 0.269 ± 0.045 0.334 ± 0.015 0.242 ± 0.023 0.369 ± 0.009 
2 0.233 ± 0.037 0.340 ± 0.013 0.243 ± 0.023 0.367 ± 0.009 

(1219) Britta unknown 0.223 ± 0.013 1 0.367 ± 0.088 0.337 ± 0.018 0.143 ± 0.029 0.416 ± 0.008 
(2579) Spartacus V ∗ 1 0.293 ± 0.091 0.451 ± 0.016 0.522 ± 0.042 0.446 ± 0.010 

2 0.271 ± 0.088 0.381 ± 0.016 0.398 ± 0.056 0.421 ± 0.009 

Figure 3. G 1 and G 2 parameter samples using MCMC with two different 
initial pole solutions for asteroid (73) Klytia in cyan and orange ATLAS data. 
Mean values with uncertainties are represented by blue and red crosses. 

Figure 4. Top: phase curves obtained for asteroid (73) Klytia using the H , G 1 , 
G 2 magnitude phase function, with mean values from MCMC sampling for 
G 1 and G 2 parameters, absolute magnitude H was assumed as 0. The shaded 
envelope represents the range that encompasses the minimum and maximum 

parameter values. Bottom: colour slope, representing the difference between 
the first deri v ati ves of the phase function with respect to the phase angle in 
the two filters. Vertical lines encompass the range of observed phase angles 
separately in both filters mentioned in Table 1 . 

with varying taxonomic affiliations, including those with an unknown 
classification. This is further depicted in Fig. 13 comparing the phase 
curve parameter values obtained with the albedo obtained from the 
AKARI mission (Usui et al. 2011 ). The distribution of asteroids 

Figure 5. G ⊥ = 

1 
2 ( G 1 + G 2 ) and G ‖ = 

1 
2 ( G 1 − G 2 ) parameters values 

computed from mean values of G 1 and G 2 parameters with uncertainties 
for two pole solutions in cyan and orange ATLAS filters for asteroid (73) 
Klytia. Dotted blue and dashed red diagonal lines indicate consecutive values 
of parameters G 1 and G 2 , respectively. The solid green line shows consecutive 
G 12 values. 

Figure 6. As in Fig. 3 for the asteroid (435) Ella. 

follows the expected pattern: objects with low albedo have high G 1 

values and low G 2 values, whereas objects with high albedo exhibit 
lo w- G 1 v alues and high- G 2 v alues. For objects with low albedo, the 
spread of the parameter values for G 1 is noticeably greater than that 
for G 2 . 
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Figure 7. As in Fig. 4 for the asteroid (435) Ella. 

Figure 8. As in Fig. 5 for the asteroid (435) Ella. 

Figure 9. As in Fig. 3 for the asteroid (487) Venetia. 

Figure 10. As in Fig. 4 for the asteroid (487) Venetia. 

Figure 11. As in Fig. 5 for the asteroid (487) Venetia. 

Next, we analyse changes in the colour slope. As shown in 
the colour slope versus phase angle figures in the supplementary 
material, the variation in the colour slope is conspicuous for most of 
our objects at phase angles between 0 ◦ and 10 ◦ and remains nearly 
zero beyond 10 ◦. Notably, the Gaia DR3 observations, spanning 
o v er 10 ◦–35 ◦ in phase angle, raised concerns about phase reddening 
affecting the obtained asteroid spectra (Cellino et al. 2020 ). This 
potential impact introduces complexity in the comparison of Gaia 
spectra with older taxonomic schemes and may introduce biases in 
the determination of mineralogy. Therefore, we highlight that any 
spectroscopic measurements should be internally consistent, as the 
colour slope appears constant o v er this range of phase angles for 
most objects. 

We further analysed the parameters G ⊥ 

= 

1 
2 ( G 1 + G 2 ) and G ‖ = 

1 
2 ( G 1 − G 2 ) parameters for individual objects in the context of 
realistic values for the amplitude of the opposition effect and the 
linear slope at 20 ◦, as well as the consistency with spectral type. 
Figs 14 and 15 show the distribution of the parameters G ⊥ 

and G � 

for complex C- and S-complex asteroids. Generally, C-complex as- 
teroids have higher values of G � and the S-complex object lower. The 
S-complex objects are mostly located in the area of large opposition 
ef fect amplitude. Se v eral outliers are observ ed among the C- and S- 
complex asteroids; these show unrealistic slopes or opposition effect 
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Figure 12. Mean G 1 and G 2 values with uncertainties obtained in this work, differentiated by taxonomic class according to Tholen classification, supplemented 
by the SMASSII when not available (Tholen 1989 ; Bus & Binzel 2002 ; Neese 2017 ) for both cyan and orange ATLAS filters. In cases, where both pole 
coordinates yielded results, they are represented as two separate points on the graph. The solid black line represents the relation between parameters as in 
Muinonen et al. ( 2010b ). The dashed–dotted and dashed lines constrain the allowed values of G 1 and G 2 (Muinonen et al. 2010b ). 

Figure 13. Relationship between G 1 (upper row) and G 2 (bottom row) with albedo, sourced from the AKARI mission (Usui et al. 2011 ), for both cyan and 
orange ATLAS filters. Points are differentiated by Tholen taxonomic class, supplemented by the SMASSII when not applicable (Tholen 1989 ; Bus & Binzel 
2002 ; Neese 2017 ). 

amplitudes. Furthermore, some solutions for S-complex asteroids 
have G ⊥ 

and G � more consistent with C-complex objects. This can 
be explained by specific surface properties, erroneous taxonomic type 
classification, or one of two symmetric solutions may be preferred. 

Collectively, we can divide the results into several groups: 

(i) Objects with one realistic solution and one solution with 
unrealistically large opposition-effect amplitudes. These are typically 
objects for which the photometric data did not co v er the opposition 
effect well – there were either no data at small phase angles ( < 3 ◦) or 
the data were sparse. In this case, one of the pairs G ⊥ 

and G � should 
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Figure 14. G ⊥ = 

1 
2 ( G 1 + G 2 ) and G ‖ = 

1 
2 ( G 1 − G 2 ) parameters values computed from mean values of G 1 and G 2 parameters with uncertainties for two pole 

solutions in cyan and orange ATLAS filters for C taxonomic class. Dotted blue and dashed red diagonal lines indicate consecutive values of parameters G 1 and 
G 2 , respectively. The solid green line shows consecutive G 12 values. 

Figure 15. As in Fig. 14 for the S taxonomic class. 

be rejected, and the other suggests the correct pole solution. This is, 
for example, the case for asteroid (487) Venetia, as discussed before. 
Other examples include asteroids (94) Aurora, (202) Chryseis, (849) 
Ara, and (2156) Spartacus. For these objects, we found too large 
amplitude of the opposition effect for the first pole solution; results 

for the second pole solution are more realistic. Ho we ver, the G ⊥ 

and 
G � uncertainties are large. 

(ii) Objects with realistic opposition effect for which the taxo- 
nomic type agrees with the phase curve parameters. Both of the 
G ⊥ 

and G � pairs have realistic values of phase curve parameters, 
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and at least one of the two pairs G ⊥ 

and G � is compatible with 
taxonomic type. This is then the preferred pole solution. Generally, 
steep phase curves are expected for low-albedo objects, and flat phase 
curves are typical for high-albedo asteroids. As expected, most of 
the C-complex asteroids studied in this work have steeper phase- 
curve slopes compared to those of the studied S-complex objects. 
Belskaya & Shevchenko ( 2018 ) find that the linear slope β (expressed 
in [mag/deg]) is related to the albedo as β = 0.016–0.022log ( p v ). 
This can also be interpreted in terms of taxonomic type, e.g. the S- 
type objects with lower albedo in the cyan filter as compared to the 
orange filter are expected to have steeper phase curves in the cyan 
filter than in the orange filter. The opposite relation (steeper phase 
curves in orange and flatter curves in cyan) would be expected for 
the B-type asteroids. In the orange and cyan filters, which o v erlap 
in wavelength, the wavelength-dependent effect might be small and 
challenging to detect, especially for taxonomic types with minor 
albedo differences between those filters (such as C-complex objects 
and low-albedo bodies of the X-complex). This effect could be 
more easily noticeable in phase curves obtained with filters that 
are further apart, such as those in the visible and near-infrared 
wavelengths, especially for types with significant albedo differences 
in those filters (e.g. D- or A-type asteroids). Ho we ver, we found 
multiple asteroids for which the derived parameters agree with the 
taxonomic type. Several asteroids fall into this category. Asteroid 
(73) Klytia exhibits solutions with realistic slopes and amplitudes, 
in agreement with its taxonomic type. For asteroid (94) Aurora, the 
second-pole solution demonstrates a more realistic slope, and its 
parameters align with the taxonomic type. Both pole solutions for 
(127) Johanna yield similar and o v erlapping phase curv e parameters, 
within the expectation for a C- or X-complex asteroid. Similarly, 
(159) Aemilia displays solutions with realistic values, consistent with 
its spectral type. The asteroid (174) Phaedra has only one initial pole 
solution, with shallow slopes that are realistic and consistent with its 
spectral type. Asteroid (219) Thunselda exhibits a shallow slope in 
the orange filter, and the solution is realistic. For four other objects 
– (301) Bavaria, (335) Roberta, (352) Gisela, and (355) Gabriella 
– the results are realistic as well. Asteroid (350) Ornamenta has a 
single solution that aligns with its spectral slope. Regarding (377) 
Campania, the orange results are more consistent with the P-type 
(rather than the D-type), and the first solution is slightly preferred. 
For (378) Holmia, both solutions are plausible, with the ampli- 
tude in the opposition effect being less pronounced in the orange 
filter. 

(iii) Objects for which the taxonomic type is not in agreement 
with the phase-curve parameters. These are solutions with realistic 
opposition effect amplitude values and slope values that do not 
match their taxonomic type. This could be explained by an erroneous 
identification of taxonomic type or specific surface properties. For 
e xample, S-comple x asteroids with high surface roughness could 
hav e phase curv e parameters more compatible with C-complex 
objects. Similarly, C-complex asteroids with high-packing density 
and smooth surface could end up in the S-complex phase curve 
parameter space. We found a single case – an X-type asteroid (223) 
Rosa – has phase-curve slope values more compatible with low 

albedo C-complex objects. Its phase curve parameters can also be 
explained by its low albedo. 

(iv) Objects of no known taxonomic type. For objects of unknown 
taxonomic type, we indicate the probable taxonomic complex, that 
is, the complex that best matches their phase curve parameters. Six 
asteroids in our study do not have their taxonomic type determined. 
Three of these have phase curve parameters more compatible with 

S-complex objects ((1130) Skuld, (1219) Britta) and two with C- 
complex objects ((538) Friederike, (923) Herluga). Additionally, 
when considering albedo, (995) Sternberga may be classified as 
an X-complex asteroid. The classification of (501) Urhixidur is 
inconclusive. 

5  C O N C L U S I O N S  

We hav e deriv ed phase curv e parameters corrected for shape and 
geometry for 35 well-observed asteroids. We found that an unrealistic 
amplitude of the opposition effect or slope of the phase function can 
help discriminate the less plausible rotational pole solution, e.g. only 
bodies with a ne gativ e spectral slope (B-type) can give a minimal 
blueing. So, if an S-type asteroid shows blueing at certain phase 
angles, it is likely indicative of an inaccurate pole solution. For a few 

asteroids, we found that the G 1 , G 2 parameters are well separated for 
the orange and cyan filters, highlighting the phase curve wavelength 
dependence. Most of the objects with well-separated G 1 , G 2 domains 
in the different filters belonged to the S-complex asteroids. This can 
be explained using the relation of phase-curve slopes with geometric 
albedos – the S-complex asteroids should show more steep phase 
curves in the cyan filter, due to lower albedo in that bandpass. 
Analogically, similar predictions can be made for other taxonomic 
types. This could be further investigated by obtaining phase curves 
for objects with large albedo differences in two or more filters. 
Investigation of colour slope with phase angle indicates that the 
largest differences in the slopes occur at small phase angles and are 
ne gligible be yond 10 ◦ of phase angle. 

It is important to mention that our objects have a limited number of 
data points at very small phase angles, which may result in less well- 
constrained phase curves and colour slopes in this phase angle range. 
Consequently, extrapolating phase curves at small phase angles leads 
to higher uncertainties, which demands a cautious interpretation of 
the observed differences at small phase angles. Despite this, we point 
out that similar behaviour was observed for (433) Eros by Muinonen 
et al. ( 2002 ) in a wider range of phase angles 2–3 ◦. Ho we ver, 
Muinonen et al. ( 2002 ) show disc-inte grated multiwav elength phase 
curv es deriv ed from disc-resolv ed observations from the NASA 

NEAR Shoemaker spacecraft. Furthermore, observations of (433) 
Eros were made in the IR range from 0.946 to 1.932 μm, which 
cannot be directly compared to the cyan and orange ATLAS filters. 
The colour slopes at small phase angles should be further investigated 
in detail. 

Most of the phase curves derived in this work are in agreement 
with the indicated taxonomic type. In some cases, it was possible 
to indicate a more plausible solution based on the alignment with 
implications of the taxonomic type on the steepness of phase curves in 
orange and cyan filters. For a few objects with an unknown taxonomic 
type, it was possible to indicate a more probable taxonomic complex 
based on the phase curve parameters. It is important to highlight that 
our conclusions are derived using nominal phase curves in cyan and 
orange filters for the specified set of objects. The observed effect may 
vary among different asteroids when considering different filters. 
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Supplementary material 1

0.00 0.25 0.50 0.75 1.00
G1

0.0

0.1

0.2

0.3

0.4

G
2

init = 58o, init = 16o

cyan
orange

0.00 0.25 0.50 0.75 1.00
G1

0.0

0.1

0.2

0.3

0.4

G
2

init = 242o, init = 4o

cyan
orange

(94) Aurora
Pinit = 7.22619h

Figure 1. G1 and G2 parameter samples using MCMC with two
different initial pole solutions for asteroid (94) Aurora in cyan and

orange ATLAS data. Mean values with uncertainties are repre-

sented by blue and red crosses.
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Figure 2. Top: phase curves obtained for asteroid (94) Aurora

using the H, G1, G2 magnitude phase function, with mean values

from MCMC sampling for G1 and G2 parameters, absolute mag-
nitude H was assumed as 0. The shaded envelope represents the

range that encompasses the minimum and maximum parameter

values.
Bottom: color slope, representing the difference between the first

derivatives of the phase function with respect to the phase angle
in the two filters.

Vertical lines encompass the range of observed phase angles sepa-

rately in both filters.
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Figure 3. G⊥ = 1
2
(G1 + G2) and G∥ = 1

2
(G1 − G2) parameters

values computed from mean values of G1 and G2 parameters with
uncertainties for two pole solutions in cyan and orange ATLAS

filters for asteroid (94) Aurora. Dotted blue and dashed red diag-

onal lines indicate consecutive values of parameters G1 and G2,
respectively. The solid green line shows consecutive G12 values.
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Figure 4. As in Fig. 1 for asteroid (127) Johanna.
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Figure 5. As in Fig. 2 for asteroid (127) Johanna.
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Figure 6. As in Fig. 3 for asteroid (127) Johanna.
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Figure 7. As in Fig. 1 for asteroid (159) Aemilia.
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Figure 8. As in Fig. 2 for asteroid (159) Aemilia.
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Figure 9. As in Fig. 3 for asteroid (159) Aemilia.
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Figure 10. As in Fig. 1 for asteroid (174) Phaedra.
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Figure 11. As in Fig. 2 for asteroid (174) Phaedra.
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Figure 12. As in Fig. 3 for asteroid (174) Phaedra.
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Figure 13. As in Fig. 1 for asteroid (195) Eurykleia.
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Figure 14. As in Fig. 2 for asteroid (195) Eurykleia.
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Figure 15. As in Fig. 3 for asteroid (195) Eurykleia.
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Figure 16. As in Fig. 1 for asteroid (202) Chryseis.
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Figure 17. As in Fig. 2 for asteroid (202) Chryseis.
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Figure 18. As in Fig. 3 for asteroid (202) Chryseis.

0.1 0.2 0.3 0.4 0.5
G1

0.250

0.275

0.300

0.325

0.350

0.375

0.400

0.425

G
2

init = 300o, init = 66o

cyan
orange

(219) Thusnelda
Pinit = 59.7106h

Figure 19. As in Fig. 1 for asteroid (219) Thusnelda.
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Figure 20. As in Fig. 2 for asteroid (219) Thusnelda.
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Figure 21. As in Fig. 3 for asteroid (219) Thusnelda.
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Figure 22. As in Fig. 1 for asteroid (223) Rosa.
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Figure 23. As in Fig. 2 for asteroid (223) Rosa.
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Figure 24. As in Fig. 3 for asteroid (223) Rosa.
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Figure 25. As in Fig. 1 for asteroid (301) Bavaria.
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Figure 26. As in Fig. 2 for asteroid (301) Bavaria.
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Figure 27. As in Fig. 3 for asteroid (301) Bavaria.
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Figure 28. As in Fig. 1 for asteroid (335) Roberta.
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Figure 29. As in Fig. 2 for asteroid (335) Roberta.
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Figure 30. As in Fig. 3 for asteroid (335) Roberta.
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Figure 31. As in Fig. 1 for asteroid (350) Ornamenta.
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Figure 32. As in Fig. 2 for asteroid (350) Ornamenta.
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Figure 33. As in Fig. 3 for asteroid (350) Ornamenta.
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Figure 34. As in Fig. 1 for asteroid (352) Gisela.
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Figure 35. As in Fig. 2 for asteroid (352) Gisela.
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Figure 36. As in Fig. 3 for asteroid (352) Gisela.
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Figure 37. As in Fig. 1 for asteroid (355) Gabriella.
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Figure 38. As in Fig. 2 for asteroid (355) Gabriella.
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Figure 39. As in Fig. 3 for asteroid (355) Gabriella.
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Figure 40. As in Fig. 1 for asteroid (377) Campania.
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Figure 41. As in Fig. 2 for asteroid (377) Campania.
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Figure 42. As in Fig. 3 for asteroid (377) Campania.
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Figure 43. As in Fig. 1 for asteroid (378) Holmia.
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Figure 44. As in Fig. 2 for asteroid (378) Holmia.
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Figure 45. As in Fig. 3 for asteroid (378) Holmia.

MNRAS 000, 000–000 (0000)



Supplementary material 9

0.2 0.4 0.6 0.8
G1

0.05

0.10

0.15

0.20

0.25

0.30

0.35

G
2

init = 202o, init = 44o

cyan
orange

0.2 0.4 0.6 0.8
G1

0.05

0.10

0.15

0.20

0.25

0.30

0.35

G
2

init = 21o, init = 34o

cyan
orange

(380) Fiducia
Pinit = 13.7172h

Figure 46. As in Fig. 1 for asteroid (380) Fiducia.
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Figure 47. As in Fig. 2 for asteroid (380) Fiducia.
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Figure 48. As in Fig. 3 for asteroid (380) Fiducia.
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Figure 49. As in Fig. 1 for asteroid (468) Lina.
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Figure 50. As in Fig. 2 for asteroid (468) Lina.
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Figure 51. As in Fig. 3 for asteroid (468) Lina.
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Figure 52. As in Fig. 1 for asteroid (483) Seppina.
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Figure 53. As in Fig. 2 for asteroid (483) Seppina.
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Figure 54. As in Fig. 3 for asteroid (483) Seppina.
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Figure 55. As in Fig. 1 for asteroid (501) Urhixidur.
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Figure 56. As in Fig. 2 for asteroid (501) Urhixidur.
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Figure 57. As in Fig. 3 for asteroid (501) Urhixidur.

MNRAS 000, 000–000 (0000)



Supplementary material 11

0.2 0.4 0.6 0.8
G1

0.05

0.10

0.15

0.20

0.25

0.30

0.35

G
2

init = 328o, init = 59o

cyan
orange

0.2 0.4 0.6 0.8
G1

0.05

0.10

0.15

0.20

0.25

0.30

0.35

G
2

init = 168o, init = 58o

cyan
orange

(538) Friederike
Pinit = 46.7393h

Figure 58. As in Fig. 1 for asteroid (538) Friederike.
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Figure 59. As in Fig. 2 for asteroid (538) Friederike.
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Figure 60. As in Fig. 3 for asteroid (538) Friederike.

0.25 0.50 0.75 1.00
G1

0.1

0.0

0.1

0.2

0.3

0.4

G
2

init = 166o, init = 44o

cyan
orange

0.25 0.50 0.75 1.00
G1

0.1

0.0

0.1

0.2

0.3

0.4

G
2

init = 296o, init = 61o

cyan
orange

(747) Winchester
Pinit = 9.414807h

Figure 61. As in Fig. 1 for asteroid (747) Winchester.
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Figure 62. As in Fig. 2 for asteroid (747) Winchester.
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Figure 63. As in Fig. 3 for asteroid (747) Winchester.
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Figure 64. As in Fig. 1 for asteroid (770) Bali.
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Figure 65. As in Fig. 2 for asteroid (770) Bali.
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Figure 66. As in Fig. 3 for asteroid (770) Bali.
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Figure 67. As in Fig. 1 for asteroid (771) Libera.
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Figure 68. As in Fig. 2 for asteroid (771) Libera.
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Figure 69. As in Fig. 3 for asteroid (771) Libera.
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Figure 70. As in Fig. 1 for asteroid (800) Kressmannia.
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Figure 71. As in Fig. 2 for asteroid (800) Kressmannia.
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Figure 72. As in Fig. 3 for asteroid (800) Kressmannia.
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Figure 73. As in Fig. 1 for asteroid (834) Burnhamia.
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Figure 74. As in Fig. 2 for asteroid (834) Burnhamia.
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Figure 75. As in Fig. 3 for asteroid (834) Burnhamia.
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Figure 76. As in Fig. 1 for asteroid (849) Ara.
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Figure 77. As in Fig. 2 for asteroid (849) Ara.
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Figure 78. As in Fig. 3 for asteroid (849) Ara.
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Figure 79. As in Fig. 1 for asteroid (923) Herluga.
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Figure 80. As in Fig. 2 for asteroid (923) Herluga.
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Figure 81. As in Fig. 3 for asteroid (923) Herluga.
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Figure 82. As in Fig. 1 for asteroid (995) Sternberga.
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Figure 83. As in Fig. 2 for asteroid (995) Sternberga.
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Figure 84. As in Fig. 3 for asteroid (995) Sternberga.
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Figure 85. As in Fig. 1 for asteroid (1088) Mitaka.
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Figure 86. As in Fig. 2 for asteroid (1088) Mitaka.
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Figure 87. As in Fig. 3 for asteroid (1088) Mitaka.
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Figure 88. As in Fig. 1 for asteroid (1130) Skuld.
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Figure 89. As in Fig. 2 for asteroid (1130) Skuld.
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Figure 90. As in Fig. 3 for asteroid (1130) Skuld.
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Figure 91. As in Fig. 1 for asteroid (1219) Britta.
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Figure 92. As in Fig. 2 for asteroid (1219) Britta.
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Figure 93. As in Fig. 3 for asteroid (1219) Britta.
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Figure 94. As in Fig. 1 for asteroid (2579) Spartacus.
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Figure 95. As in Fig. 2 for asteroid (2579) Spartacus.
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Figure 96. As in Fig. 3 for asteroid (2579) Spartacus.
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